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Experimental observation - Λ polarization

Λ polarization along angular-momentum direction (“global polarization”)
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L. Adamczyk et al. (STAR), Nature 548 (2017) 62

=⇒ QGP is “most vortical fluid ever observed”

ω ' (9 + 1)× 1021s−1

For comparison:

Great Red Spot of Jupiter ω ' 10−4 s−1

turbulent flow in superfluid He-II ω ∼ 150 s−1

superfluid nanodroplets ω ∼ 107 s−1
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Polarization and hydrodynamics

Assuming local equilibrium on freeze-out hypersurface,
hydrodynamics describes global polarization quite well . . .

Πµ ∼ εµνρσkν
∫

Σf.o.
dΣ · k $ρσf0k

where $ρσ ≡ − 1
2

(∂ρβσ − ∂σβρ) thermal vorticity,

βµ ≡ uµ/T , f0k local-equilibrium distribution function

I. Karpenko, F. Becattini, NPA 967 (2017) 764 7.7 19.6 39.0 62.4 200√
sNN [GeV]

1

0

1

2

3

4

5

6

7

8

P
∗ J
  (

%
)

Au-Au, 20-50% central
Feed-down contributions incl.

Λ

Λ̄

Λ, model
Λ̄, model
Λ STAR
Λ̄ STAR

. . . but fails to describe azimuthal-angle dependence of polarization along the beam
direction (“local longitudinal polarization”)

F. Becattini, M.A. Lisa, Ann. Rev. Nucl. Part. Sci. 70 (2020) 395
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Polarization and hydrodynamics

Recently, further (dissipative?) contributions to the polarization were found
F. Becattini, M. Buzzegoli, G. Inghirami, I. Karpenko, A. Palermo, PRL 127 (2021) 272302

Πµ ∼ εµνρσkν
∫

Σf.o.
dΣ · k

(
$ρσ + 2t̂ρξσλ

kλ

k0

)
f0k

where ξσλ ≡ 1
2

(∂σβλ + ∂λβσ) thermal shear tensor

(see also S.Y.F. Liu, Y. Yin, JHEP 07 (2021) 188)

=⇒ this does not quite do the job . . .
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. . . but neglecting temperature gradients on Σf.o. does!
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Polarization and hydrodynamics

Observations:

derivation of formula for polarization (Πµ ∼ $ρσ) is strictly valid only for rotating
global-equilibrium state
F. Becattini, V. Chandra, L. Del Zanna, E. Grossi, Annals Phys. 338 (2013) 32

=⇒ application of formula requires (infinitely) fast equilibration of
spin degrees of freedom (relative to timescale of collision)

dissipative effects influence (almost) all other observables in a heavy-ion collision,
even appear explicitly in new term ∼ ξσλ in formula for polarization

=⇒ Questions:

(I) How fast do spin degrees of freedom equilibrate?

(II) How is polarization influenced by dissipative effects?

=⇒ requires a theory of second-order dissipative spin hydrodynamics!

N. Weickgenannt, D. Wagner, E. Speranza, DHR,

arxiv:2203.04766 [nucl-th], arXiv:2208.01955 [nucl-th]

Remark: for tensor polarization and spin-1 particles, see D. Wagner’s talk
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Conservation laws of spin hydrodynamics

Particle number conservation

∂µN
µ = 0 where Nµ particle four-current

Energy-momentum conservation

∂µT
µν = 0 where Tµν energy-momentum tensor

Angular-momentum conservation

∂µJ
µ,νλ = 0 where Jµ,νλ angular-momentum tensor

with Jµ,νλ ≡ xνTµλ − xλTµν + ~Sµ,νλ and energy-momentum conservation:

Equation of motion for spin tensor

~∂µSµ,νλ = T [λν]

where a[λbν] ≡ aλbν − aνbλ
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Conservation laws of spin hydrodynamics

Particle number conservation

∂µN
µ = 0 1 equation, 4 unknowns

Energy-momentum conservation

∂µT
µν = 0 4 equations, (at least) 10 unknowns

Angular-momentum conservation

∂µJ
µ,νλ = 0

with Jµ,νλ ≡ xνTµλ − xλTµν + ~Sµ,νλ and energy-momentum conservation:

Equation of motion for spin tensor

~∂µSµ,νλ = T [λν] 6 equations, 24 unknowns

where a[λbν] ≡ aλbν − aνbλ
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Ideal spin hydrodynamics

Assume local equilibrium

=⇒
Single-particle distribution function (to order O(~))

feq,ks = f0k

(
1 +

~
4

ΩµνΣµνks

)
, f0k = exp (α− β · k)

where

α ≡ µ

T
Lagrange multiplier for particle-number conservation

βµ ≡ uµ

T
Lagrange multiplier for energy-momentum conservation, uµ fluid 4-velocity

Ωµν spin potential, Lagrange multiplier for angular-momentum conservation

Σµνks ≡ −
1

m
εµναβkαsβ dipole-moment tensor of particle with mass m,

(on-shell) 4-momentum kα, and spin 4-vector sβ
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Ideal spin hydrodynamics

Assume local equilibrium

=⇒
Single-particle distribution function (to order O(~))

feq,ks = f0k

(
1 +

~
4

ΩµνΣµνks

)
, f0k = exp (α− β · k)

where

α ≡ µ

T
Lagrange multiplier for particle-number conservation

1 parameter

βµ ≡ uµ

T
Lagrange multiplier for energy-momentum conservation, uµ fluid 4-velocity

4 parameters

Ωµν spin potential, Lagrange multiplier for angular-momentum conservation

6 parameters

Σµνks ≡ −
1

m
εµναβkαsβ dipole-moment tensor of particle with mass m,

(on-shell) 4-momentum kα, and spin 4-vector sβ
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Ideal spin hydrodynamics

Extend phase space by spin degrees of freedom (for more details, see D. Wagner’s talk):

dK ≡ d3k

(2π)3
−→ dΓ ≡ dK dS(k)

with dS(k) ≡
√

k2

3π2
d4s δ(k · s) δ(s · s + 3),

such that
∫
dS(k) = 2 ,

∫
dS(k) sµ = 0 ,

∫
dS(k) sµsν = −2

(
gµν − kµkν

k2

)

=⇒

Fluid-dynamical currents

Nµ ≡ 〈kµ〉
Tµν ≡ 〈kµkν〉+O(~2)

Sµ,νλ ≡
〈
kµ
(

1

2
Σνλks −

~
4m2

k [ν∂λ]

)〉
+O(~2)

where 〈· · · 〉 ≡
∫
dΓ · · · f (x , k, s)

=⇒ for 〈· · · 〉eq ≡
∫
dΓ · · · feq,ks =⇒ equations of motion are closed!

see, e.g., W. Florkowski, A. Kumar, R. Ryblewski, Prog. Part. Nucl. Phys. 108 (2019) 103709
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Boltzmann equation

Dissipative spin hydrodynamics

=⇒ provide additional equations of motion

=⇒ start from underlying microscopic theory, apply method of moments
see, e.g., G.S. Denicol, H. Niemi, E. Molnár, DHR, PRD 85 (2012) 114047

From equation of motion for the Wigner function, derive to first order in ~:
N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, DHR,

PRL 127 (2021) 052301, PRD 104 (2021) 016022 for more details, see D. Wagner’s talk

Boltzmann equation for spin-1/2 particles with nonlocal collision term

k · ∂f (x , k, s) = C [f ]

C [f ] =

∫
dΓ1dΓ2dΓ′Wss′→s1s2

kk′→k1k2
[f (x + ∆1, k1, s1)f (x + ∆2, k2, s2)

− f (x + ∆, k, s)f (x + ∆′, k ′, s′)
]

where nonlocal position shift ∆µ = − ~
2m(k · t̂ + m)

εµναβkν t̂αsβ

⇐⇒ Berry connection! see, e.g., M. Stone, V. Dwivedi, T. Zhou, PRD 91 (2015) 025004

Note: ∆ ∼ ~
m

Compton wavelength!

Nonlocal collisions: allow mutual conversion of orbital angular momentum and spin
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Generalized local equilibrium

Usually, local-equilibrium distribution function feq is defined by condition

Local equilibrium

C [feq] ≡ 0

However, as shown in N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, DHR,

PRL 127 (2021) 052301, PRD 104 (2021) 016022, nonlocal collision term vanishes only in

Global equilibrium

α = const.

∂µβν + ∂νβµ = 0

Ωµν = $µν = const.

=⇒ appears too restrictive: nonlocality ∆ . rint � λmfp � Lhydro

=⇒ nonlocality scale ∆ much smaller than hydrodynamic scale Lhydro

=⇒
Generalized local equilibrium

C [feq] ∼ O(∆/Lhydro)
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Generalized local equilibrium

Define hydrodynamic scale Lhydro by
1

m
k · ∂feq,ks ∼

1

Lhydro
feq,ks

=⇒
∂µα ∼ O(L−1

hydro)

∂µβν + ∂νβµ ∼ O((kLhydro)−1)

∂λΩµν ∼ O(L−1
hydro)

=⇒ using conservation of total angular momentum Jµν ≡ ∆[µkν] +
~
2

Σµνks in binary

collisions, order O(~) contribution to nonlocal collision term:

∼ ~
4

ΩµνΣµνks + ∆µ∂µ(α− βνkν) =
1

2
∆[µkν]($µν − Ωµν) +O(∆/Lhydro)

=⇒ for generalized local equilibrium: Ωµν ≡ $µν +O((kLhydro)−1)

=⇒ consistent, as in global equilibrium Lhydro →∞ and thus Ωµν → $µν
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Modified power counting

Usually, all gradients of fluid-dynamical quantities are O(L−1
hydro)

However, global-equilibrium conditions do not restrict value of thermal vorticity $µν

see, e.g., F. Becattini, L. Tinti, Annals Phys. 325 (2010) 1566

=⇒ vorticity does not follow usual power counting, $µν /∼O((kLhydro)−1)

=⇒ define scale `vort set by vorticity: $µν ∼ O((k`vort)
−1)

In principle, `vort can take any value from `vort � Lhydro to `vort ∼ Lhydro

However, in order for ~−expansion to apply: ~ΩµνΣµνks ∼
~
m
$µνε

µναβkαsβ ∼
∆

`vort
� 1

=⇒ `vort cannot be arbitrarily small (as in global equilibrium)

=⇒ remember ∆ . rint � λmfp � Lhydro =⇒ `vort could be as small as λmfp!

=⇒ for the sake of simplicity assume
∆

`vort
∼ λmfp

Lhydro
≡ Kn� 1
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Method of moments

Extend method of moments developed in G.S. Denicol, H. Niemi, E. Molnár, DHR, PRD 85

(2012) 114047 by spin degrees of freedom

Single-particle distribution function

f (x , k, s) = feq,ks + δfks

δfks = f0k

∞∑
`=0

∑
n∈S`

H(`)
kn

[
ρµ1···µ`
n − τ 〈µ〉,µ1···µ`

n

(
gµν −

k〈µ〉uν

Ek

)
sν
]
k〈µ1
· · · kµ`〉

where

k〈µ1
· · · kµ`〉 irreducible tensors

ρ
µ1···µ`
n ≡

〈
E n
k k
〈µ1 · · · kµ`〉

〉
δ

irreducible moments, 〈· · · 〉δ ≡ 〈· · · 〉 − 〈· · · 〉eq

τ
µ,µ1···µ`
n ≡

〈
sµE n

k k
〈µ1 · · · kµ`〉

〉
δ

spin moments

Ek ≡ k · u energy of particle in fluid rest frame

A〈µ〉 ≡ ∆µνAν , with ∆µν ≡ gµν − uµuν projector onto 3-space orthogonal to uµ

A〈µ1···µ`〉 ≡ ∆µ1···µ`
ν1···ν` A

ν1···ν` ,
∆µ1···µ`
ν1···ν` symmetric, traceless rank-2` projection operators built from ∆µν

H(`)
kn polynomials in Ek of rank N`
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Spin tensor

Inserting f (x , k, s) = feq,ks + δfks into definition of spin tensor

=⇒
Spin tensor

Sµ,νλ = uµÑνλ + P̃〈µ〉νλ + uαH̃
µνλα + uµH̃ νλα

α + Q̃µνλ − ~
4m2

∂[λT ν]µ

where

Ñνλ ≡ ενλαβNαβ ,

with Nαβ ≡ − 1

2m
uα
[〈

E 2
k s
β
〉

eq
+ τβ2

]
spin energy tensor

P̃µνλ ≡ εµνλαPα,

with Pα ≡ − 1

6m

[〈(
m2 − E 2

k

)
sα
〉

eq
+ m2τα0 − τα2

]
spin pressure vector

H̃µνλα ≡ ενλαβHµβ ,

with Hµβ ≡ − 1

2m

[〈
Ekk
〈µ〉sβ

〉
eq

+ τβ,µ1

]
spin diffusion tensor

Q̃µνλ ≡ ενλαβQµ
αβ ,

with Qµαβ ≡ − 1

2m

[〈
k〈µkα〉sβ

〉
eq

+ τβ,µα0

]
spin stress tensor
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Matching conditions

Define local-equilibrium state via

Landau matching conditions

Nµuµ = Nµequµ

Tµνuν = Tµν
eq uν

Jµ,νλuµ = Jµ,νλeq uµ

=⇒ relates α, βµ, and Ωµν in feq,ks to fluid-dynamical variables

=⇒ determine α, βµ, and Ωµν via conservation laws!

=⇒ still need to derive equations of motion for dissipative currents Π, nµ, and πµν ,

as well as spin moments τα0 , τα2 , τβ,µ1 , and τβ,µα0 appearing in Sµ,λν

Equations of motion for standard dissipative currents Π, nµ, and πµν

=⇒ see G.S. Denicol, H. Niemi, E. Molnár, DHR, PRD 85 (2012) 114047

=⇒ relaxation-type equations, e.g., Π̇ +
1

τΠ
Π = . . ., with Π̇ ≡ uµ∂µΠ

Dirk H. Rischke Spin hydrodynamics 17/21



Equations of motion for spin moments

Take spin moments of Boltzmann equation:

=⇒

Equations of motion for spin moments

τ̇ 〈µ〉,〈µ1···µ`〉
n − C

〈µ〉,µ1···µ`
n−1 = . . .

C
µ,µ1···µ`
n−1 =

∫
dΓE n−1

k k〈µ1 · · · kµ`〉sµ C[f ]

=⇒

Linearized collision integral

C
µ,µ1···µ`
n−1 = C

µ,µ1···µ`
n−1,local + C

µ,µ1···µ`
n−1,nonlocal

C
µ,µ1···µ`
n−1,local = −

∑
r∈S`

B(`)
nr τ

µ,µ1···µ`
r

C
µ,µ1···µ`
n−1,nonlocal =

∫
dΓ1dΓ2dΓdΓ′Wss′→s1s2

kk′→k1k2
E n−1
k f0kf0k′

× k〈µ1 · · · kµ`〉sµ
[
~
4

($αβ − Ωαβ)Σαβks + ξαβ∆αkβ
]

C
µ,µ1···µ`
n−1,local =⇒ inverting B

(`)
nr yields relaxation times

C
µ,µ1···µ`
n−1,nonlocal =⇒ gives rise to Navier-Stokes terms
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(14+24)–moment approximation

Infinite set of moment equations needs to be truncated

=⇒ lowest-order truncation:

14 standard fluid-dynamical moments + 24 moments for components of spin tensor

=⇒ (14+24)–moment approximation

Independent spin moments: pµ ≡ τ 〈µ〉0 , zµν ≡ τ 〈µ〉,ν1 + τ
〈ν〉,µ
1 , qµνλ ≡ τ 〈µ〉,νλ0

3 + 6 + 15 components

=⇒

Equations of motion for independent spin moments

τp ṗ
〈µ〉 + pµ ∼ εµναβ ($αβ − Ωαβ) uν + . . .

τz ż
〈µ〉〈ν〉 + zµν ∼ . . .

τq q̇
〈µ〉〈νλ〉 + qµνλ ∼ ξ 〈να ελ〉µαβuβ + . . .

for more details, see D. Wagner’s talk
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Spin relaxation times and Pauli-Lubanski vector

Spin relaxation times

=⇒ spin relaxation times of the same order

(but somewhat smaller) than

relaxation times for Π, nµ, πµν

=⇒ spin degrees of freedom equilibrate

(i.e., approach their Navier-Stokes values)

as fast (or even faster) than Π, nµ, πµν

=⇒ answers Question (I)

Pauli-Lubanski vector (spin polarization vector!) in Navier-Stokes limit

ΠµNS ∼
∫

Σf.o.

dΣ · k f0k

{
εµνρσkνΩρσ +

(
δµν −

uµk〈ν〉
Ek

)
×

[
κpε

νραβ (Ωαβ −$αβ) uρ + κqξ
〈ρ
α εσ〉ναβuβk〈ρkσ〉

]}
=⇒ novel dissipative corrections ∼ Ωαβ −$αβ and ξαβ =⇒ answers Question (II)
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Conclusions and Outlook

Starting from Boltzmann equation with nonlocal collision term, and using method of
moments, derived equations of motion of relativistic second-order dissipative spin
hydrodynamics in (14+24)–moment approximation

Spin degrees of freedom relax as fast as usual dissipative quantities

Polarization vector is influenced by dissipative corrections

Need to quantify influence of dissipative corrections on polarization observables!

Causality and stability of equations of motion of spin hydrodynamics?
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