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Introduction CRC‘-ﬁ

Novel transport phenomena suggested in systems of massless (i.e., chiral) fermions:

o Chiral Magnetic Effect (CME): Jb=¢€EB", ¢8~pa J

K. Fukushima, D.E. Kharzeev, H.J. Warringa, PRD 78 (2008) 074033

o Chiral Separation Effect (CSE): K =E3B*, & ~py J

M.A. Metlitski, A.R. Zhitnitsky, PRD 72 (2005) 045011

o Chiral Vortical Effect (CVE): Jb = 0B +Epwt, & ~ ,uv,uAJ
D.T. Son, P. Surowka, PRL 103 (2009) 191601
71_2 T2
o Axial Chiral Vortical Effect (ACVE): ji = ¢§B* + €5wH, €5 ~ 5 + 43 +NiJ

K. Landsteiner, E. Megias, F. Pena-Benitez, PRL 107 (2011) 021601

o Chiral Magnetic Wave (CMW): interplay of CME and CSE
D.E. Kharzeev, H.U. Yee, PRD 83 (2011) 085007
(see, however, I.A. Shovkovy, D.O. Rybalka, and E.V. Gorbar, arXiv:1811.10635 [nucl—th])
o ...
(see also A. Vilenkin, PRD 20 (1979) 1807; PRD 21 (1980) 2260; PRD 22 (1980) 3080)



Motivation CRC.-TR}

= quantitative understanding of these novel phenomena requires:
relativistic magneto-hydrodynamics (MHD) for spin-1/2 particles
However: dissipation important in small systems such as QGP created in HIC's
== requires second-order” dissipative relativistic MHD for spin-1/2 particles
(* to ensure causality and stability)
For massless (i.e., chiral) particles: “chiral” (or “anomalous”) MHD
= macroscopic derivation via 2™ law of thermodynamics
D.E. Kharzeev, H.U. Yee, PRD 84 (2011) 045025
= leaves values of transport coefficients undetermined, and only valid in chiral limit!

Ultimate goal: microscopic derivation of second-order dissipative relativistic MHD for
massive spin-1/2 particles from Boltzmann equation

o Derivation of Boltzmann equation for massive spin-1/2 particles via Wigner function
N. Weickgenannt, X.-L. Sheng, E. Speranza, Q. Wang, DHR, arXiv:1902.06513 [hep-ph]

o Microscopic derivation of second-order dissipative relativistic MHD for massive
spin-0 particles from Boltzmann equation
G.S. Denicol, X.-G. Huang, E. Molnar, G.M. Monteiro, H. Niemi, J. Noronha, DHR,
Q. Wang, PRD 98 (2018) 076009
G.S. Denicol, E. Molnér, H. Niemi, DHR, PRD 99 (2019) 056017 == this talk
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Definitions CRC’-TR}

“Dictionary”

o Non-resistive: electric conductivity og = o0 =—> ‘“ideal” MHD
o Resistive: electric conductivity 0 < 0g < o0 == resistive MHD
o Fluid-dynamical transport coefficients: ~ A, mean free path
°

Non-dissipative: all fluid-dynamical transport coefficients vanish
—> ‘“ideal” fluid dynamics

©

Dissipative: (some) fluid-dynamical transport coefficients non-zero
—> dissipative/viscous fluid dynamics

o Second-order dissipative: relaxation equations for dissipative currents

Note: also o¢ is fluid-dynamical transport coefficient ~ A\ (Wiedemann—Franz law)

= sending og — oo while taking all other transport coefficients < co (or even = 0)
is inconsistent!

= non-resistive, non-dissipative MHD is only academic limit!
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Maxwell's equations

o 3" electric charge current
8;1, Fpu _ :sl/

i o F" field-strength tensor
O.F" = 0

o F1 = L1emePF, 5 dual field-strength tensor

Tensor decomposition

o u" time-like four vector, u*u, =1
F* = E*u” — E"u* + **Pu,Bg o E" = F*u, electric field four-vector

Frv = BHMyY — BYuH — By, Eg o B" = F"u, magnetic field four-vector

= by definition: E¥u, = B*u, =0, E/xr = (0,E), B/ = (0,B)

= for given 3", Maxwell's equations determine 6 independent components of £/, B"

Energy-momentum tensor of electromagnetic field

T8 = —FFF% & %g*‘“F“‘*FaB

= using Maxwell’s equations:

Field energy-momentum evolution equation

O Tem = —F"33,

Dirk H. Rischke Dissipative MHD



Particle current and energy-momentum tensor of the fluid CRC-TR2n

Single-component fluid of point-like particles with spin zero and mass m

Particle current and energy-momentum tensor of fluid

NE = /de“fk:nfu”—FVf"
T = /de“k”fk:f;‘u”u”—PA”"—l—ﬂ"“'

u* fluid four-velocity == taken to be energy flow (Landau frame), T/ u, = eu*
kP = (ko, k) four-momentum of particles, K0 = \/k2+;m2 on-shell energy,
dK = d> k/ [(27)3K°]
fic single-particle distribution function in momentum space
AFY = ghV — yHyY 3-space projector orthogonal to ut
ng = Nf“ uy, particle density in LRF
e = Tf””’u“ uy, energy density in LRF
= —% T{“’AW, isotropic pressure

Vf” = Nf(“) particle diffusion current, where AlR) = AV A,

© © 06 06 060 0 0 0 o

THY = Tf<aﬂ>shear-stress tensor, where AleB) = AZ’;AD‘B

AZ; = % (AZAZ + AgA;) — %A‘“’Aaﬁ rank-4 symmetric, traceless 3-space projector orthogonal to u*
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Introduce electric charge of particles g

Charge current of fluid

o 1y = qnf charge density in LRF
I =q N =t + DY o D =gV charge diffusion current

To leading order O} ~ 3" = g E*, Ohmic induction current

Fluid charge conservation

9.3f =0

Introduce o external charge current 3., =— 3" =73/ + 3L,

o total energy-momentum tensor TH" = T/ + T/~

Energy-momentum evolution equation

BT = —F* Do,

= using energy-momentum evolution of electromagnetic field:

Fluid energy-momentum evolution equation

61/ waj - ij:‘f,u
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Boltzmann ion _ .
izl (8 e 0 Amip ~ (onf)™!, o cross section

Amip > Lint 0 lint ~ /0 /T interaction length

Since nf ~ /60_31 where By = 1/T thermal wavelength
= Ao~ B8/ > lie == Lo > line dilute limit

Magnetic field o Ry Larmor radius for particle with electric charge
q and transverse momentum kr = 3, ' in
magnetic field B (“thermal Larmor radius”)

Rr = (aBBo) ™" > fo

= /9B <« T weak-field limit == allows to neglect Landau quantization

Ordering of scales

Rt > Bo > lint

Define  ¢p = \io/Rr = 9BBo A | = &~ (Bo/tm)*(Fo/Rr)

—> study transport coefficients as function of &g
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In external electromagnetic field with field-strength tensor F*",

single-particle distribution function # satisfies:

Relativistic Boltzmann equation

kO f 4 qF " Ky, —ﬂ( C[#]

Collision term

Clh] = / dK' dPAP’ Wi ppr (f,,f,,,ﬁ(fk, - fkfk,ﬁ,ﬁ,,)

o fi =1 — afy, with a = 0, +1 for Boltzmann, Fermi/Bose statistics

o Transition rate satisfies Wi/ —ppr = Whir—pp = Wepr—kks
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DNMR: G.S. Denicol, H. Niemi, E. Molndr, DHR, PRD 85 (2012) 114047

Expansion around local equilibrium

o Ex = k" u, LRF particle energy

fo = foc + 0f . for = [exp(Bobi — o) + a] o ao = fo

= write Boltzmann equation in the form

00t

8fc = —foc — Bk VY (fox + 0f) — ECHaF " ky £ S

+ ECNC [fon + 0] J

o A= u"d,A V., =A%),

|

Irreducible moments of df

plre = /dK Ekfk<u1 ool fHe) St

o Almme) = ABUTEC AN e ABLTIE rank-2( generalization of ALY

Equations of motion for irreducible moments

pﬁ” Ke) —A‘” uz ua /dKE’k(V1~ kw)(;fk
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Dissipative currents

Landau matching conditions

on=nmo=[dKEfwx = p1=0 V¥ = py, ™ = pp",

oe=g=[dKEfx = p=0 and bulk viscous pressure
o TPu, = cut — p=o0 =P p

o Pt H =0 for £ >3
3 JioDso + Jry1,0G23 + Jri2,0D20

0 pr — ——
P m?  JooD2o + J30Goz + Jag D1o

Jri21dm — Jri3,1d31
° pu r+2, r+3,1J3 Ve
’ D31 f
Jry2,2
° i —s —IZ’ '

e 1 —2q, 2 2 z
@ Thermodynamic integrals: Jpq = m /dK E: q(Ek — m) fofor

9 Dpm = Jn+1,m-ln71,m - J2

nm

9 Gom = JnoJmo — Jn—1,0Im+1,0
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Bulk viscous pressure

Tnﬁ-l-ﬂ = 7(97fnvvu\/f'u77'nv Vf'ul-l#*(an M6 — Anv Vf‘uvuao+knwﬂ'quuu
—Onve 9E, V{*
where
P [V“Po — NG — " + VT + g 9E* + P uaqBy vf,u]
€0+ Po

Particle diffusion current

WV L VE = eV a0 — v Vi,w — Suy VIO — Gy VT + £y AFV )
Tvn Nd" — 7y 770, — Aww Ve uo™” + Avn MV o — Ave 77 Viag

+
+  SveQE" 4+ dvne GE' T + Svre GE, 7 + dvs etvep uaGBs Vs,

T o = 2not’ + 27',r7r§”w”>)‘ S O — T N (r;> + Aen Ma™”
- Tav Vf(u AN A VAT \/fu> 4 Ay \/f<“V”)ozo
+ Onve QB VY 4 8rp P77 0B, AR TS
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Navier-Stokes approximation cnc‘-m}

keep only 1st order terms  X.-G. Huang, A. Sedrakian, DHR, Annals Phys. 326 (2011) 3075

n = —¢"o.u
V¥ = k"Viao+ 8" qE,
v = ’f]WaBUaﬁ

©

(MY = (LEMY — qbib” — Cx b
0 KM =K M — K bt bY — Kkx bHV
0 GHY = ZHY — §|bibY — Gy b
o el = opg ARV gy (AWY — 3Z1v) (ASF — 3Z0B) — o, (ZHebrbP + Zvaprbd)
—2n3 (Z+ VP 4 =V biP) 2y (b4 b” bP 4 b7 bHb7)
where

B~
° b= B=/-B'B, = bluy=0 b'by=-1

o bHY = —e‘“’o‘ﬁuabg = b*"u, = b*"u, =0
o =M = AMY 4 bFbY 2-space projector orthogonal to u* and b* =—> bH*b" = =HV

for an alternative decomposition, see J. Hernandez, P. Kovtun, JHEP 1705 (2017) 001
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Electric field induces gradient of chemical potential: V*ao = —BoqE"

and, in absence of dissipation, one can show that kV*a = —dve 9E"

=  kBo=0ve '

Induced current: ), = qV, 4 ~ Sve G’ EV = o E"

Wiedemann-Franz law

oe = 9°0ve = 9°kfo
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Bulk viscosities

= [1 = —(0 as without magnetic field

—> consequence of weak-field limit

For bulk viscosities in strong fields, see
K. Hattori, X.-G. Huang, DHR, D. Satow, PRD 96 (2017) 094009

—> in lowest-Landau-level approximation:

Mo\ 2 1
(L < ¢ ~aBT () g2In(T/mq) J
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Particle-diffusion coefficients , , ,

K| = K ’il/’i” n
T e Ry
KL = K [1+(QB5VB) :| _
Kx = Kk19Bdvs _
For massless Boltzmann gas
and constant cross section: B
K 3)\mfpnfo |
L N

5 1580 Amfp . e

Ve 16 10 15 20

92

npRT

&g — oo: Hall diffusion coefficient xkyx — becomes dissipationless!
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cnc’-mm

Shear viscosities

> -1
mw = n[1+4(q55,,3)]
16
m = ?no(fost)z
=i
n = 3 (aBose)’ [1+ (aB6re)’] 1al . . ]
m = maBse  pel T
—1
m = 19Bbre 1+ (aBrs)’]

For massless Boltzmann gas
and constant cross section:

R O
= T3
Am

57rB = ﬂ0_3 i

&g — 00 1 13 = ma/d — PoRy become dissipationless!
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Conclusions and Outlook cn?—m}

o considered single species of electrically charged, point-like particles with spin zero

o derived equations of motion for second-order dissipative relativistic MHD from the
Boltzmann equation, using method of moments in 14-moment approximation

o confirmed (kinetic-theory version of) Wiedemann-Franz law for electric conductivity
and particle-diffusion coefficient

o identified new transport coefficients due to electromagnetic fields

o computed first-order transport coefficients in constant magnetic field for massless
Boltzmann gas with constant cross section

o generalize beyond 14-moment approximation via resumming moments
o consider different particle species with different charges

o consider spin-1/2 particles using Boltzmann equation derived in
N. Weickgenannt, X.-L. Sheng, E. Speranza, Q. Wang, DHR, arXiv:1902.06513 [hep-ph]

= MHD with non-vanishing polarization, magnetization, spin-vorticity coupling
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