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Ø1. Background
Ø2. Elliptic flow 

ü 2.1 The role of nuclear potential and collision term
ü 2.2 The density interval at which the nuclear equation of state is probed by the elliptic flow
ü 2.3 Effects of rapidity and transverse momentum cuts



01 Overview of HIC

Yongjia Wang (王永佳)

u Low energy fusion reaction

u Relativistic HIC

beam 
energy

~100 MeV- a few GeV/nucleon

~100 MeV/nucleon > hundreds of GeV/nucleon
Nuclear structure, 
boundary of nuclear chart

u intermediate energies HIC

Nuclear 
equation of 
state

QCD phase diagram, 
QGP properties 
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K0 and L determine the EOS in the vicinity of the saturation density.

Nuclear equation of state (EOS)
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The thermodynamic relationship between the 
binding energy E (or pressure P) and density ρ, as 

well as the isospin asymmetry δ.
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The incompressibility K0 from properties of nuclei

J. R. Stone, et al. PRC89(2014)

Data:isoscalar giant 
monopole resonances 
(GMR), nuclear masses, 
nuclear decay...

Model:
Skyrme-Hartree-Fock 
model, Skyrme-Hartree-
Fock-Bogoliubov, ...
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Zhenzhen Li, et al. PRL(2023)

Ning Wang, et al. PLB(2015)

Jun Xu, et al. PRC(2021)

Xiao Liu, et al. PRC(2024)



The incompressibility K0 from heavy-ion physics
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Data: pion and kaon production, collective flow

Model: QMD and BUU

Stiff: K0>380 MeV

Soft: K0<200 MeV



HIC offers a unique way to create nuclear matter with high
density and isospin asymmetry in laboratory.

EOS can be deduced from the comparision bewteen 
experimental observables and transport model calculations. 
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01 研究背景 Yongjia Wang (王永佳)

Nuclear equation of state

P10



01
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Nuclear equation of state
Two White papers
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Elliptic flow (v2)

x

z
In-plane
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v2 is a multivariate function 
of rapidity  (yz) and 
transverse momentum (pt)

px

py

v2 has been widely used to 
probe the nuclear EOS, the 
nucleon effective mass,...
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Elliptic flow (v2) 
Le Fevre, A., Leifels, Y., Reisdorf, W., Aichelin, J., & 
Hartnack, C. (2016). Constraining the nuclear matter 
equation of state around twice saturation 
density. Nuclear Physics A, 945, 112-133.



01

Yongjia Wang (王永佳)P14

Elliptic flow (v2) 

Physics Letters B 778 (2018) 207–212.



Physics Letters B 802 (2020) 135249

P15

01 Elliptic flow (v2) 
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02 Ultrarelativistic Quantum Molecular Dynamics 
(UrQMD) Model

1).Initialization
        Get the coordinate r 
        and the momentum p 

Input nuclear potential

EOS, Symmetry energy2).Propagation
Nucleon moves in nuclear potential. 
Density, momentum, isospin-dependent.     

3).Collision term
Medium modified cross section. Density, 
momentum, isospin-dependent. Pauli 
blocking.

4). Cluster recognition
 an isospin-dependent Minimum Spanning Tree

YJW, et al. PRC 83.044617; 89.034606.

Input: free
NN*F 



02 机器学习 P17

02 Elliptic flow

Reversely tracing nucleons that are finally emitted at mid-rapidity (-0.1<y0<0.1).
Recording the momentum changes casued by MF and NN collisions.

Physics Letters B 838 (2023) 137685

The momentum of each nucleon can be changed either by the 
force caused by the nuclear mean field (MF) potential or by 
nucleon-nucleon (NN) scattering.



02 机器学习 P18

02 Elliptic flow
Solid dots with arrows 
represent the traced nucleons 
(those will be appeared at 
mid-rapidity at the final 
stage), while circles denote 
other nucleons. 
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02 Elliptic flow
Time evolution of v2 of the traced nucleons finally emitted at mid-rapidity (|y0| < 0.1) with 
different impact parameters.

At the initial time, v2 is non-zero, 
indicating that those nucleons are 
not randomly “selected” out of the 
uniform distribution in the initial 
state. This is especially so for large 
b where v2(t=0 fm/c) is positive 
because nucleons with larger |px| 
and smaller |py| tend to have higher 
probability to experience NN 
scattering and finally emerge at 
midrapidity. 
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02 Machine learning

1. At the initial time, Δv2
coll(t) is zero because it 

takes approximately 5 fm/c for target and 
projectile nucleons to encounter each other.
2.Δv2

coll(t) is always negative which indicates 
NN collision enhances the signal of out-of-plane 
elliptic flow (decreases the value of v2). This is 
because the outgoing nucleons along the 
reaction plane will be blocked.
3.The value of Δv2

mf(t) can be either negative or 
positive, depending on the impact parameter and 
time.
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02 The density interval at which the nuclear equation of state is 
probed by the elliptic flow

 
The most relevant density probed by v2 of 
nucleons at mid-rapidity lies in (0.9-1.3)ρ0 
and dependent of the impact parameter. 

Their values are found to be 60% of the 
maximum density reached during the 
collisions.

ρc denotes the density at the central region.
ρt denotes the density experienced by the traced 
nucleons.
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02 The density interval at which the nuclear equation of state is 
probed by the elliptic flow

 Anonymous referee: different nucleons reach their maximum densities at different times.

The average of ρmax is about 80% of the maximum 
average density created in the central region.

The distributions of the maximum density 
(ρmax) defined for each traced nucleon.

Wang, et al. PRC110, 044606 (2024)
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02 Effects of rapidity and transverse momentum cuts 
Wang, et al. PRC110, 044606 (2024)
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02 Effects of rapidity and transverse momentum cuts 

Initial-final state correlation 
in the momentum space. 
This correlation becomes 
rather weak at 
Elab = 0.8 GeV/nucleon.
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Gaussian process (GP) model 
is trained as an emulator of 
UrQMD model to interpolate 
the simulation results in the 
parameter space.

150 runs of different parameter sets in UrQMD to train emulator, and 
20 runs for validate the trained emulator. 100, 000 events for each run.

In preparation.
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Elab=0.25 GeV/nucleon
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04 Summary

04 总结与展望

1. Nucleon-nucleon collisions always suppress the value of v2 (enhance the 
out-of-plane emission), while the nuclear mean field potential effect is more 
complex, which depends on both impact parameter and reaction time. 

2. The density interval at which the nuclear equation of state is probed by 
the elliptic flow is about 60–80% of the maximum average density created in 
the central region of heavy-ion collision.

3.m*/m=0.79±0.09 and F=σin-med./σfree=0.73±0.07 with FOPI data at Elab=0.25 
GeV/nucleon, and the obtained values increased to m*/m=0.91±0.04 and 
F=0.85±0.07 at Elab=0.4 GeV/nucleon. No tight constraint on K0!


