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• generated charged magnetic fluid with initial anisotropy 

• calculated 1- and 2-point functions  

• early times: strong medium effect                                    

• 2-point functions thermalize significantly slower than 1-point functions 
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Summary of results
B 6= 0
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➡competition of scales                                 

*charge                                                

*magnetic field 

      *initial anisotropy 

➡universal thermalization time at large 

➡large charge: thermalization times diverge
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(in N=4 Super-Yang-Mills theory in 3+1 dimensions, 
minimally coupled to external U(1) gauge field)

[Glorioso, Son; (2018)]
[Grozdanov, Poovuttikul; JHEP (2019)]

https://arxiv.org/abs/1811.04879
https://arxiv.org/abs/1707.04182
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• generated charged magnetic fluid with initial anisotropy 

• calculated 1- and 2-point functions  
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• competition of scales                                 
*charge                                                
*magnetic field 

      *initial anisotropy 
• universal thermalization time at large 
• large charge: thermalization times diverge
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minimally coupled to external U(1) gauge field)

(in N=4 Super-Yang-Mills 
theory in 3+1 dimensions, 
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Hard problem in 
“similar” model QFT

Simple problem in a 
particular 
gravitational theory

HOLOGRAPHYmodel

Hard problem  
e.g. QCD at 
strong coupling

 gravity dual to QCD 
or standard model? 
    (not known yet)

Solve problem in 
effective field 
theories, e.g.:  

hydrodynamic 
approximation of 
original theory 
(QCD) 

  
  

hydrodynamic 
approximation of 
model theory

?

check of 
model theory

cross-check of 
model theory

EFTMethod: holography & hydrodynamics
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(QCD) 

  
  

hydrodynamic 
approximation of 
model theory

?

check of 
model theory

cross-check of 
model theory

EFTMethod: holography & hydrodynamics

➡  Holography good at qualitative or universal predictions. 
➡  Compare holographic result to hydrodynamics of model theory. 
➡  Compare hydrodynamics of original theory to hydrodynamics of model. 
➡  Understand holography as an effective description.
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[Ammon, Kaminski, Koirala, Leiber, Wu; JHEP (2017)]

• N=4 Super-Yang-Mills theory with a magnetic field 
in equilibrium has a universal magnetoresponse 
variable, which agrees well with its QCD equivalent 

• consider this theory near equilibrium,  
• compute dispersion relations & correlation functions 

and compare to strong magnetic field (chiral) hydro  

• consider this theory far from equilibrium
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[Endrödi, Kaminski, Schäfer, Wu, Yaffe; JHEP (2018)]

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; work in progress]

Motivation

Casey Cartwright 
(University of Alabama)

1

3

2

[Cartwright, Kaminski; arXiv (2019)]

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1806.09632
http://www.arxiv.org/abs/1904.11507
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1. Invitation 

2. Setup & Calculations 

3. Results 

4. Discussion/Outlook
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Outline
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(a) neutral fluid (b) charged fluid

(c) neutral fluid in magnetic field (d) charged fluid in magnetic field

x3
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Fluid thermalizing after initial anisotropy
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The AdS/CFT correspondence
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AdS/CFT
gravity 
theory

gauge 
theory
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Gravity setup (dual to N=4 SYM)
Einstein-Maxwell-Chern-Simons action:

Metric ansatz:
neglected in this work

~B||x̂3
<latexit sha1_base64="wIlFVnm+UaUHFcINHxE3IkGpBSM="></latexit>
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Gravity setup (dual to N=4 SYM)
Einstein-Maxwell-Chern-Simons action:

Metric ansatz:
neglected in this work

Maxwell equations are solved by:

Einstein equations are nested:

~B||x̂3
<latexit sha1_base64="wIlFVnm+UaUHFcINHxE3IkGpBSM="></latexit>

�9

[Chesler, Yaffe; PRL (2009)]

Derivative:

http://arxiv.org/abs/arXiv:0812.2053
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Numerical implementation- characteristic formulation
[Chesler, Yaffe; PRL (2009)]

• use (pseudo)spectral methods with Cardinal Function basis to 
solve ODEs in r at initial time for                                             
on Chebyshev grid 

• time step forward using 4th order Runge-Kutta on first 4 time 
steps, and subsequently Adams-Bashforth 

• boundary expand and solve for subtracted and scaled functions 
• radial diffeomorphism used to keep horizon fixed

S, Ṡ, Ḃ, A

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit> s
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Background (the state in the field theory)

http://arxiv.org/abs/arXiv:0812.2053
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Correlations - geodesic approximation
[Balasubramanian, Ross; PRD(2000)]

http://arxiv.org/abs/hep-th/9906226
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Correlations - geodesic approximation

Numerical implementation - relaxation method:

Correlator as a sum over geodesics:

Geodesic length (Lagrangian): �L = L� Lthermalized

d2xµ

d�2
+ �µ

↵�

dx↵

d�

dx�

d�
= 0)

geodesic equation

[Balasubramanian, Ross; PRD(2000)]

[Ecker, Grumiller, Stricker; JHEP (2015)]

http://arxiv.org/abs/hep-th/9906226
http://arxiv.org/abs/arXiv:
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reproduces and extends [Fuini, Yaffe; JHEP (2015)]
Background - 1-Point Functions

longitudinal 
and transverse 
pressures have 
opposite phase

magnetic field and 
charge have virtually no 
effect on time course of 
1-point functions

- time evolution of 1-point functions 
insensitive to charge or magnetic field 

-pressure anisotropy is linear functional of 
the initial anisotropy pulse profile 

raises two questions: 
* what happens at nonzero charge and 

magnetic field? - not much! 
* two point functions insensitive too?

http://arxiv.org/abs/arXiv:1503.07148
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Correlations - zero charge, zero B
results similar to [Ecker, Grumiller, Stricker; JHEP (2015)]

http://arxiv.org/abs/arXiv:
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Correlations - zero charge, zero B

peak shifts 
with length

later 
equilibration for 
larger lengths

results similar to [Ecker, Grumiller, Stricker; JHEP (2015)]

http://arxiv.org/abs/arXiv:
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Correlations - zero charge, zero B
reproducing results similar to [Ecker, Grumiller, Stricker; JHEP (2015)]

opposite 
phase

transverse

http://arxiv.org/abs/arXiv:
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Correlations - zero charge, zero B

peak shifts 
with length

later 
equilibration for 
larger lengths

reproducing results similar to [Ecker, Grumiller, Stricker; JHEP (2015)]

opposite 
phase

transverse

transient 
equilibrium times

tcor,n=1
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Transient equilibrium times

predicted:
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Transient equilibrium times

predicted:



Matthias Kaminski                                   Correlations far from equilibrium                                                        Page !18

Correlations - zero charge, zero B

longitudinal
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Correlations - zero charge, zero B

nodes independent from 
time separation

decreasing 
amplitude with 
increasing time 
separation

longitudinal
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Transient equilibrium times

predicted:
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Transient equilibrium times

earlier node: 14.4% 
later node: 2%

predicted:
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Correlations - nonzero charge, zero B

solid: charged anisotropic 
dashed: pure anisotropic

longitudinal
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Correlations - nonzero charge, zero B

solid: charged anisotropic 
dashed: pure anisotropic

longitudinalcharge shifts curves 
to later times
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Correlations - zero charge, nonzero B

transverse at zero B:
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Correlations - zero charge, nonzero B

transverse at zero B:

peak shifts 
with length

node independent from length?

“attractor” behavior???

initial offset 
grows with 
length
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Transient equilibrium times  
- zero charge, nonzero B
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Thermalization times - definition
The thermalization time is that time t, for which the following equation is 

satisfied for all times greater than t: 

A

Peak to peak amplitude:

Anisotropic part:

Recall 1-point functions:
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Thermalization times as function of length and B
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Thermalization times as function of length and B
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Thermalization times as function of length and B
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universal 
thermalization 
at large B
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1. Invitation 

2. Setup & Calculations 

3. Results 

4. Discussion/Outlook
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Outline
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• generated charged magnetic fluid with initial anisotropy 

• calculated 1- and 2-point functions  

• early times: strong medium effect                                    

• 2-point functions thermalize significantly slower than 1-point functions 

!27

Summary of results
B 6= 0
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⇢ 6= 0
<latexit sha1_base64="NYsamV2GqYrYqEUM0MBxWNW3rYs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/cAmlM120i7dbOLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfqtJ1SaJ/LejFIMYtqXPOKMGis9+GqQ+BIfidstld2KOwNZJl5OypCj3i19+b2EZTFKwwTVuuO5qQnGVBnOBE6KfqYxpWxI+9ixVNIYdTCeXTwhp1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//M6mYmugjGXaWZQsvmiKBPEJGT6PulxhcyIkSWUKW5vJWxAFWXGhlS0IXiLLy+TZrXinVeqdxfl2nUeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8//hSQdw==</latexit>

➡competition of scales                                 

*charge                                                

*magnetic field 

      *initial anisotropy 

➡universal thermalization time at large 

➡large charge: thermalization times diverge

B
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(in N=4 Super-Yang-Mills theory in 3+1 dimensions, 
minimally coupled to external U(1) gauge field)

[Glorioso, Son; (2018)]
[Grozdanov, Poovuttikul; JHEP (2019)]

https://arxiv.org/abs/1811.04879
https://arxiv.org/abs/1707.04182
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Discussion I
• comparison to chiral hydrodynamics at strong B 

… so, correlators receive altered physical interpretation 

• effective field theory of fluid far from equilibrium 
[Romatschke; PRL (2017)]

[Ammon, Kaminski et al.; JHEP (2017)]
[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; work in progress]

preliminary results

hJzJzi(!,k = 0) ⇠ �||

hJxJxi(!,k = 0) ⇠ ⇢?

w = ✏+ P||
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[Cartwright, Kaminski et al.; work in progress]
 [Heller, Spalinski; PRL (2015)]

https://arxiv.org/abs/1704.08699
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1503.07514
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Discussion I
• comparison to chiral hydrodynamics at strong B 

… so, correlators receive altered physical interpretation 

• effective field theory of fluid far from equilibrium 
[Romatschke; PRL (2017)]

[Ammon, Kaminski et al.; JHEP (2017)]
[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; work in progress]

preliminary results

hJzJzi(!,k = 0) ⇠ �||

hJxJxi(!,k = 0) ⇠ ⇢?

parallel conductivity  

perpendicular 
resistivity

hJxJyi(!,k = 0) ⇠ n

B
� !2w

2

B4
⇢̃? + . . .

Hall type

hJxJyi(! = 0,k) ⇠ �ik ⇠B|{z}
Cµ

anomaly type

w = ✏+ P||
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[Cartwright, Kaminski et al.; work in progress]
 [Heller, Spalinski; PRL (2015)]

https://arxiv.org/abs/1704.08699
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1503.07514
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Discussion II

• entanglement entropy 

• initial state —>       

• shear viscosity far from eq. 

• correlations in plasma with dynamical electromagnetic fields 

• test/construct ”magnetohydrodynamics” 

• chiral transport far from equilibrium;                                     
e.g. chiral magnetic effect and chiral vortical effect

vn
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http://xxx.lanl.gov/abs/0809.2488
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APPENDIX



Matthias Kaminski                                   Correlations far from equilibrium                                                        Page !32

Correlations - nonzero charge, zero B

longitudinal

solid: charged anisotropic 
dashed: pure anisotropic



Matthias Kaminski                                   Correlations far from equilibrium                                                        Page !32

Correlations - nonzero charge, zero B

longitudinal

nodes shifted to later times 
due to increased chargesolid: charged anisotropic 

dashed: pure anisotropic
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Correlations - zero charge, nonzero B

dashed: zero B 
solid: nonzero B

⌫peak
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Correlations - zero charge, nonzero B

nodes independent from 
time separation shifted to 
earlier times by charge

“attractor” behavior?

dashed: zero B 
solid: nonzero B

charge does 
not affect 
peak time

⌫peak
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Technicalities I
Chebyshev representation of functions:

Derivatives:

Radial shift invariance:                    to fix

Chebyshev grid:

Boundary expansions:



Matthias Kaminski                                   Correlations far from equilibrium                                                        Page !35

Technicalities II
Work with subtracted functions:

How to fix the horizon position:
defines location of horizon

shall not change over time

writing this out gives:

Procedure: 1. First time step: guess initial shift to put horizon at 1 
                      and iteratively improve at shifted r 
                 2.  All time steps after that: solve ODE

YET: horizon drift!
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Technicalities III
Unique solutions and scalings:

Renormalization scale dependent energy-momentum tensor:

(⇡T )4/B2
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Thermalization times as function of length and B
<latexit sha1_base64="rCx6YZKyFarkehd6/kmCVau7Ixc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GWpG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Lvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ91G3buqNx6ua81WUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHcyGRXA==</latexit>



Matthias Kaminski                                   Correlations far from equilibrium                                                        Page

Charged 2-pt functions towards extremality
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Scale invariance in LQCD with magnetic field

!39

[Endrödi, Kaminski, Schäfer, Wu, Yaffe; arXiv:1806.09632]

Lattice QCD with 2+1 flavors, dynamical quarks, physical masses

pT = �LT

V

@FQCD

@LT

pL = �LL

V

@FQCD

@LL

transverse pressure:

longitudinal pressure:

FQCD… free energy

… transverse system sizeLT

… longitudinal system size

… system volume

LL

V

https://arxiv.org/abs/1806.09632
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Scale invariance in LQCD with magnetic field

!39

[Endrödi, Kaminski, Schäfer, Wu, Yaffe; arXiv:1806.09632]

Lattice QCD with 2+1 flavors, dynamical quarks, physical masses

pT = �LT

V

@FQCD

@LT

pL = �LL

V

@FQCD

@LL

transverse pressure:

longitudinal pressure:

FQCD… free energy

… transverse system sizeLT

… longitudinal system size

… system volume

LL

V

https://arxiv.org/abs/1806.09632
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Odd transport

�40
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Odd transport

L
L

L

L

L L

L

L

L

L

L

L

L

L

B

z-direction

equilibrium 
heat current

||

? perpendicular

parallel

hT 0zi ⇠ Cµ2

|{z}
⇠⇠V

B

[Ammon, Kaminski et al.; JHEP (2017)]
[Ammon, Leiber, Macedo; JHEP (2016)]

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1601.02125
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Odd transport

L
L

L

L

L L

L

L

L

L

L

L

L

L

B

hJzJzi(!,k = 0) ⇠ �||

hJxJxi(!,k = 0) ⇠ ⇢?

hJxJyi(! = 0,k) ⇠ �ik ⇠B|{z}
Cµ

non-equilibrium parallel conductivity / 
perpendicular resistivity

non-equilibrium  
parity-odd transport

hJxJyi(!,k = 0) ⇠ n

B
� !2w

2

B4
⇢̃? + . . .
Hall type

anomaly type

z-direction

equilibrium 
heat current

||

? perpendicular

parallel

hT 0zi ⇠ Cµ2

|{z}
⇠⇠V

B

[Ammon, Kaminski et al.; JHEP (2017)]
[Ammon, Leiber, Macedo; JHEP (2016)]

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1601.02125
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EFT result I: strong B thermodynamics

Strong B thermodynamics with anomaly in thermodynamic frame:

[Ammon, Kaminski et al.; JHEP (2017)]

[Israel; Gen.Rel.Grav. (1978)]

[Kovtun; JHEP (2016)]
[Jensen, Loganayagam, Yarom; 

JHEP (2014)]

[Ammon, Leiber, Macedo; JHEP (2016)]

based on previous work:

Energy momentum tensor:

Axial current:

http://arxiv.org/abs/arXiv:1701.05565
http://link.springer.com/article/10.1007%2FBF00759845
https://arxiv.org/abs/1606.01226
http://arxiv.org/abs/arXiv:1310.7024
https://arxiv.org/abs/1601.02125
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EFT result I: strong B thermodynamics

Strong B thermodynamics with anomaly in thermodynamic frame:

[Ammon, Kaminski et al.; JHEP (2017)]

[Israel; Gen.Rel.Grav. (1978)]

equilibrium charge current

[Kovtun; JHEP (2016)]
[Jensen, Loganayagam, Yarom; 

JHEP (2014)]

[Ammon, Leiber, Macedo; JHEP (2016)]

based on previous work:

Energy momentum tensor:

Axial current:

➡ new contributions to thermodynamic 
equilibrium observables 

equilibrium heat current

“magnetic pressure shift”

http://arxiv.org/abs/arXiv:1701.05565
http://link.springer.com/article/10.1007%2FBF00759845
https://arxiv.org/abs/1606.01226
http://arxiv.org/abs/arXiv:1310.7024
https://arxiv.org/abs/1601.02125
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Currents in equilibrium
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Holographic result: thermodynamics
Background solution: charged magnetic black branes

• external magnetic field 
• charged plasma 
• anisotropic plasma

[D’Hoker, Kraus; JHEP (2009)]

[Ammon, Kaminski et al.; JHEP (2017)]

[Ammon, Leiber, Macedo; JHEP (2016)]

http://arxiv.org/abs/arXiv:0911.4518
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1601.02125
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Holographic result: thermodynamics
Background solution: charged magnetic black branes

• external magnetic field 
• charged plasma 
• anisotropic plasma

[D’Hoker, Kraus; JHEP (2009)]

Thermodynamics

[Ammon, Kaminski et al.; JHEP (2017)]

➡ agrees in form with strong B thermodynamics from EFT

[Ammon, Leiber, Macedo; JHEP (2016)]

http://arxiv.org/abs/arXiv:0911.4518
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1601.02125
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EFT result II: weak B hydrodynamics
Weak B hydrodynamics - poles of 2-point 
functions                                              :

[Ammon, Kaminski et al.; JHEP (2017)]

spin 1 modes under SO(2) rotations around B

former momentum diffusion modes

[Abbasi et al.; PLB (2016)]
hTµ⌫ T↵�i, hTµ⌫ J↵i, hJµ T↵�i, hJµ J↵i [Kalaydzhyan, Murchikova; NPB (2016)]

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1509.08878
https://arxiv.org/abs/1609.00024
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EFT result II: weak B hydrodynamics
Weak B hydrodynamics - poles of 2-point 
functions                                              :

[Ammon, Kaminski et al.; JHEP (2017)]

spin 1 modes under SO(2) rotations around B

spin 0 modes under SO(2) rotations around B

➡ dispersion relations of hydrodynamic modes are 
heavily modified by anomaly and B

former momentum diffusion modes

former charge 
diffusion mode

former 
sound 
modes

[Abbasi et al.; PLB (2016)]

➡ a chiral magnetic wave
[Kharzeev, Yee;  PRD (2011)]

hTµ⌫ T↵�i, hTµ⌫ J↵i, hJµ T↵�i, hJµ J↵i [Kalaydzhyan, Murchikova; NPB (2016)]

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/1509.08878
http://arxiv.org/abs/arXiv:1012.6026
https://arxiv.org/abs/1609.00024
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Holographic result: hydrodynamic poles
Fluctuations around charged magnetic black branes [Ammon, Kaminski et al.; 

JHEP (2017)]
• Weak B: holographic results are in “agreement” with hydrodynamics.

• Strong B: holographic result in agreement with thermodynamics, and numerical 
result indicates that chiral waves propagate at … 

                                the speed of light                             and without attenuation

[Kharzeev, Yee;  PRD (2011)]confirming conjectures and results in probe brane approach

Modes: 
sound 

charge diffusion 
sound

Modes: 
charge diffusion 

sound 
sound

http://arxiv.org/abs/arXiv:1701.05565
http://arxiv.org/abs/arXiv:1012.6026
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