
Fachbereich 7  |  Institut für Theoretische Physik  |  Lorenz von Smekal  |            01

Non-Equilibrium Phase Transitions and 
Critical Dynamics in QCD  
Krabi, Thailand, 26 November 2024

Lorenz von Smekal
with Mattis Harhoff, Johannes Roth, Leon Sieke, 
Yunxin Ye and Sören Schlichting

JHEP 10 (2023) 065; arXiv:2403.4573; arXiv:2409.14470; 
arXiv:2411.10266

10th International Symposium on 
Non-equilibrium Dynamics                    NeD-2024



November 2024  |  Lorenz von Smekal  |  p.

Phase Diagram
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Strong-Interaction (QCD) Matter

~ 2 x 1012 K

~ 2 x 1011 K

~ 2.7 x 1017 kg/m3
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Non-Equilibrium Phase Transitions
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Fast
quench

Slow 
quench

T > Tc T = Tc T < Tc
Disordered phase Non-equilibrium phase transition “Fingerprint” of critical fluctuations
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Outline
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• Non-Equilibrium, Closed-Time Path, Keldysh

• Open Quantum Systems and Classical Limit

• Dynamic Universality Classes

• Non-Equilibrium Phase Transitions

U. C. Täuber, Critical Dynamics: A Field Theory Approach to Equilibrium and 
Non-Equilibrium Scaling behavior, Cambridge, 2014

• Real-Time FRG for Critical Dynamics
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Non-Equilibrium Dynamics
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• path integral on CTP:
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• Keldysh rotation:

time ordered

anti time orderedgreater

lesser Keldysh

advanced

retarded

• parametrize:
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Keldysh Action
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Classical Limit

7

• on Keldysh contour:
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• Keldysh action:

• equilibrium distribution function:
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Langevin Dynamics
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• dissipative equation of motion:

• stochastic force:
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Model A
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• replace potential by Landau-Ginzburg-Wilson functional:
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for statics, with Z2 SSB
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Critical Spectral Functions
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ω

ρ(ω)

(non-critical)

e.g. Breit-Wigner

(critical)
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Non-Equilibrium Phase Transitions
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• trans-critical linear magnetic quench:
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• measure magnetization:
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Measure real-time observables ) Determine universal functions

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 5 / 9
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Non-Equilibrium Phase Transitions
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• trans-critical linear magnetic quench:
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Quench protocol
 

 

CRC -  TR 

I Linear magnetic quench: J(t) = �rJ t, ⌧(t) = 0
I Observables (magnetization, susceptibility)

M =
1
V

X

x

�x, � =
V
T

⇣
hM2i � hMi2

⌘
, V = Ld

J

T

Tc

J = 0

) Non-equilibrium regime broadens with increasing quench rate

,! Kibble-Zurek scaling

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 8 / 20
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Non-Equilibrium Scaling Functions
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• susceptibility, skewness, kurtosis:

Higher-order cumulants
 

 

CRC -  TR 

I More sensitive to the growth of the correlation length
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,! Interesting as signatures of a second-order phase transition
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⌘

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 12 / 20
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           Non-Equilibrium Finite-Size Scaling
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magnetization susceptibility

skewness kurtosis
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Kibble-Zurek Scaling
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The dynamic critical exponent z
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I Approaching the critical point (J ! 0+, ⌧ = 0)
Correlation length ⇠ ⇠ |J |�⌫c , ⌫c ⌘ ⌫

��
Relaxation time ⇠t ⇠ ⇠z

I Quench protocol J(t) = �rJ t

,! Kibble-Zurek scaling: J(tKZ) ⇠ r1/(1+⌫cz)
J

I Not necessary to know tKZ to determine z

I Power-law ansatz:

J(M = 0) = a(rJ)
k
, ) z = ( 1k � 1)/⌫c

z d = 2 d = 3
This work (preliminary) 2.1521(46)
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2.0245(15)4

PFT 2.14(2)2
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10−7.0 10−6.5 10−6.0 10−5.5

−Zero 
of ⟨M(J

̄ )⟩

10−4.00
10−3.75
10−3.50 Fit k = 0.4660(13) L = 510Fit k = 0.4658(8) L = 766

1Nightingale, Blöte (2000); 2Adzhemyan et al. (2022); 3Duclut, Delamotte (2017);

4Hasenbusch (2020)

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 9 / 20

• allows accurately determining dynamic critical exponent z
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4Adzhemyan et al. (2022);
<latexit sha1_base64="ENYuvdlF2iTo51RQfWGOADJavK4="></latexit>

6Dunlavy, Venus (2005);
<latexit sha1_base64="GQKH7Xz9YlMqB/Bj9wxJcMW3Zdw="></latexit>

5Duclut, Delamotte (2017);
<latexit sha1_base64="viExDRXAvtyIh6vMOcREqvV55Rw="></latexit>

4Livet et al. (2018)

<latexit sha1_base64="etCPogwE1Nzxymsu3l/MxWfxZMo="></latexit>

Sieke, Harho↵, Schlichting, LvS, arXiv:2411.10266
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• classified as Model A, B, C,… — Model J
Hohenberg, Halperin (1977)

• describe full set of critical/hydrodynamic modes
order parameter, Goldstone modes, conserved charges, reversible mode couplings

Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: 

• critical dynamics in QCD:

• chiral phase transition:  Model G — Rajagopal, Wilczek (1993)

Florio, Grossi, Soloviev, Teaney, PRD 105 (2022) 054512 

Florio, Grossi, Teaney, PRD 109 (2024) 054037 

classical-statistical:

FRG: Roth, Ye, Schlichting, LvS, arXiv:2403.04573

• QCD critical point:          Model H — Son, Stephanov (2004)

Chattopadhyay, Ott, Schaefer, Skokov, PRL 133 (2024) 032301 classical-statistical:

FRG: Chen, Tan, Fu, arXiv:2406.00679

Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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• Landau-Ginzburg-Wilson functional:
<latexit sha1_base64="Rrr//p08y8bfgq3oEuKcvPSb1tQ="></latexit>

F ['] =

Z
ddx

n1

2
(~r')2 + V (')

o

• Langevin dynamics:
for statics, with Z2 SSB

φ

V(φ) T > Tc

T < Tc

• no conservation laws

<latexit sha1_base64="dcN3ilSLhqmMzWfaznVmS6Yx5WU="></latexit>

@2
t ' + �@t' = �

�F

�'
+ ⇠

<latexit sha1_base64="vByNhgbbYwHMWyKVagxvwLyYFks="></latexit>

Gaussian white noise

Model A
z = 2 + cη

FRG: Canet, Chate, J. Phys. A 40 (2007) 1937, 	 

Canet, Chate, Delamotte, J. Phys. A 44 (2011) 495001

Duclut, Delamotte, PRE 95 (2017) 012107 

Roth, LvS, JHEP 10 (2023) 065

Batini, Grossi, Wink, PRD 108 (2023) 125021
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• LGW functional:

<latexit sha1_base64="27Tj/FIt9Cr0yg3zNKmIfQG1h3c="></latexit>

+B 'n

<latexit sha1_base64="rG539asLgqfhvaAF/BKP0oF/KwQ="></latexit>

+
n2

2�n

o

with linear coupling       to 
conserved (baryon) density

(non-critical)
<latexit sha1_base64="KLhkqgE093OXa5lyLNmuwPfeplM="></latexit>

n(x)

<latexit sha1_base64="cfTrpPsDDWwlp+ICEkDwygJCJAs="></latexit>

B

Son, Stephanov, PRD 70 (2004) 056001

conserved (baryon) density 

Critical dynamics
 

 

CRC -  TR 

Consider classical �'
4-theory with Landau-Ginzburg free energy (statics) Model B

with coupling B between conserved density n(x) and '(x) (Son, Stephanov ’04)

F =

Z
d

d
x

⇢
1
2
(~r')2 + V (') + B ' n +

1
2�0

n
2

�
, Z =

Z
D'Dn e

��F
,

and equations of motion (dynamics) with dissipative coupling � to heat bath (Langevin)

@
2
t ' + �@t' = �

�F

�'
+ ⇠(x) ,

⌧R@
2
t n + @tn = �̄~r

2 �F

�n
+ ~r · ~⇣(x) ,

with Gaussian white noise(s)

h⇠(x)i� = 0 ,

h⇠(x)⇠(x0)i� = 2�T �(x � x
0) ,

h⇣
i(x)i� = 0 ,

h⇣
i(x)⇣j(x0)i� = 2�̄T �

ij
�(x � x

0) .

Discrete Z2 (' ! �') symmetry breaks spontaneously for T < Tc when m
2

< 0.

Johannes Roth Real-time FRG for critical dynamics Lunch Club | June 8, 2022 28 / 37
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Critical dynamics
 

 

CRC -  TR 

Consider classical �'
4-theory with Landau-Ginzburg free energy (statics) Model A

in thermal equilibrium,

F =

Z
d

d
x

⇢
1
2
(~r')2 + V (')

�
, Z =

Z
D' e

��F
,

and equations of motion (dynamics) with dissipative coupling � to heat bath (Langevin)

@
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�F

�'
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with Gaussian white noise(s)
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0) ,

Discrete Z2 (' ! �') symmetry breaks spontaneously for T < Tc when m
2

< 0.

Johannes Roth Real-time FRG for critical dynamics Lunch Club | June 8, 2022 28 / 37

(chiral) order parameter
• equations of motion:

• slow critical mode diffusive Model B
z = 4 – η

<latexit sha1_base64="ANU7N3l1OLPNsRY8UA5foiT3A2k="></latexit>

F [', n] =

Z
ddx

n1

2
(~r')2 + V (')

FRG: Roth, LvS, JHEP 10 (2023) 065
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• LGW functional:
Critical dynamics
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• equations of motion: with quadratic coupling     to 
conserved (energy) density

<latexit sha1_base64="1LphchxMNJZAzeEb4oUvW+Je94U="></latexit>

+
g

2
'2n

<latexit sha1_base64="r8j+HYDn/NuZZhSRvsxHbb0kKXk="></latexit>g
<latexit sha1_base64="lbZ3bzgLJWQiwpMHd4GiGKo3eGA="></latexit>

n(x)

Model C
z = 2 + α/ν

<latexit sha1_base64="ANU7N3l1OLPNsRY8UA5foiT3A2k="></latexit>

F [', n] =

Z
ddx

n1

2
(~r')2 + V (')

<latexit sha1_base64="rG539asLgqfhvaAF/BKP0oF/KwQ="></latexit>

+
n2

2�n

o

Berdnikov, Rajagobal, PRD 62 (2000) 105017

FRG: Mesterházy, Stockemer, Palhares, Berges, PRB 88 (2013) 174301 

Roth, LvS, JHEP 10 (2023) 065
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• LGW functional: now static O(4) universality
<latexit sha1_base64="aFG3+WJYD8NBGPy/77rUQunRWYc="></latexit>Z
ddx

n1

2
(@i�a)(@

i�a) +
m2

2
�a�a +

�

4!N
(�a�a)

2 +
1

4�n
nabnab

o

with conserved iso-vector and 
iso-axialvector charge densities(chiral) order parameter

• equations of motion:

<latexit sha1_base64="peg1ntFeR5pAHU/FftBECxAPfRM="></latexit>

@t�a = ��0
�F

��a
+ ⇠a +

g

2
{�a, nbc}

�F

�nbc

conserved O(4) densities 

<latexit sha1_base64="3abAt7qzc7pJuA9YbNW5zsg8wks="></latexit>

@tnab = � ~r2 �F

�nab
+ ~r·~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

Model G
z = d/2Sasvári, Schwabl, Szépfalusy,  Physica A 81 (1975) 108

aka: SSS Model

<latexit sha1_base64="KAeMmDsCkaN8mBcvO8QDEnezNIU="></latexit>

F [�, n] =



November 2024  |  Lorenz von Smekal  |  p.

Dynamic Universality Classes

21

• equations of motion:

• Poisson brackets (commutators): 

Model G
z = d/2

<latexit sha1_base64="peg1ntFeR5pAHU/FftBECxAPfRM="></latexit>

@t�a = ��0
�F

��a
+ ⇠a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="3abAt7qzc7pJuA9YbNW5zsg8wks="></latexit>

@tnab = � ~r2 �F

�nab
+ ~r·~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

Larmor 
precession

<latexit sha1_base64="bt8r/an54RRMuo1y0P813TTeNEU=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZJUY7oruHFZwT4gDWUynbRDJzNhZiKU0M9w40IRt36NO//G6UNQ0QMXDufcy733xBmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHHSVyiUkbCyZkL0aKMMpJW1PNSC+TBKUxI914cj33u/dEKir4nZ5mJErRiNOEYqSNFPYVTSEfFCieDao1x3ad4LLhQ8f2627g1Q1xfd9rBNC1nQVqYIXWoPreHwqcp4RrzJBSoetkOiqQ1BQzMqv0c0UyhCdoREJDOUqJiorFyTN4ZpQhTIQ0xTVcqN8nCpQqNU1j05kiPVa/vbn4lxfmOgmigvIs14Tj5aIkZ1ALOP8fDqkkWLOpIQhLam6FeIwkwtqkVDEhfH0K/ycdz8Ri+7cXtaa3iqMMTsApOAcuuAJNcANaoA0wEOABPIFnS1uP1ov1umwtWauZY/AD1tsns7aRhA==</latexit>⇠ nab
<latexit sha1_base64="yz7aL7YBcS7d1d5jJM19FYD6ylk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukdj8Z8wEZlCte1VsArxM/JxXI0RyUv/pDRdOYSUsFMabne4kNMqItp4LNSv3UsITQCRmxnqOSxMwE2eLaGb5wyhBHSruSFi/U3xMZiY2ZxqHrjIkdm1VvLv7n9VIb3QQZl0lqmaTLRVEqsFV4/joecs2oFVNHCNXc3YrpmGhCrQuo5ELwV19eJ+1a1a9X6/dXlUYtj6MIZ3AOl+DDNTTgDprQAgqP8Ayv8IYUekHv6GPZWkD5zCn8Afr8AYLIjw4=</latexit>

�a
<latexit sha1_base64="YirpfhBAp+Sr5uZnY1UgiJRAqPU="></latexit>

with reversible mode couplings

<latexit sha1_base64="DUIoD0zKGA9E4mICwVjgL51UiNw="></latexit>

{�a, nbc} = �b�ac � �c�ab
<latexit sha1_base64="miSJGsug8XzgcnQm61ikTbj9e6o="></latexit>

{nab, ncd} = �acnbd + �bdnac � �adnbc � �bcnad

reversible (ideal) 
time evolution
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• equations of motion:

• Poisson brackets: 

Model H
z = 4 - η - xσ

advection
<latexit sha1_base64="YirpfhBAp+Sr5uZnY1UgiJRAqPU="></latexit>

with reversible mode couplings

<latexit sha1_base64="A3iTLrGdZNSJLeFzEcSDGok3f04="></latexit>

@t� = �~r2 �F

��
+ ⇠ +

g

2
{�, jl}

�F

�jl

<latexit sha1_base64="OOcjUNKuYsMj/COMYW0TTwxuBek="></latexit>

{�(~x), jl(~x0)} = �(~x0)
@

@x0
l

�(~x � ~x0)
<latexit sha1_base64="5AfZdMlGuXqak4APWn46fwpmXTU="></latexit>

{jl(~x), jm(~x0)} =


jl(~x

0)
@

@x0
m

�jm(~x)
@

@xl

�
�(~x � ~x0)

<latexit sha1_base64="R/j8Zl6kFOR87FIUoW6m32Z0aFE="></latexit>

h⇠(x)⇠(x0)i� = �2�T ~r2�(x� x0)

<latexit sha1_base64="3bnbfojOSXmbeXN6R2l0FhmEd7w="></latexit>

@tjl = Tlm

h
⌘~r2 �F

�jm
+ ⇣m + g {jm,�}

�F

��
+

g

2
{jm, jn}

�F

�jn

i

<latexit sha1_base64="8m91FH1Nv6kKhGlXyx9orWtN9kE="></latexit>

h⇣l(x)⇣m(x0)i� = �2⌘T �lm~r2�(x� x0)

convection

reversibility

FRG: Chen, Tan, Fu, arXiv:2406.00679

Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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Model A
z = 2 + cη

Model C
z = 2 + α/ν

<latexit sha1_base64="ROghMJH92xX1I59M5jx3rveR79k=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5ak+NoIRTcuK9gHNKFMppN26MwkzEyEGoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgoLi0vLK8XV0tr6xuaWvb3TVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXo/91j2RikbiTo9i4nPUFzSkGGkjde09T9E+R/ASeqFEOK0ee0SjLH3IunbZqTgTwHni5qQMctS79pfXi3DCidCYIaU6rhNrP0VSU8xIVvISRWKEh6hPOoYKxIny08kLGTw0Sg+GkTQlNJyovydSxJUa8cB0cqQHatYbi/95nUSHF35KRZxoIvB0UZgwqCM4zgP2qCRYs5EhCEtqboV4gEwU2qRWMiG4sy/Pk2a14p5VTm9PyrWrPI4i2AcH4Ai44BzUwA2ogwbA4BE8g1fwZj1ZL9a79TFtLVj5zC74A+vzB5UolvA=</latexit>

� =
2� ⌘

z
with

<latexit sha1_base64="zHcMoehmPM4o0o57iHhcnO7+QVg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUBqoE8RorWBiLRB9SEyrHdVKrdhzZDlIVdWfhV1gYQIiVH2Djb3DbDNByJEvnnnOvru8JEkaVdpxvq7C0vLK6VlwvbWxube/Yu3stJVKJSRMLJmQnQIowGpOmppqRTiIJ4gEj7WB4PfHbD0QqKuI7PUqIz1EU05BipI3Us8ueHIiqJziJ0BH0FOVwVtxnx6aKOBr37IpTc6aAi8TNSQXkaPTsL68vcMpJrDFDSnVdJ9F+hqSmmJFxyUsVSRAeooh0DY0RJ8rPpreM4aFR+jAU0rxYw6n6eyJDXKkRD0wnR3qg5r2J+J/XTXV46Wc0TlJNYjxbFKYMagEnwcA+lQRrNjIEYUnNXyEeIImwNvGVTAju/MmLpHVSc89rZ7enlfpVHkcRHIAyqAIXXIA6uAEN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AFEHmp4=</latexit>

⇢(!) ⇠ !��
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• spectral function:
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Model G
z = d/2

• strong-scaling hypothesis:
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2
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in d spatial dimensions

Sásvari, Schwabl, Szépfalusy, Physica A 81 (1975) 108
Rajagopal, Wilczek, Nucl. Phys. B 399 (1993) 395
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(SSS Model)

• MSR action:

thus the autocorrelation times for both the order parameter and the charge densities di-

verge at the same rate, ⇠t ⇠ ⇠z. A stability analysis to one-loop order reveals that of the

latter three fixed points only the strong-scaling fixed point is stable [42], so we expect to

see strong-scaling behavior in our results below.

2.1 Martin-Siggia-Rose path-integral formulation

By adding external sources to the free energy,

F ! F �
Z

x

�
Ha�a +

1

2
Habnab

�
(2.19)

we can promote the partition function (2.16) to a generating functional for static (equal-

time) correlation functions in thermal equilibrium,

Zeq[H, H] =

Z
D� Dn exp

⇢
��F [�, n] + �

Z

x

⇣
Ha(x)�a(x) +

1

2
Hab(x)nab(x)

⌘�
(2.20)

From its behaviour around the critical point all static universal properties like the critical

exponents ⌫ and ⌘ may be derived.

To study dynamic critical phenomena we need unequal-time correlation functions.

A corresponding generating functional can be constructed from the Martin-Siggia-Rose

(MSR) path-integral formulation [43–45, 50]. In this approach, one reformulates a thermal

expectation value hO(�, n)i of an operator O(�, n) which may involve products of fields

at di↵erent times as a real-time path integral. As in the Keldysh formalism [51], this is

achieved by doubling the number of fields. In the MSR formalism one introduces auxiliary

‘response’ fields �̃ and ñ, and constructs a corresponding MSR action

S =

Z

x


� �̃a

✓
@�a

@t
+ �0

�F

��a

� g

2
{�a, nbc}

�F

�nbc

◆

� 1

2
ñab

✓
@nab

@t
� �r2 �F

�nab

� g{nab, �c}
�F

��c

� g

2
{nab, ncd}

�F

�ncd

◆

+ iT �̃a�0�̃a � 1

2
iT ñab�r2ñab

�
(2.21)

(note the new variant of our shorthand notation
R
x
=
R
t

R
x =

R
dt ddx here) such that

the expectation value of a multi-time observable O(�, n) can be calculated from the corre-

sponding path integral,

hO(�, n)i =
Z

D� D�̃ Dn Dñ J [�, n] exp {iS} O(�, n) . (2.22)

In the MSR technique, one also needs to introduce a (generally) field-dependent Jacobian

determinant J [�, n] to the path integral, which is the determinant of the Jacobian matrix

of the map

E(�, n) ⌘
 

E�(�, n) 0

0 En(�, n)

!
(2.23)

– 9 –

• symmetries: <latexit sha1_base64="6D62kfHr8hCOMMiRxkIeO8opWw0="></latexit>

– charge conservation
<latexit sha1_base64="jz9D0+V9zt6YE8DK2I7qd5iz36k="></latexit>

– thermal equilibrium symmetry
<latexit sha1_base64="EN0IwCbnR4MndLQl+vWITUUny5Q="></latexit>

– temporal (non-Abelian) gauge symmetry
<latexit sha1_base64="beoaQayrcOWXh4gI1MoPjy02RqY="></latexit>

– BRST symmetry
Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
Crossley, Glorioso, Liu, JHEP 09 (2017) 095
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Model G
z = d/2

• add regulators to LGW functional:

A rather non-trivial task in devising a regulator suitable for systems with reversible

mode couplings is to maintain all the symmetries of the MSR action we have discussed in

Sec. 2.3 above. In particular, simply adding the regulator as a quadratic form in the fields

directly to the MSR (or Keldysh) action, which works for systems without reversible mode

couplings [30], here one immediately observes that some of the symmetries are then neces-

sarily violated. For example, one can no-longer guarantee that the equilibrium distribution

will be a Boltzmann distribution during the flow, and hence the usual formulation of the

FDR no longer holds. Instead, as in the case of the physical sources in our construction of

the generating functional in Sec. 2.2, we therefore add the regulator one step earlier to the

LGW free energy,9

F ! F +
1

2

Z

xy

✓
�a(x)R

�

k
(x,y)�a(y) +

1

2
nab(x)R

n

k
(x,y)nab(y)

◆
, (3.1)

and obtain the MSR action with regulator terms from that. This guarantees that none of

the symmetries from Sec. 2.3 are violated by the regulator terms.

Because of the Poisson brackets in the equations of motion (2.12), this gives rise to

regulator terms in the MSR action that are no-longer quadratic in the original fields but

couple to the composite response fields �̃a and Ñab,

S ! S +�Sk , �Sk = �
Z

xy

✓
�̃a(x)R

�

k
(x, y)�a(y) +

1

2
Ñab(x)R

n

k
(x, y)nab(y)

◆
, (3.2)

where

R�

k
(x, y) ⌘ R�

k
(x,y) �(x0 � y0) , and Rn

k
(x, y) ⌘ Rn

k
(x,y) �(x0 � y0) . (3.3)

The crucial generalization of the standard procedure here is that the regulators R�

k
and

Rn

k
couple to the composite response fields �̃ and Ñ in (3.2). On the other hand this then

necessarily implies that the regulator term �Sk added to the MSR action, when expressed

in terms of the standard response fields �̃a and ñab, involves products of three fields.

As a side remark, also note that in (3.3) we have introduced equal-time regulators whose

Fourier transforms are hence frequency independent. In this way, the causal structure

of the MSR action [73] is maintained trivially by the regulators which is su�cient for

our purposes here. If frequency dependent regulators are needed, on the other hand, a

general construction scheme for causal regulators analogous to the one given in Sec. 2 of

Ref. [30] can be used here as well. In this construction the regulators are introduced as self-

energies from (suitably subtracted) Kramers-Kronig relations of fictitious (unphysical) heat

baths whose FRG-scale-dependent spectral distributions provide the frequency-dependent

regularization in a causal way by construction.

The presence of the regulator term �Sk in addition to the bare MSR action lets the

generating functional Z ! Zk and the Schwinger functional W ! Wk depend on the FRG

scale k. These can be viewed as their ‘coarse-grained’ counterparts where all fluctuations

with momenta p . k have been suppressed. In the FRG, the central object is the e↵ective

9We assume the regulator to be diagonal in field space to preserve the global O(N) symmetry.
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• Ansatz for effective average action:

4 Truncation and flow equations

As a starting point for practical applications within the FRG, one has to truncate the e↵ec-

tive average action in a way that respects all relevant symmetries (here listed in Sec. 2.3).

In the context of critical phenomena, an expansion of the e↵ective average action in terms of

derivatives (frequently referred to as ‘derivative expansion’) has proven to converge rather

quickly towards quantitatively accurate results for critical exponents [77, 78], universal

amplitude ratios [79], and recently, the location of Yang-Lee edge singularities [80–82].

This suggests that a similar expansion in terms of derivatives is a sensible choice for a

systematic truncation scheme also for Model G here. In the context of critical dynamics,

a derivative expansion has been already employed in previous works in the purely relax-

ational Models A [23] and C [25], for example. However, in the presence of reversible mode

couplings, it is rather di�cult to set up a derivative expansion systematically since the

temporal-gauge and its accompanying residual displacement symmetry from Sec. 2.3 pro-

hibits a naive introduction of terms with ordinary time derivatives (rather, the covariant

time derivative (2.66) that is manifestly invariant under the displacement symmetry must

thus be used instead of the ordinary one in a systematic derivative expansion). For the

calculation of spectral functions, the combined expansion scheme for the e↵ective average

action of Refs. [29, 30], first in terms of 1PI vertex functions and a second in the number

of loops taken into account on the level of the flow equations (if possible self-consistently),

has proven to be well suited to study their dynamic critical behavior in Models A, B and

C [30]. For the scope of this work, we take the more pragmatic approach of postulating a

suitable ansatz for the e↵ective average action based on previous experience.

In particular, we construct our truncation by considering a generalized form of the

bare MSR action (2.12) where all couplings are promoted to be running (i.e. to depend on

the FRG scale k),

�k =

Z

x


� �̃a,k

 
Z!

�,k

@�a

@t
+ ��,k(r)

�Fk

��a

�
g�n
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�nbc

!

� 1

2
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✓
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n,k
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@t
+ �n,k(r)

�Fk

�nab

� gn�
k

{nab, �c}
�Fk

��c

�
gnn
k

2
{nab, ncd}

�Fk

�ncd

◆

+ Z!

�,k
iT �̃a,k��,k(r)�̃a,k +

1

2
Z!

n,k
iT ñab,k�n,k(r)ñab,k

�
. (4.1)

We have included an arbitrary scale-dependent free-energy functional Fk[�, n], temporal

wave function renormalization factors Z!

�,k
and Z!

n,k
, generalized kinetic coe�cients ��,k(r)

and �n,k(r) that involve arbitrary spatial gradients, and three di↵erent instances g�n
k

, gn�
k

and gnn
k

of the reversible mode couplings corresponding to the three di↵erent Poisson

brackets. To guarantee the conservation of the charges, the spatial Fourier transform of

the kinetic coe�cient �n,k(p) must vanish in the limit p ! 0, and thus its expansion in

gradients must start at order r2.

Moreover, note that the temporal wave function renormalization factors Z!

�,k
and Z!

n,k

are not independent of the other couplings, but can be eliminated via a redefinition of the

response fields �̃k ! �̃k/Z!

�,k
, ñk ! ñk/Z!

n,k
together with a corresponding rescaling of
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�,k
and Z!

n,k

are not independent of the other couplings, but can be eliminated via a redefinition of the

response fields �̃k ! �̃k/Z!

�,k
, ñk ! ñk/Z!

n,k
together with a corresponding rescaling of

– 30 –
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kinetic coe�cients: <latexit sha1_base64="PqGPgXGXvstJyPUHltRq1OUyxnk="></latexit>

��,k(p, ⌧) = ��
k(⌧) +O(p2)

<latexit sha1_base64="MhteXPyKSNYuENuPObfy8H6oiu0="></latexit>

�n,k(p, ⌧) = p2Dn
k (p, ⌧)

<latexit sha1_base64="Km7pXnkUZFoZH+PNnBTTZrFIJfU="></latexit>

charge di↵usion coe�cient

<latexit sha1_base64="wsMb6od5twC2PGYiy6pRJgJ2on0="></latexit>

g�nk = gn�k = gnnk = g
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Ward identity:
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Model G
z = d/2

• scaling of charge diffusion coefficient:

<latexit sha1_base64="LjQM8pbk/O+C4B57yWgNd6wJGUY="></latexit>

, p̄ = f+p
<latexit sha1_base64="OYK6E9ue8qtL9Fcs8sQwyw6wMJ4="></latexit>

 Dn(p, ⌧ ) ⇠ ⌧�⌫(2�z)L(⌧�⌫ p̄)

<latexit sha1_base64="epxjSgt8N397HUVkAIrvN3JCI0k="></latexit>

Dn(p, ⌧ ) = s2�zDn(sp, s
1/⌫⌧ )

Figure 10: The universal scaling function L(x) from the scaled di↵usion coe�cient at

di↵erent reduced temperatures. The universal scaling behavior is well fitted by Lfit(x) =

(a+bx0.5+cx)/(1+dx0.5+ex+fx1.5), with a = 1.073, b = �0.065, c = 0.444, d = 0.143, e =

0.099, f = 0.215. The dotted grey lines indicate the asymptotic behavior with Lfit(0) = a

for x ! 0, and Lfit(x) ! (c/f)x�0.5 for x ! 1.

⌧ (f+
⇠
)2�zn/D+

n

10�10 2.718

10�9 2.718

10�8 2.718

10�7 2.718

10�6 2.638

Table 2: Non-universal amplitudes (f+
⇠
)2�zn/D+

n at di↵erent reduced temperatures.

tion approaches L(x � 1) ⇠ x�(2�zn), which gives the correct power law Dn(p, ⌧) ⇠ pzn�2

for the momentum dependence of the di↵usion coe�cient at ⌧ = 0. In Fig. 10 we plot the

quantity defined by the right hand side of (6.17) for di↵erent reduced temperatures ⌧ using

the IR (k = 0) results from our FRG calculation. We see that the curves indeed beauti-

fully converge towards a unique universal scaling function L(x) in the limit ⌧ ! 0. The

quantitative shape of the resulting scaling function can rather accurately be determined

by performing a fit to a Padé approximant of the order [m/m + 1] in the variable x2�zn ,

L(x) =
P

m

j=0 aj
�
x2�zn

�
j

1 +
P

m+1
k=1 bk (x2�zn)k

, (6.18)

which yields L(0) = a0, and ensures the asymptotic behavior for x � 1 with L(x) !
(am/bm+1)x�(2�zn) for large values of x. For our results in Fig. 10 we find that already

for m = 2 the method has converged to a su�cient accuracy. The resulting fit with

its asymptotics are plotted in the same figure together with our numerical results. The

corresponding values for the coe�cients aj , bk are listed in the figure caption.

– 49 –

universal dynamic scaling functionFigure 8: Extraction of the dynamic critical exponent z for various spatial dimensions d.

The blue data point is extracted from the inflection point of k@k log�
�

k
versus log k, the

orange data point is extracted from the minimum point of k@k logDn

k
(k) versus log k, the

green data point is extracted from the minimum point of p@p logDn

k=0(p) versus log p.

universal scaling function, which we can extract from our FRG calculations as described

in the following. Using (6.9), we can infer the analogous scaling relation for the di↵usion

coe�cient defined in Eq. (6.7), which evaluated at k = 0 assumes the form

Dn(p, ⌧) = s2�znDn(sp, s1/⌫⌧) . (6.10)

Setting the scale parameter s so that s1/⌫⌧ = 1 in (6.10), the momentum and temperature

dependence of the di↵usion coe�cient in Eq. (6.7) can equivalently be written as

Dn(p, ⌧) = ⌧�⌫(2�zn)Dn(⌧
�⌫p, 1) . (6.11)

Expressing the dimensionless quantity ⌧�⌫ in terms of the correlation length

⇠(⌧) = f+
⇠

⌧�⌫ + less singular , (6.12)

one then finds that the reduced temperature and momentum dependence of the di↵usion

constant can be expressed in terms of a universal scaling function L(x) as

Dn(p, ⌧) = D+
n

 
⇠(⌧)

f+
⇠

!2�zn

L (⇠(⌧)p) , (6.13)

up to a non-universal amplitude D+
n , which upon adopting the normalization condition

L(1) = 1, is determined from the critical divergence of the di↵usion coe�cient as

D+
n = lim

⌧!0+
⌧⌫(2�zn)Dn(p = 1/⇠(⌧), ⌧) . (6.14)

When considering p ⌧ 1/⇠(⌧), the universal scaling function L(x ⌧ 1) approaches a

constant such that one recovers the critical divergence of the di↵usion coe�cient,

Dn(0, ⌧) ⇠ ⌧�⌫(2�zn) , (6.15)
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strong scaling
Roth, Ye, Schlichting, LvS, arXiv:2403.04573
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• weak-scaling relations:
<latexit sha1_base64="TO7E12FRE3VoM6WUhB14F5wBd/k="></latexit>

x�� + x� = x� + x⌘ = 4� d� ⌘?

• strong-scaling relation: <latexit sha1_base64="qFa7cWGDEd9ypogX2zz9Onsr6Jg=">AAACE3icbZBNSwMxEIazflu/qh69BIsggmVXRL0Iggc9KlgVunWZTadtMNkNSVYsy/4HL/4VLx4U8erFm//GbO3BrxcCL8/MMJk3VoIb6/sf3sjo2PjE5NR0ZWZ2bn6hurh0btJMM2ywVKT6MgaDgifYsNwKvFQaQcYCL+Lrw7J+cYPa8DQ5s32FLQndhHc4A+tQVN24jfLwCKSEqzxUPV4UdJ+WrFuygm6GaCEKFWoVVWt+3R+I/jXB0NTIUCdR9T1spyyTmFgmwJhm4CvbykFbzgQWlTAzqIBdQxebziYg0bTywU0FXXOkTTupdi+xdEC/T+QgjenL2HVKsD3zu1bC/2rNzHb2WjlPVGYxYV+LOpmgNqVlQLTNNTIr+s4A09z9lbIeaGDWxVhxIQS/T/5rzrfqwU5953S7duAP45giK2SVrJOA7JIDckxOSIMwckceyBN59u69R+/Fe/1qHfGGM8vkh7y3TyZwnkk=</latexit>x�� = x� � ⌘?

Model H (d = 3):
<latexit sha1_base64="N1cnOPUrFUWLEri4rGDqh81Y/rg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIVESrW7ghuXFewD2hAm00k7dCYTZibSErvwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JE0aVdt1vq7C2vrG5Vdwu7ezu7R/Yh0ctJVKJSRMLJmQnRIowGpOmppqRTiIJ4iEj7XB0M/PbD0QqKuJ7PUmIz9EgphHFSBspsE/GQU/RAUewh5JEijF0nVqlFthl13HngKvEy0kZ5GgE9levL3DKSawxQ0p1PTfRfoakppiRaamXKpIgPEID0jU0RpwoP5vfP4XnRunDSEhTsYZz9fdEhrhSEx6aTo70UC17M/E/r5vq6NrPaJykmsR4sShKGdQCzsKAfSoJ1mxiCMKSmlshHiKJsDaRlUwI3vLLq6R16XhVp3pXKdfdPI4iOAVn4AJ44ArUwS1ogCbA4BE8g1fwZj1ZL9a79bFoLVj5zDH4A+vzB2LslP4=</latexit>

x� ⇡ 0.949
<latexit sha1_base64="6SEcsTapY4IdbIeC04eT4Bmxx+E=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjWl0W3LisYB/QGYZMmmlDM0lIMtI6FH/FjQtF3Pof7vwb08dCWw9c7uGce8nNiSWj2njet1NYWV1b3yhulra2d3b33P2DphaZwqSBBROqHSNNGOWkYahhpC0VQWnMSCse3Ez81gNRmgp+b0aShCnqcZpQjIyVIvdoGAXEIBggKZUYQq/iXfqRW7Z9CrhM/DkpgznqkfsVdAXOUsINZkjrju9JE+ZIGYoZGZeCTBOJ8AD1SMdSjlKiw3x6/RieWqULE6FscQOn6u+NHKVaj9LYTqbI9PWiNxH/8zqZSa7DnHKZGcLx7KEkY9AIOIkCdqki2LCRJQgram+FuI8UwsYGVrIh+ItfXibN84pfrVTvLso1bx5HERyDE3AGfHAFauAW1EEDYPAInsEreHOenBfn3fmYjRac+c4h+APn8wepIZQD</latexit>

x⌘ ⇡ 0.051
<latexit sha1_base64="0H7jp9/hQxNcHRZggc/fwpr8HmQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRIf1WXBjcsK9gFNCJPppB06mQwzE7ENxV9x40IRt/6HO//GaZuFth64cDjnXu69JxKMKu2639bS8srq2nppo7y5tb2za+/tN1WaSUwaOGWpbEdIEUY5aWiqGWkLSVASMdKKBjcTv/VApKIpv9dDQYIE9TiNKUbaSKF9OAp90afQR0LI9BGeO+6lF9oV13GngIvEK0gFFKiH9pffTXGWEK4xQ0p1PFfoIEdSU8zIuOxnigiEB6hHOoZylBAV5NPrx/DEKF0Yp9IU13Cq/p7IUaLUMIlMZ4J0X817E/E/r5Pp+DrIKReZJhzPFsUZgzqFkyhgl0qCNRsagrCk5laI+0girE1gZROCN//yImmeOV7Vqd5dVGpuEUcJHIFjcAo8cAVq4BbUQQNgMALP4BW8WU/Wi/Vufcxal6xi5gD8gfX5A7vvlA8=</latexit>

z� ⇡ 3.051

⇒ only Model G:
<latexit sha1_base64="CwnOlnRNjkHEjka8ry9Pp5CmkjI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KVC+FghePFewHtDFsNpt26WYTdjdKW/o/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/hTGnb/rZya+sbm1v57cLO7t7+QfHwqKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3gz89uPVCoWi3s9Sqgb4b5gISNYG+lh7PWSAauNPVELLipesWSX7TnQKnEyUoIMDa/41QtikkZUaMKxUl3HTrQ7wVIzwum00EsVTTAZ4j7tGipwRJU7mV89RWdGCVAYS1NCo7n6e2KCI6VGkW86I6wHatmbif953VSH1+6EiSTVVJDFojDlSMdoFgEKmKRE85EhmEhmbkVkgCUm2gRVMCE4yy+vklal7FTL1bvLUt3O4sjDCZzCOThwBXW4hQY0gYCEZ3iFN+vJerHerY9Fa87KZo7hD6zPH8Dakfs=</latexit>

z� = zn = d/2

Model G Model H

2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

xγ

2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

xΓϕ

2.5 3.0 3.5
0.00

0.05

0.10

0.15
xη

2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

xσ

<latexit sha1_base64="C9v5/gyMaaVl5t4HxUJT7cxR0uA="></latexit>

1/��:
<latexit sha1_base64="Yp3nfHrzlDUBQin9/IrbWg/9EZw="></latexit>�:

<latexit sha1_base64="u0Okqa1LJXNbPNmmA2pDJ9ROGyg="></latexit> order-parameter damping
<latexit sha1_base64="k9m3dJBD0pkJMLCvdFwSLMd2AAI="></latexit>

charge mobility

<latexit sha1_base64="fVrMp5kAdUErPSIXcU+V1ajv0u8="></latexit>�:
<latexit sha1_base64="RKyNX6iUZGmgNkydjGRsSwotB6c="></latexit>

order-parameter di↵usion
<latexit sha1_base64="ewyVU1G0vgcS9pdX5Td1wDG+wGc="></latexit>⌘:

<latexit sha1_base64="rpLVbZlPNmaD/nh/Vh2C5i1akwE="></latexit>

shear voscosity



November 2024  |  Lorenz von Smekal  |  p.

Summary & Conclusion

33

• real-time methods for non-equilibrium phase transitions

• compute universal non-equilibrium scaling functions

• real-time FRG for critical dynamics

Thank you for your attention!

• determine non-equilibrium scaling regions

• quantify universal aspects of QCD chiral dynamics and critical point,        

• determine universal dynamic scaling functions and dynamic scaling regions

 Model G and Model H


