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A theory of dissipative hydrodynamics must predict that the equilibrium
state is stable against small perturbations

https://acrosstt gin.com/skipping-stones/
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» Traditional relativistic Navier-Stokes theory predicts that small
perturbations in a homogeneous background can grow forever

[Hiscock and Lindblom (1985)]

» Miiller-Israel-Stewart (MIS) theory emerged as an answer to this problem
» ... Denicol-Niemi-Molnar-Rischke (DNMR) theory

» ...Bemfica-Disconzi-Noronha-Kovtun (BDNK) theory of first-order
hydrodynamics
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Outline CRc.-rm

Our goal: extending [Hiscock and Lindblom (1985)] t0 inhomogenous equilibrium
configurations
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Application to MIS theory

> Miiller-Israel-Stewart (MIS) theory emerged as an answer to this problem
» ... Denicol-Niemi-Molnar-Rischke (DNMR) theory

» . ..Bemfica-Disconzi-Noronha-Kovtun (BDNK) theory of first-order
hydrodynamics
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Introduction



What is equilibrium CRc.-rm

Only rigid motion is allowed in equilibrium

7

» Equilibrium state is defined by

a Killing vector that is timelike
b

—

» Geometry — Physics in equilibrium (see, e.g., [Becattini (2016)])

W=p\B-B T=1/\/B-B  LsPhys.=0

* V is the covariant derivative
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In flat spacetime using thermal vorticity, we can categorize equilibrium
configurations

» Homogenous configurations w,, = 0: hydrostatic and
uniformly moving fluids

» Inhomogenous configurations w,,, # 0 : pure acceleration and
rigid rotation (see e.g. [Becattini (2018)])

> To keep (8 timelike we need to enforce a boundary that
introduces a length scale £yt

* Thermal vorticity w,, = —VibBy = a[uuu] + ewafgw “up
* Hydrostatic (fluid at rest with constant temperature) 8 = iﬂ%

Uniformly moving fluid with constant temperature g = %0 2 4yt av)

* Uniformly accelerating fluid § = 710 [% + aog (z% + t%)}

* Rigidly rotating fluid § = {at T Qo( ym)}
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How do we study stability?

» Information current method:
The equilibrium state must have the maximum entropy
between the solutions with a shared initial state
[Hiscock and Lindblom (1983)] - [Olson (1990)] - [Gavassino et al. (2022)]

> Mode stability analysis:
Plane wave solutions of linearized hydrodynamics equations of
motion around an equlibrium state may not grow with time

[Hiscock and Lindblom (1985)]
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Linearized equations of hydrodynamics in a homogenous equilibrium
configuration have linear wave solutions which reveal the nature of the
theory in the linear regime and can be used to investigate linear stability

» We perturb our around a homogenous equilibrium
Xo — X0+ 60X (X =¢,u,...) with Fourier modes
0X (z) = 60X (k) exp(—iwt + ik - x)

> Insert these into the EOM 9,07+ = O(4?)

> Find the matrix form of the EOM MAB§X 5 =0

» This has solutions if det(M) =0 = dispersion relations
w = w(k)

Sound waves in a perfect fluid

w —heqk oe(k) \ . 2 Op o
(-aik heqw> <6uw<k>> =0 A =0 = o5 =0
—_——— N —

MAB sXB

M. Shokri Sound of rigidly moving fluids 02.10.2023



S(to)

P Dissipative hydrodynamics — complex w

P Linear stability requires Im w < 0 [Hiscock and Lindblom (1985)]

P |f Imw > 0 for some domain of k the norm of §X over
subsequent spacelike hypersurfaces grows without a bound

M. Shokri
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Linear stability analysis in inhomogeneous configurations

» (Q.1) Can we find linear wave solutions in inhomogeneous
configurations?

» Naive Fourier modes do not work (w = w(z, k) is inconsistent
with 0, — —ik,

» (Q.2) How are they related to stability?

» (Q.2.a) ...How do the known stability criteria in homogeneous
configurations generalize to inhomogeneous ones?
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To the tangent bundle



> The idea: plane waves in an infinitesimal neighborhood

> Tangent space T, M as a local infinitesimal homogeneous
configuration

v

T.M is the space of infinitesimal displacements at point P

> Superposition of wave propagating in this space — solutions of
the EOM in the base manifold
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Wigner transform extends a tensor to the tangent bundle (Inspired
by [Fonarev (1994)])

1
Fpie(z,y) = <1 +y*Va + gyo‘yﬁ VaVg+ - > Fiabe(g)

It knows all the local information about the base tensor

Bl (@) = dly o' (y) Pl (2, y)
T.M
Vbt (@) = L dly 64 (y) O Flhz (2,y)
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Wigner transform of the -vector

» Equilibrium-preserving directions

5;1(3;’ Ye) = ,Bu(a?)

» ... exist if the spacetime is flat and w,a" =0

» Direction of acceleration is an example of NEP directions

Bu(0) +x" @,
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They are given by yt'w,, (z) =0
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The procedure



Step 1. Extending the EOM to our local infinitesimal homogeneous
configuration

r

> (S1.a) We extend the EOM to the whole tangent space

40T (z,y) =0 then V,6T"(z) =0

» (S1.b) ...and Fourier transform using the cotangent space

» . .therefore

0T (z,y) = /5T“”(x, k)e_ik'y
k

kST (2, k) = 0

M. Shokri
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Step 2. To find a plane-wave solution we need to define our local time

» (S2) We choose a future-directed timelike n#(z) normalized as
n-n=1

» ..tofindw=mn-kin terms of k|

YO =n(x)-y

¥ =n(xo) -y
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Step 3. Finding 67" (z, k)

> (S3) Decompose 6TH" (z, k) with ubg(x)

OTH (z,k) = 0&(x, k)uby(T)uey(x) — 0P (x, k) ALy ()
Fheq() [ugq u¥ (@, k) + uy (2)5u (z, k)
+6Q(x)" (0, k)uey () + 6 Q7 (, k)uby ()
+omh (z, k)

» Equilibrium quantities are not Wigner transformed

* We will work in the local rest frame n*(z) = u*(x)
* In our mostly minus metric sign convention A" = g"" — ul, ug,

* For example

0E (z, k) = uly(x)uly(2)6Tnp (x, k) O0P(z, k) = f%Ag‘f(x)(STaﬂ(az,k)
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Step 4. Finding the dispersion relation

> (S4) Now we can write k, 07" (x, k) = 0 in matrix form and
find we(z, k)
Applying to perfect fluids we find w4 (z,k) = +v,(x)k

The resulting dispersion relations are valid for any fixed
background metric

vy

v

For dissipative fluids we need derivatives of 6 X (z, k)

v

... which are found by taking the derivative of the definition

v

For example
V. 0E(x) = —ik,0E(x, k) — 2Toq(2)wuw (2)0QY (, k)
8O (x, k) = 6Q" (2, k) + heq(z)0u" (z, k)
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Stability analysis



Does Imw > 0 means instability?

» Recall that instability is the growth of the norm of the solutions
on subsequent spacelike hypersurfaces without a bound

P This is not easy anymore ...

> But in many cases, in flat spacetime, the norm can be
separated into equilibrium-preserving and
nonequilibrium-preserving directions

16X]12 = Z/dzn |0X a()|?

A
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A separation between EP and NEP directions is possible in the
hydrodynamics regime

7

>

| 4
| 4

Restrict k| via (k! @ (z) = 0) to ke in the dispersion
relations

If Imw, > 0 in this case

...and the EP part dominates the NEP parts which requires

emicro < evort

... instability is proved
But hydro is applicable if £iicro << fmacro ~ Lyort
If Imw, > 0 for k in NEP directions — inconclusive
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Application to MIS hydrodynamics



» According to the info-current method: same stability criteria
for homogeneous/accelerating/rotating/non-self-gravitating
equilibria [Hiscock and Lindblom (1983)]

Linearized MIS hydrodynamics
0T = SEuliquly — (v20€ + OTL) ALy + heq (ukodu” + ulgdut) + o7
ThUeq * VOIL 4+ 011 4+ ¢V - du =0
T AP (ueq . VonP — 2677?953‘) + ot — 2ndot” =0

afBeq

Recall

A= 3 (ALAG+ DALY ~ 30" Bas 0 = AVaus
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MIS hydrodynamics with bulk viscosity alone

» The sound modes are modified in the direction of the
acceleration (a = a/Teq)

1 1
Qsound = Zli\/vg/ﬁ? + 10421}42%? — 504]/4/4:@ + .-

» Decomposition of k (a generalization of [Brito and Denicol (2020)])
i = T (ngq—&—ngé“—l—/i”) w = TegQ ke=F- ¢
* Tetrad of orthonormal vectors {u, ¢, &, x }
by=au/V—a-a Fu=ru/V—rk Kk X" =" PutlURg

* Auxiliary parameter

1 2
Ve = <2 + U—2> C—% (1 - 31;5) Re  Re=mTeq  Cc=Togllheq
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MIS hydrodynamics with bulk viscosity alone

r

» The nonhdyro mode receives linear contribution ~
0 o
gapped = _Rig +aVeke+ -
» There is no novel contribution in EQP directions

» The acceleration-induced terms disappear in k — oo: standard
causality /stability criteria [pu et a. (2010)]

C
R<>C<, R7§<1_,U§

» But Imw can be positive in £ direction if o > a
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Is this physically relevant?

7

» Assume a cylinder of QGP rotating with Qg ~ 10?25~ ! and
Ty ~ 200MeV

» Then a ~ 0.01 while o, ~ 0.1

» The unknown effects of a positive Imw don’t seem to be
physically relevant in the domain of applicability of vanilla MIS
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Conformal MIS hydrodynamics

7

| 4
| 4

Modes are modified by acceleration and rotation

...not only in EQP directions

» Imw becomes positive for some modes if (1) a and/or w are
large enough or (2) we are very close to the causal boundary

| 2

...not only in EQP directions!!

» (1) requires @ > 1 — linicro ~ Maximum size of the system!

> Homogeneous modes are recovered in k — oo limit

» In the domain of applicability of MIS hydrodynamics stability

requires
Trr>2n/s >0

We numerically investigated the full MIS and ended up with

similar results
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Summary and outlook



We extended the equations to the tangent bundle to find linear wave
solutions in inhomogeneous equilibrium configurations

This machinery can be consistently applied to hydrodynamics

Novel modes are found in MIS theory arising from coupling between
dissipative fluxes and thermal vorticity

Such modes are only present in the long wavelength regime
The bulk viscous pressure couples only to the acceleration

Shear stress tensor couples both to acceleration and kinematic
vorticity

MIS theory in its domain of validity and far from the boundary
remains linearly stable in purely accelerating and rigidly rotating
configurations, with the standard stability and causality conditions.

In agreement with the info-current method

M. Shokri Sound of rigidly moving fluids 02.10.2023
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Outlook cRc'-rm

» Applications to hydro theories with the explicit presence of thermal
vorticity in fluxes (Spin hydrodynamics, hydrodynamic theories with
quantum corrections arising from acceleration and rotation, ...)

» Boundary effects
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Information current method has pros

' )

+ Doesn't assume a homogenous configuration

+ Is more fundamental in some sense: proves that w and T" must
be related to the thermal Killing vector, leads to some
important thermodynamic inequalities . ..

+ Can be easier to apply
+ Is independent of the equations of motion for dissipative fluxes

-+ Recently applied to electromagnetic fields and charged
equilibria:
The electromagnetic part of the information current is stable
and causal by construction and, therefore, the stability criteria
found for Israel-Stewart theories of hydrodynamics
automatically extend to similar formulations of
magnetohydrodynamics. L. Gavassino and Ms [2307.11615]
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...and cons

- Neglects the existence of boundaries
- Works only for certain types of theories

- Doesn't tell us much about the nature of the solutions
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Information current cRc'-rm

» One defines
ot =St + a, NF — 55TV
> A common perturbation parameter A, with A = 0 denoting the
equilibrium

» (1) In equilibrium

de*(0

dX

» (2) The information current must be future-directed non-spacelike:

~—

=0

o — _Ld20(0)
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Uniform acceleration cRc'-rm

» We can add the generator of boost along z-direction (see for example

[Becattini (2018)])
Q +agl 2 g + té
ot O\ "ot 0z

» To keep 3 timelike we need to a enforce boundary |1 + agz| > |aot|

1

e

» Thermal vorticity scale £yt ~ aal

» In Rindler coordinates (7, x,y, &)

ut = =08 (1,0) T = e %8¢ T, a* = age 2408 (0,0,0,1),

L, [1+a0(z+t)]

T 20 B |1t a0z —1)

1
20 §=—1log [(1 + agz)2 — a%t2

2a0
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Rigid rotation cRc'-ﬁ

> ...and/or we can the generator of rotation around z-direction (see for

example [Palermo et al. (2021)])
0 0 0
—_ 0 o —
ot o <x dy Yor > ]

> Again, we have a boundary Qf (2% + 3?) < 1

1

T

» Thermal vorticity length scale ot ~ Qal

» In cylindrical coordinates (t, p, ¢, 2)

u' =7(p) (1,0,90,0), T =~(p)To ~(p) =

at = _72(p) pQ% (07 1,0, 0) ) wh = ’72(p) Q0 (07 0,0, 1)
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Equilibrium-preserving directions cRc'-rm

» In pure accelerating equilibrium 7' changes in &-direction while u*
changes in T-direction ( Figure from [Becattini (2018)])

» x and y are EP directions
» In the cylindrical rotation z is the only EP directions

02.10.2023
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Wave equation in the tangent bundle cRc'-rm

> Let's assume a toy model (f and m are functions of T¢)

Teq()
> Wave equation in the tangent space
(02— (@)B(a) - By + m*(@)] o2,y) =

» Characteristic equation at = in the LRF

f(z)
T(x)

(D ~ ) @) 0+ m<x>2) b(z) = 0

w(z, k) —k? —i w(z, k) —m?(z) =0

» The base solution

o(x) = /k 3 dule) -k = )
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Frame Title cRc’-rm

» The amplitudes fulfill
f)u [Ga(z, k)6(u - k — wa)| = —ikuda(z, k)8 (u-k—wy)+curvature terms.
» Horizontal lift in the cotangent bundle

Dud(x, k) = Vud(, k) +T0,k,00 (x, k)
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Wave equation in the tangent bundle cRc'-rm

» Separate EQP part

d?k,
Pe) = / (2m)d Z Fo(one ko) koo s, (200, ke)

==+

» Frequencies depend on k and equilibrium quantities

F xnm = _Z/ ds’ Waq 37ne7 )

» f(T) >0 = T'y(x,k) > As > 0 the norm grows without a bound

M. Shokri Sound of rigidly moving fluids 02.10.2023 35



References | cRc'-rm

Becattini, F. (2016). Thermodynamic equilibrium in relativity: four-temperature, Killing
vectors and Lie derivatives. Acta Phys. Polon. B, 47:1819.

Becattini, F. (2018). Thermodynamic equilibrium with acceleration and the Unruh
effect. Phys. Rev. D, 97(8):085013.

Brito, C. V. and Denicol, G. S. (2020). Linear stability of Israel-Stewart theory in the
presence of net-charge diffusion. Phys. Rev. D, 102(11):116009.

Fonarev, O. A. (1994). Wigner function and quantum kinetic theory in curved
space—time and external fields. Journal of Mathematical Physics, 35(5):2105-2129.

Gavassino, L., Antonelli, M., and Haskell, B. (2022). Thermodynamic Stability Implies
Causality. Phys. Rev. Lett., 128(1):010606.

Hiscock, W. A. and Lindblom, L. (1983). Stability and causality in dissipative relativistic
fluids. Annals Phys., 151:466—496.

Hiscock, W. A. and Lindblom, L. (1985). Generic instabilities in first-order dissipative
relativistic fluid theories. Phys. Rev. D, 31:725-733.

Olson, T. S. (1990). STABILITY AND CAUSALITY IN THE ISRAEL-STEWART
ENERGY FRAME THEORY. Annals Phys., 199:18.

M. Shokri Sound of rigidly moving fluids 02.10.2023 36



References Il cRc'-rm

Palermo, A., Buzzegoli, M., and Becattini, F. (2021). Exact equilibrium distributions in
statistical quantum field theory with rotation and acceleration: Dirac field. JHEP,
10:077.

Pu, S., Koide, T., and Rischke, D. H. (2010). Does stability of relativistic dissipative
fluid dynamics imply causality? Phys. Rev. D, 81:114039.

M. Shokri Sound of rigidly moving fluids 02.10.2023 37



Step 3. What is 67" (x, k)?

» This does not work
dT"" (x) — Decompose w.r.t ub, (x) — §T" (z, k)
» This works

oI (2) — 6T™(x, k) — Decompose w.r.t tueq(x)
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