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Fundamental equations of relativistic hydrodynamics

energy-momentum conservation

∂µT
µν = 0

charge conservation of charge q

∂µN
µ
q = 0

normalised fluid 4-velocity

uµu
µ = 1

projector orthogonal to uµ

∆µν = gµν − uµuν
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energy-momentum tensor and charge currents

energy-momentum tensor

Tµν = euµuν − 2W (µuν) − (Peq +Π)∆µν + πµν

charge 4-current of charge q

Nµ
q = nqu

µ + V µ
q

Landau matching

e = eeq nq = nq,eq

choice of frame

Tµνuν = euµ ⇒ W µ = 0
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equations of motion

energy conservation equation

ė = −eθ − (Peq +Π)θ + πµνσµν

momentum conservation equations

(e + Peq +Π)u̇µ = ∇µ(Peq +Π)−∆µ
α∂νπ

αν

charge conservation equations

ṅq = −nqθ − ∂µV
µ
q



6/21

Theory Code Transport coefficients Tests Summary, Outlook Backup

multiple conserved charges

Navier-Stokes limit

πµν = 2ησµν , V µ
q =

{B,Q,S}∑
q′

κqq′∇µ
µq′

T
, Π = −ζθ

Diffusion matrix gains multiple entries in multi component
description

charge diffusion´ equation of motion
{B,Q,S}∑

q

τq′qV̇
⟨µ⟩
q + V µ

q′
=

{B,Q,S}∑
q

κq′q∇µµq

T

−
{B,Q,S}∑

q

τq′qVq,νω
νµ −

{B,Q,S}∑
q

δ
(q

′
q)

VV V µ
q θ + [...]
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concept

HYDRA is written in C++20

use of multiple conserved charges

reduction of redundancies

modularity of problem specific components

eventually performance increase
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functionality

Runner

Velocity finding

LRF 
updating

Solver

Transport 
coefficients

Grid

Equation
of state

Theory
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transport coefficients

inverse temperature and thermal potential

β =
1

T
αi =

µi

T

total pressure

P =

Nspec∑
i=1

Pi Pi =
gi
π2

eαiT 4

charge concentrations

cq =

Nspec∑
i=1

qi
Pi

P
cqq′ =

Nspec∑
i=1

qiq
′
i

Pi

P

constant values for the following graphs

µ1 = µ2 = 0.4GeV T = 0.16GeV σtot = 0.01
1

fm2
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transport coefficients
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transport coefficients
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transport coefficients
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transport coefficients
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Bjorken test

boost inveriance
system is boost invariant
along the z-direction

Milne coordinates
description in hyperbolic
coordinates

ds2 = −dτ2 + dx2 + dy2 + τ2dη2

τ =
√
t2 − z2 η =

1

2
ln

(
t + z

t − z

)
Vz =

z

t

taken from J.D. Bjorken, Phys.Rev.D 27
(1983), 140-151
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Bjorken test
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Riemann test

two different mediums
system consists of two
initially seperated
mediums

1+1 dimensional
we only consider the
x-direction of the system

T1 = 0.4GeV T2 = 0.2GeV
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Riemann test
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Riemann test
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summary

Summary

• Implemented equations of motion from Fotakis et al [PRD
D106, 036009 (2022)] for relativistic mixtures in (3+1)D

• HYDRA aims to be user-friendly through modularity, reduction
of redundancy and tries keep or even improve performance

• Investigated transport coefficients of a simplistic
ultrarelativistic, conformal mixture.

Outlook

• Calculate transport coefficients for massive and realistic
systems and make use of realistic EoS (e.g. lattice QCD) and
transport coefficients

• Investigate the effects of baryon diffusion and coupled-charge
transport
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kinetic theory

charge current

Nµ
i =

∫
d3k⃗i

(2π)3k0i
kµi fi ,k Nµ

q =

Nspec∑
i=1

qiN
µ
i

energy-momentum tensor

Tµν
i =

∫
d3k⃗i

(2π)3k0i
kµi k

ν
i fi ,k Tµν =

Nspec∑
i=1

Tµν
i

expansion in irreducible moments

fk = feq

[
1 + ˜feq

∞∑
l=0

Nl∑
n=0

H(l)
n ρµ1...µl

n k⟨µ1...kµl ⟩

]
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Gubser test
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