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* real-time methods

- field theory applications
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commutator of interacting fields: free fields

Fourier transform:

spectral function:

([o( 0)]) = / dm? p(m?) iA(z;m?)
(w.) = / t 7 i{[9(x), 6(0)])

- p(w,p) = 2mi e(w)0(p®) p(p°)

p(p?) = (21> 3" 64 (p — ap) [(QSO)* , po >0

(0
free fields (stable pion):
finite lifetime/width
plw) p(w)
A @ i @ — 2y
> (W t > ()
=my w=m
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two-particle thresholds: discontinuity at cut of propagator:

p(w) D(p) = /Ooo dm” p(m2)

A @_}23,

1
p2_|_m2

—-——— o >
- l ) Mz?
W = My W= Mg tmz
. 2 1
retarded, imaginary part: p(p®) = —— Im Dg(p) Euclidean space:
T
p2 >0

o0
Euclidean data: D(t,p=0) = / dm p(m?) exp{—mt}
0 (inverse Laplace, try e.g. MEM,
but ill-posed numerical problem)
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(i) Classical-statistical simulations

(if) Gaussian state approximation

(iii) Real-time FRG
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. . A P’ W A
anharmonic oscillator: Hg = >+ 70:%2 + E:f:“

- spectral function:  p(t —t') = i{[2(t),2(#)])s

. Fourier transform: 1 —BE,
plw) = ;e (0w = B + )

= 8w+ Em — By)) [{n|#|m)[?

 Ohmic damping 1
(Caldeira-Leggett):  p,(w) = - > e PEn (n]&m)|* 2A Ep,
L
T (w? — AE2 )2 + ~2w?
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anharmonic oscillator:

1 _ iy
pa(@) = 5 3 e [{ullm) 2 2A By

py(w)

n: 0,1, ...
[n) < In+1)

[n) < [n+3)

: 0,

[n) ¢ |n+5)

1, ...

m,n

4%
(P = BB, P+ 7%

1
X —
T
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 classical Langevin:

d d )
— X=P. —P=—-wW}X-2X3-+~P ¢

(E@)EM))p = 29T o(t —t')
e classical SF from FDR:

pelt — ') = —— (P()X (') — X (1) P(t'))

—57 5

pe(t —1t') = —% O F.(t —t)
 classical-statistical field theory simulations

- high-temperature (Rayleigh-Jeans) limit: G. Aarts, PLB 518 (2001) 315
- critical SFs, dynamic scaling functions:

J. Berges, S. Schlichting, D. Sexty, NPB 832 (2010) 228
S. Schlichting, D. Smith, L.v.S., NPB 950 (2020) 114868
D. Schweitzer, S. Schlichting, L.v.S., NPB 960 (2020) 115165; arXiv:2110.01696
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. Heisenberg-Langevin: G.-L. Ingold, Lect. Notes Phys., 611 (2002) 1 - 53

G0 =00, 0 == [ A=) = V'E0) + &0

- Ohmic bath: v(t)

o VA Sin(AL) Ao
2/ dw J(w) cos(wt) = A sindf) Ao, 276(¢)
Ia(@) = 27w O(A — [ ’

2T w ™ At

> dw

O8N = [ LI costelt =) ) _ e

7T 1
- ( B sinh?(7T'(t — t')) * 7T (t — t’)2>
- Frequency:

colored noise
(((—w)é(w))s =2ywnp(w), w>0

— 27T . ..
T I'>w classical limit
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P. Buividovich, M. Hanada, A. Schafer, PRD 99 (2019) 046011

* Wigner function:

w(z, p) = / dye P (z + y/20plz — y/2)

T —1
B 1 (- X Oz Oap x—X
— NeXp {_2 (p— P) (pr O'pp) (p— P)}

* Harmonic oscillator:

« GSA:

mixed thermal state

pro = e 1 /2 = 271y e Pt n) (n

2 2. 2
9  _pitwge” Bw
e «wFo) = F(w)=coth —

’UJHO(QU,p) —

thermal distribution
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« General Gaussian state:
coherent states
PG = N/dXdP exp{—Qf; - 2];;9} X, P\(X, P|
05r = nB(wo)/wo, 0p, = wons(wo)
7 F(wo)/ 2wy mixed thermal state

F(wo) = 2nB(wo) +1

— 2
f - \/O-a::no-pp - O-agp

« Gaussian WF with: (g o )
z rr rp :
symplectic EV

o o

covariance matrix P PP
= 1/2

if and only if pure

)

 von Neumann entropy:

S = ~Te(pnp) = (7 + W (f+4) - (/-3 (s -

H F H F 12 September 2022 | Lorenz von Smekal | p.11
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 HLE in GSA:

d d A :
— X =P — P =— 2 ~O0zx X__Xg_ P
d
E Oxx — 20_:13197
d R ~
a U:Ep e Upp — O‘wa(X, 03333) - ’VOxp + <<x(t)€(t)>>7

C o = ~200,C(X,022) — 210 +2 (D))

— 2 A 2
- adiabatic approximation: C(t) = (X, 00) = wg + 5 (X(1) + 000(?))

C(t) = Co(T) + 6C(1)
Co(T)

Il
S
<
Q
8
Z
=
|
&
N
_I_

time independent
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» Keldysh action:

1 [ dw 0 w? — iyw — wi
Slgl = 2 /_OO %gb (—w) (w2 + iyw — w% 2iyw Cgth (%)) P(w)
-2 [t 0o 0o + 600 0)

 causal regulator for FRG:

asol =5 [ ar [ ar st )o)

—— Re[Rk(w)/k?]
—— Im[Ri(w)/K?]

via scale-dependent “heat-bath”

! 2w’Jk(w’) ’ _ L . wik
¢ (W) o 27 (wtie)? —w? )

R (w) = (RkR(w) — Rf(w)) coth % = iJg(w) coth % T(w) = 2hw exp { — w?/k?}
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 causal regulator for FRG:
—— Re[Rk(w)/k?]

R

)= - |

Cdw 20 T (W)

2
21 (w £ ig)? — w? ok

avoid unphysical
regulator poles

« simple example:

Im wp (k)

2

1L

o
T

(a) a=0

b)) a=1/2 (c)a=1

—— Im[Ri(w)/k2]

17 ' ' ' 17

retarded propagator poles

0 0r

/NE

Im wp (k)
Im wp(k)

Re wp(k)

-2 -2

2 -1 0
Re wp(k) Re wp(k)

Y, 72
wp+(k=0)= —ig + 14/ wi — T

n n n 1 | w/k
o

Je(w) = 2kw exp { — w?/k*}

Drude model with
frequency wp = k

R/A 1
Rk/ (w) = 21 Fiw/k

w? +iyw —w? + Rf/A(w)

HFHF

12 September 2022 | Lorenz von Smekal | p.14

% Bundesministerium
fir Bildung
und Forschung



- . JUSTUS-LIEBIG- _
CRC-TR2n (iii) Real-Time FRG ) SuvEEST

- Effective average action:
truncation

(2),A (. o , ,
il = / o (F@)R( o Tl x;) o)+ [ @ @I ) @) @)

k

- w (;uk(aﬁ (2))°6° () + 5y (67 (1)) (67(x))° + gukw(azwq(m)f) +0(6%),

- two-loop exact:

word] O

(96 a) (2',a) (z,0)  (2',a') (z,0) ==(a’,a") ]

~”

use for 2-point function

S. Huelsmann, S. Schlichting, Ph. Scior, PRD 102 (2020) 096004
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- one-loop structure:

( )

) (y, ) (y',8') (y,B) (y',B')

(y,B) (y',B") .
app’ o’ ro . / 1
=10 X X N >QQ

(z, ) z’, o
( ) (z,a) (z/,a) (x, @) (z', ")
\ J

for 4-point function
- flow of local vertices:

o, Ok (] _ ¢

dpd(x) 2

use for 6-point function

- combined vertex and loop expansion
hereorder Q =2l 4+ n =6
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- verify high-temperature (classical) limit

1x100 F

spectral function p(w)

1x10°3

1x10™ £

(a) A=1/32

1x1071 £

1x102 |

2-loop PT - - - -
exact diag.
class stat.
real-time FRG ———
GSA (static)
GSA (adiab.) ——

weak coupling

- relevant thermal coupling:

AXT'=1

1x100

1x107!

1x102

1x1073

1x10™

110 |

: T = 32w, v = 0.06w

(b) A =4

2-loop PT - - - -
exact diag.
class stat.
real-time FRG ———
GSA (static)
GSA (adiab.) ——

not-so-weak coupling  w/wo

AT = 128

- also for FRG, with loop expansion need: AT < 4

HFHF
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* lower temperatures:

spectral function p(w)

spectral function p(w)

1x10°

1x10!

1x102

1x103

1x10

1x105 L
0

1x10'

1x10°

1x10!

1x1072

1x1073 &
1x1074 £

1x10°5 L
0

200p PT - - - - |
exact diag. ——
class stat.

real-time FRG ———
GSA (static)

T
2-loop PT - - - -
exact diag. ——
class stat. ——

real-time FRG —— 7
GSA (static) ——

spectral function p(w)

spectral function p(w)

1x10!

1x10°

1x107

1x102

1x103 |
1x10% |

1x10°
0

1x10!

1x10°

1x10°7

1x102

1x10°8

1x10

T

2-loop PT - - - -
exact diag. ——
class stat.

real-time FRG ——— 7§
GSA (static)

() A=4,T=05

T T T T T T T
2-loop PT - - - - |
exact diag. ——
\ class stat. ——
\ real-time FRG
GSA (static) E

HFHF
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« compare static vs adiabatic GSA:

spectral function p(w)

1x1o1E
1x100é
1x10°"1 é
1x1072 é

1x10° £/

1x107

_exact diag.
F GSA (static)
F GSA (adiab.)

0 1

HFHF
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» classical-statistical SFs: e.g.pionin 1w
O(4) model o]

[T=435 [T=2.175] [T=1.0875]

7=005

Pr

—_

(=)
[=]

avoided crossing

Schlichting, Smith, von Smekal, NPB 950 (2020) 114868

1
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Z> scalar fields with Langevin (Model A) dynamics

o(x,t) = L Gl 16(, 1) + /29T n(, 1)

op(x,t)
(@', ¢ )n(z,t)) = 6(z’ —x)5(t' —¢)

« dynamic scaling functions:

0
- use scaling relation of critical SF: N 10 f,
& 107! b
2— 1 3 1072 2
p(w7p77-) =S 77p (Szw“gpasyT) U 0 3
= 10~
& _4 r
to determine new universal S 18_5 R

scaling funct.’s f., fo, 5, €.g.

101 10° 100 10° 10° 10°
P (wapa T) = ﬁ_(2_n) fp (a)/pz, T/pl/y) Tp = (D/ﬁz

dynamic (two-variable) scaling function

Schweitzer, Schlichting, von Smekal, NPB 960 (2020) 115165
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Z> scalar fields with diffusive (Model B) dynamics

é@;o:=uvﬂ§%%%%~—7¢@%ﬂ4- 2T, t)

(@t )n(x,t)) = —pV3o(a’ — )o(t' — 1)
conserved order parameter

Q = §dlz¢(w,t) with Q=0

2
_ I
° spectral functions: pBW(wap) = P pr
N (w? —w2)” + M2w?
non-critical: P P
W; - MPQ(m2 (T) + p2) critical:
Fp(/y) - FP(O) + Y wg = wg ]52‘*’
_ pl, T «T, _
r,(0) =T(T)- [p=Top™"
p( ) ( ) {pg) T > Tc p op

Schweitzer, Schlichting, von Smekal, arXiv:2110.01696
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« critical dynamics of relativistic diffusion:

§ tolt,p,T.)dt

&(p
)= SO (t,p,T.)dt
d=2 d=3
104 R L 104 . e e i
102 - TEm N 102 e ]
RN ; 70 3o
‘ .01 v =0.01
-2 | .00 —2 v =0.00 =~
10 e "15‘_23 o ft,Bq'p 10 ?ft,B ‘15_23 o
0.1 _ 1 0.1 _ 1
p p
ModelB: z =4 — 7
d|z(y=10) z(y=0.1) z(y = 0.0) |
2 | 3.83(10)  3.716(17) 2.354(23) = 3.75
3 3.95(8) 3.91(6) 2.20(13) ~ 3.96 ¢, ~ £
t aY)

Schweitzer, Schlichting, von Smekal, arXiv:2110.01696

HFHF
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i H . Roth, MSc Thesis, JLU, March 2022
- effective average action: J. Roth, MSc Thesis, JLU, March 20

Martin-Siggia-Rose Model A
1 T 0 ZNw)w? = Z p? = m2 — ie(w)w
'.== /1 A — k k k Yk A
g 2/p ¢ (=p) c.c. of adv. Airy (w)T o(p)
Rk c ¢ \2 .9 ﬁ c ¢ \3 .q 1 1
\/g ; ((/5 (bO,k) ¢ 12 /m (</5 ¢O,k) ¢, N = kO log Z;
. — 2—-mn.
- critical SFs: p(w,0) ~ w™7 o =—
108" .+ mean field, o=1 --1=0 —1=0 10° B .+ mean field, o=1 --1=0 —1=0
10°F - -1=55x10" —1=29x107 1o - -7=0.0043—1 = 0.0022
0t --71=0062 —1=0.014 --71=003 —71=0.028
- e . =-1=02 —1=0.15 10t --1=0094 —1=0.092
108 . ""-,-,.-'r=0.42 —1=035 0 --1=029 —r1=028
10° . N

10°

-2
10 10

1074

1078

1078 1
10 107 10° 10710 105 10°

/e w/wo
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* real-time methods for spectral functions:

(i) classical-statistical simulations
(if) Gaussian state approximation
(iii) real-time FRG

tested in (open) QM system
- field theory applications:

study critical dynamics

Models A, B, C J. Roth, MSc Thesis, JLU, March 2022
J. Roth & LvS, in preparation

Thank you for your attention!
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