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Before talking about 
the Cooper-Frye particlization itself,

Let me briefly talk about the hybrid approach, 
since it is where the particlization comes in.



• Our goal is to understand QCD matter 
1. how it looks like (e.g. equation of state) and  
2. how it behaves (e.g. transport coefficients)

• High-temperature QCD matter is created in heavy ion 
collisions (HIC)

• Q: How to validate our understanding of QCD matter?  
A: We need to have dynamical modelling 
    which is as close to real experiments as possible.

• Different aspects of QGP and hadronic matter influence 
each other. e.g., 
➤ non-zero        alters the estimate of       . 
➤ hadronic re-scatterings change baryonic distribution.

Motivation
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S. Ryu et al. PRL (2015)



Model Overview
figure by S. Bass

Pre-Thermalization dynamics

Fireball evolution  
(Viscous hydrodynamics)

Hadronic re-scattering 
(Microscopic transport)

Particlization

e.g. S. Ryu et al. PRC 2018



Model Overview

Pre-Thermalization dynamics

B. Schenke, P. Tribedy and R. Venugopalan (2012)

IP-Glasma is used 
in this work.



Model : IP-Glasma I.C.
B. Schenke, P. Tribedy and R. Venugopalan (2012)

Classical YM dynamics with color sources in nuclei
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Model Overview

2nd Viscous hydrodynamics

B. Schenke, S. Jeon, and C. Gale (2010)

MUSIC is used 
in this work.



Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)
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Equation of states : HRG + Lattice (s95p-v1)
P. Huovinen, and P. Petreczky (2010)



Model Overview

Particlization

F. Cooper and G. Frye (1974)

based on 
Cooper-Frye
formalism



sampling particles according to the Cooper-Frye formula
(transform hydrodynamic information into particles)

Model : Cooper-Frye sampling
F. Cooper and G. Frye (1974)
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Model : Cooper-Frye sampling
sampling particles according to the Cooper-Frye formula

F. Cooper and G. Frye (1974)
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1. sample number of particles based on Poisson distribution 

2. sample momentum of each particles from the Cooper-Frye formula.
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sampling particles according to the Cooper-Frye formula
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Model : Cooper-Frye sampling
F. Cooper and G. Frye (1974)



Model : Cooper-Frye sampling
global conservation laws

C. Schwarz et al. (2017)

implemented by SPREW algorithm

Reject particle with probability
Preject = 1� e�|Xparticles�Xsurface|
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if sampled particle 
deviates the charge  
from its average further.
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Rescale 3-momenta 
to conserve total energy.

Esurface =
X

i

q
(1 + a2)|pi|2 +m2

i

<latexit sha1_base64="Yqsmn/UYY5kUYYNn7sk0zqoTZ0Y=">AAACPHicbVBNSwMxFMz6bf2qevQSLIIiyG4R9KAgiOBR0arQbZds+lZDk901eSvWdX+YF3+EN09ePCji1bNp7cGvgZBhZh7JmzCVwqDrPjoDg0PDI6Nj46WJyanpmfLs3IlJMs2hxhOZ6LOQGZAihhoKlHCWamAqlHAatne7/ukVaCOS+Bg7KTQUO49FJDhDKwXlo70g9w3XIkUjboD6CNeoVW4yHTEORUG3qW8yFQh7XWrMlz 26SlmzukJve9kwytMiELfNqtVtrFktgnLFXXN7oH+J1ycV0sdBUH7wWwnPFMTIJTOm7rkpNnKmUXAJRcnPDKSMt9k51C2NmQLTyHvLF3TJKi0aJdqeGGlP/T6RM2VMR4U2qRhemN9eV/zPq2cYbTZyEacZQsy/HooySTGh3SZpS2jgKDuWMFug/SvlF0wzjrbvki3B+73yX3JSXfMsP1yv7Gz16xgjC2SRLBOPbJAdsk8OSI1wckeeyAt5de6dZ+fNef+KDjj9mXnyA87HJ5bXri8=</latexit><latexit sha1_base64="Yqsmn/UYY5kUYYNn7sk0zqoTZ0Y=">AAACPHicbVBNSwMxFMz6bf2qevQSLIIiyG4R9KAgiOBR0arQbZds+lZDk901eSvWdX+YF3+EN09ePCji1bNp7cGvgZBhZh7JmzCVwqDrPjoDg0PDI6Nj46WJyanpmfLs3IlJMs2hxhOZ6LOQGZAihhoKlHCWamAqlHAatne7/ukVaCOS+Bg7KTQUO49FJDhDKwXlo70g9w3XIkUjboD6CNeoVW4yHTEORUG3qW8yFQh7XWrMlz 26SlmzukJve9kwytMiELfNqtVtrFktgnLFXXN7oH+J1ycV0sdBUH7wWwnPFMTIJTOm7rkpNnKmUXAJRcnPDKSMt9k51C2NmQLTyHvLF3TJKi0aJdqeGGlP/T6RM2VMR4U2qRhemN9eV/zPq2cYbTZyEacZQsy/HooySTGh3SZpS2jgKDuWMFug/SvlF0wzjrbvki3B+73yX3JSXfMsP1yv7Gz16xgjC2SRLBOPbJAdsk8OSI1wckeeyAt5de6dZ+fNef+KDjj9mXnyA87HJ5bXri8=</latexit><latexit sha1_base64="Yqsmn/UYY5kUYYNn7sk0zqoTZ0Y=">AAACPHicbVBNSwMxFMz6bf2qevQSLIIiyG4R9KAgiOBR0arQbZds+lZDk901eSvWdX+YF3+EN09ePCji1bNp7cGvgZBhZh7JmzCVwqDrPjoDg0PDI6Nj46WJyanpmfLs3IlJMs2hxhOZ6LOQGZAihhoKlHCWamAqlHAatne7/ukVaCOS+Bg7KTQUO49FJDhDKwXlo70g9w3XIkUjboD6CNeoVW4yHTEORUG3qW8yFQh7XWrMlz 26SlmzukJve9kwytMiELfNqtVtrFktgnLFXXN7oH+J1ycV0sdBUH7wWwnPFMTIJTOm7rkpNnKmUXAJRcnPDKSMt9k51C2NmQLTyHvLF3TJKi0aJdqeGGlP/T6RM2VMR4U2qRhemN9eV/zPq2cYbTZyEacZQsy/HooySTGh3SZpS2jgKDuWMFug/SvlF0wzjrbvki3B+73yX3JSXfMsP1yv7Gz16xgjC2SRLBOPbJAdsk8OSI1wckeeyAt5de6dZ+fNef+KDjj9mXnyA87HJ5bXri8=</latexit><latexit sha1_base64="Yqsmn/UYY5kUYYNn7sk0zqoTZ0Y=">AAACPHicbVBNSwMxFMz6bf2qevQSLIIiyG4R9KAgiOBR0arQbZds+lZDk901eSvWdX+YF3+EN09ePCji1bNp7cGvgZBhZh7JmzCVwqDrPjoDg0PDI6Nj46WJyanpmfLs3IlJMs2hxhOZ6LOQGZAihhoKlHCWamAqlHAatne7/ukVaCOS+Bg7KTQUO49FJDhDKwXlo70g9w3XIkUjboD6CNeoVW4yHTEORUG3qW8yFQh7XWrMlz 26SlmzukJve9kwytMiELfNqtVtrFktgnLFXXN7oH+J1ycV0sdBUH7wWwnPFMTIJTOm7rkpNnKmUXAJRcnPDKSMt9k51C2NmQLTyHvLF3TJKi0aJdqeGGlP/T6RM2VMR4U2qRhemN9eV/zPq2cYbTZyEacZQsy/HooySTGh3SZpS2jgKDuWMFug/SvlF0wzjrbvki3B+73yX3JSXfMsP1yv7Gz16xgjC2SRLBOPbJAdsk8OSI1wckeeyAt5de6dZ+fNef+KDjj9mXnyA87HJ5bXri8=</latexit>

X = B, S, Q
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Model : Cooper-Frye sampling
global conservation laws

C. Schwarz et al. (2017)

implemented by SPREW algorithm

Reject particle with probability
Preject = 1� e�|Xparticles�Xsurface|
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if sampled particle 
deviates the charge  
from its average further.

X
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X = B, S, Q
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Rescale 3-momenta 
to conserve total energy.

Esurface =
X

i

q
(1 + a2)|pi|2 +m2

i
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Model : Cooper-Frye sampling
global conservation laws

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

 0  0.5  1  1.5  2  2.5

20-30%

shear+bulk

η/s = 0.06
Tsw = 165 MeV

X0.5

X0.1

PRELIMINARY

Au+Au
200 GeV

IP-Glasma + MUSIC

(1
/2

π
)(

1
/p

T
) 

d
N

/d
p

T
 (

G
eV

-2
)

pT (GeV)

PHENIX  π
-

K
-

proton

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

 0  0.5  1  1.5  2  2.5

20-30%

shear+bulk

η/s = 0.06
Tsw = 165 MeV

X0.5

X0.1

PRELIMINARY

Au+Au
200 GeV

IP-Glasma + MUSIC

(1
/2

π
)(

1
/p

T
) 

d
N

/d
p

T
 (

G
eV

-2
)

pT (GeV)

SMASH
SMASH w/o conservation

SMASH w/o collision

-0.04

0

0.04

0.08

0.12

0.16

0.2

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

20-30%

shear+bulk

η/s = 0.06

Tsw = 165 MeV

PRELIMINARYAu+Au
200 GeV

IP-Glasma + MUSIC

v 2
{2

} 
(p

T
)

pT (GeV)

SMASH
SMASH w/o conservation

SMASH w/o collision

-0.04

0

0.04

0.08

0.12

0.16

0.2

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

20-30%

shear+bulk

η/s = 0.06

Tsw = 165 MeV

PRELIMINARYAu+Au
200 GeV

IP-Glasma + MUSIC

v 2
{2

} 
(p

T
)

pT (GeV)

STAR  π
-

K
-

anti-proton

-0.04

0

0.04

0.08

0.12

0.16

0.2

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

20-30%

shear+bulk

η/s = 0.06

Tsw = 165 MeV

PRELIMINARYAu+Au
200 GeV

IP-Glasma + MUSIC

v 2
{2

} 
(p

T
)

pT (GeV)

PHENIX  π
+
/π

-

K
+
/K

-

p/pbar

Presented at QM2018

(as expected) 
Single-particle distribution is not affected by the conservation.

SMASH 1.3

SMASH 1.3



Model : Cooper-Frye sampling
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for vector mesons

Breit-Wigner distribution with mass-dependent width
D. M. Manley et al. (1992)

G. Vujanovic et al. (2014)
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Important for dilepton production in the rescattering phase



Model : Cooper-Frye sampling
resonance mass sampling

We cannot simply use number density at the pole mass

because mpole 6= hMi⇢ =

Z Mmax

Mmin

dM M ⇢ (M)
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n0 + �nbulk at mpole

#

hn0 + �nbulki⇢ =

Z Mmax

Mmin

dM [n0(M) + �nbulk(M)] ⇢ (M)
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We make the following replacement

to evaluate the average multiplicity.
Mmin
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(          from decay products and                                        )Mmax = mpole + 10�pole
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Then, we sample mass of each resonance based on
P(M) / [n0(M) + �nbulk(M)] ⇢ (M)
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Model : Cooper-Frye sampling
resonance mass sampling
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Resonance multiplicity can be altered by finite width.



Model Overview

Hadronic re-scattering

Simulating 
Many 
Accelerated 
Strongly-interacting 
Hadrons

pµ

m
@µf + Fµ @f

@pµ
= C[f ]

J. Weil et al., Phys. Rev. C94, 054905 (2016)

Microscopic transport

with geometric collision criterion

Code is available at https://smash-transport.github.io

https://smash-transport.github.io


Hadronic re-scattering

Simulating 
Many 
Accelerated 
Strongly-interacting 
Hadrons

Hadronic and EM processes 
resonance excitation and decays 
2➔2 inelastic collisions (e.g.                     ) 
dilepton and photon production (perturbative) 
string excitation processes 
baryon-antibaryon annihilations 
additive quark model

NN ! NN⇤

Model : SMASH cascade

Talk by Justin Mohs



Results
• Effects of hadronic re-scatterings 
• Effects of resonance mass sampling



Identified hadron     -spectrapT

• Baryon multiplicity is decreased due to annihilations. 
• Baryons are also accelerated by the lighter hadrons.
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Elliptic flow (identified hadrons)

• Hadronic re-scatterings broaden mass ordering  
(consistent with the observation made in the      spectra.)pT
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Results
• Effects of hadronic re-scatterings 
• Effects of resonance mass sampling



Identified hadron     -spectrapT
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The proton yield is reduced by 10%  
as consequence of resonance mass sampling.



Elliptic flow (identified hadrons)
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The anisotropy is not affected by resonance mass sampling.



• Hybrid approach with SMASH afterburner provides 
reasonable description of bulk dynamics in HIC.

• Effects of hadronic re-scatterings are consistent with the 
previous studies.

• Global conservation laws at the particlization does not 
change the single-particle distribution. 
Multi-particle distributions or correlations might be affected.

• Resonance mass sampling at the particlization alters the 
proton multiplicity. 
Baryonic chemistry can be changed due to finite widths of 
resonances.

Conclusion & Outlook
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Model : IP-Glasma I.C.

well describes     distributionvn

C. Gale, S. Jeon, B. Schenke,
P. Tribedy and R. Venugopalan (2012)

B. Schenke, P. Tribedy and R. Venugopalan (2012)
Classical YM dynamics with color sources in nuclei



Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)

@µT
µ⌫ = 0

hydrodynamic equations of motion

�µ⌫ = gµ⌫ � uµu⌫

bulk shear

Conservation equation

Decomposition

Local 3-metric

Local 3-gradient rµ = �µ⌫@⌫

Tµ⌫ = ✏0u
µu⌫ � (P0(✏0) +⇧)�µ⌫ + ⇡µ⌫

EoS



equation of motion for viscous corrections

shear viscosity relaxation equation
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expansion rate

shear tensor
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Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)
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equation of motion for viscous corrections

shear viscosity relaxation equation
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Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)



equation of motion for viscous corrections

shear viscosity relaxation equation
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G. Denicol, S. Jeon, and C. Gale (2014)

second-order transport coefficients
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14-moment approximation in the small mass limit

Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)



equation of motion for viscous corrections

bulk viscosity relaxation equation

Tc = 180MeV

F. Karsch,
D. Kharzeev and
K. Tuchin (2008)

J. Noronha-Hostler,
J. Noronha and
C. Greiner (2009)

bulk
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Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)



equation of motion for viscous corrections

bulk viscosity relaxation equation

14-moment approximation in the small mass limit
G. Denicol, S. Jeon, and C. Gale (2014)
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Model : MUSIC hydro
B. Schenke, S. Jeon, and C. Gale (2010)



P. Huovinen, and P. Petreczky (2010)

Cross over phase transition around T = 180 MeV

Model : Equation of state

Only those included in UrQMD

Equation of state : hadron gas + lattice data


