
	
  	
  Quarkonia Production in Heavy Ion Collisions      
Che-Ming Ko, Texas A&M University 

  Introduction 
   - Quarknonia in vacuum 
   - J/ψ in QGP  
  Quarkonia production mechanisms in HIC 
   - Statistical model (regeneration) 
   - Two-component model (primordial + regeneration) 
  Nuclear modification factor for J/ψ 
  Nuclear modification factor for Υ(1S) 
  J/ψ elliptic flow   
  Summary 
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1

State J/ψ(1S) χc(1P ) ψ′(2S)

m (GeV/c2) 3.10 3.53 3.68

r (fm) 0.5 0.72 0.90

Contribution to

J/ψ@RHIC (%) 60 30 10

State Υ(1S) χb(1P ) Υ′(2S) χ′

b(2P ) Υ′′(3S)

m (GeV/c2) 9.46 9.99 10.02 10.26 10.36

r (fm) 0.28 0.44 0.56 0.68 0.78

Contribution to

Υ(1S)@RHIC (%) 51 27 11 10 1
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J/ψ properties in QGP 
 	
  Perturbative QCD → screening mass 

€ 

λD =
Nc

3
+
Nf

6
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
−
1
2
gT( )−1 ≈ 2

3
gT( )−1

→ J/ψ suppression in HIC  
     (Matsui & Satz, PLB 178, 416 (1986))   

  Lattice QCD (Asakawa & Hatuda,  
   Karsch et al.) 

→ J/ψ survives below 1.62~1.70Tc 

rTc 



binding energy ε(T) 
radius R(T) 

ε(TD) → ∞, R(TD) → ∞ 
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Charm and anticharm quark potential in QGP   

€ 

V (r,T) =
σ

µ(T)
1− e−µ(T )r[ ] − αr e

−µ(T )r

  Screened Cornell potential between 
   charm and anticharm quarks 

and screening mass 

€ 

µ(T) =
Nc

3
+
N f

6
gT

  Its strength is between the internal  
   energy (U) and free energy (F) of   
   heavy quark and antiquark from  
   LQCD; similar to F at Tc and  
   to U at 4Tc.  

with string tension σ = 0.192 GeV2 
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Thermal properties of charmonia 

  Binding energy 

€ 

ε0 = 2mc +
σ

µ T( )
− E

Charm quark mass mc=1.32 GeV 

E: eigenvalues of Cornell potential  

  Dissociation temperature TD: 
   corresponding to ε0=0      

For g=1.87, TD~300 MeV for J/ψ 
and ~Tc=175 MeV for ψ’ and χc  
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Thermal properties of bottomonia 

Cornell potential  

1

State Υ(1S) χb(1P ) Υ′(2S) χ′

b(2P ) Υ′′(3S)

Dissociation temp (Tc) 4 1.51 1.67 1.09 1.12
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Statistical hadronization model for J/ψ production 
Andronic, Braun-Munzinger, Redlich & Stachel, NPA 789, 334 (2007) 

N 

N 

μ	
  

μ	
  

€ 

NJ/ψ =
g
2p2

γ c
2 p2dp
e m2 +p2 /T +10

∞

∫

  Results are sensitive to the number of produced charm quark pairs. 

N μ	
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Two component model for J/ψ production 

€ 

J/ψ + g↔ cc ,  J/ψ +g↔ cc g

Zhao & Rapp, EPJ 62, 109 (2009) 

  Regeneration from coalescence of charm quarks becomes increasing important as  
   the centrality and collision energy increase, as first pointed out by Thews et al. 

01002003004000.00.20.40.60.81.0AARpNLHC Pb-Pb 2.76TeV<30GeV/cT0< p2.5<y<4ALICE QM2011TotalRegenerationInit.w/o B decayInit.with B decay

Zhuang et al. 
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The two-component model: directly produced J/ψ 

 	
  Number of initially produced 

  

€ 

NJ /ψ
AA =σJ /ψ

NN A2TAA (
 
b )

  

€ 

Snucl (
 
b , s ) =

1
TAB

dzd ʹ′ z ρA (
 s ,z)ρB (

 
b −  s ,z)∫

× exp −(A −1) dzAρA (
 s ,zA )σ nuc

z

∞

∫
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

× exp −(B −1) dzBρB (
 s ,zB )σ nuc

z

∞

∫
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭   

€ 

TAA (
 
b ) = d2 s TA (

 s )TA (
 
b −  s )∫

•         : J/ψ production cross section  
   in NN collision; ~ 0.774 µb at  
   s1/2= 200 GeV 

€ 

σJ /ψ
NN

  

€ 

TA (
 s ) = dz

−∞

∞

∫ ρA (
 s ,z)

•  Overlap function 

• 	
  Thickness function 

€ 

ρ r( ) =
ρ0

1+ e r−r0( ) / c

•  Normalized density distribution 

  Nuclear absorption 

r0= 6.38 fm, c=0.535 fm for Au 

- Survival probability 

Song, Park & Lee, 
PRC 81, 034914 (10) 
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Quasiparticle model for QGP 

€ 

p(T) =
gi

6π 2
dkfi(T)

k 4

Ei
0

∞

∫ − B(T)
i=g,q,q 
∑

e(T) =
gi

2π 2
dkk 2 f i(T)Ei0

∞

∫ + B(T)
i=g,q,q 
∑

mg
2 =

Nc

3
+

N f

6
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

g2(T)T 2

2

mq
2 =

g2(T)T 2

3

g2(T) =
48π 2

(11Nc − 2N f )lnF 2(T,Tc,Λ)

F(T,Tc,Λ) =
18

18.4e−(T /Tc )
2 / 2 +1

T
Tc

Tc

Λ

P. Levai and U. Heinz, PRC , 1879 (1998) 

  The model reproduces reasonably the QGP equation of state  
   from LQCD  
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Thermal decay widths of quarkonia 

€ 

M 2 =
4
3

g4mc
2mJ /ψ

∂ψ(p)
∂p

2

−
1
2

+
(k1

0)2 + (k2
0)2

2k1⋅ k2

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

  Dissociation by partons (NLO pQCD) 

  Dissociation by hadrons	
  

€ 

σ(s) = dxni(x,Q
2)σi(xs,Q

2)∫
i
∑

  Thermal dissociation width 

€ 

Γ(T) =
d3k
(2π)3

vrel (k)ni(k,T)σ i
diss(k,T)∫

i
∑
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Song, Park & Lee, PRC 81, 034914 (10) 

q

p1

C

C

J/

k1 k2

q C

C

J/

k1 k2

p1

p2

p2



13	
  

Rate equation for J/ψ production 

J/ψ production from regeneration 

  

€ 

Ncc 
AA =

1
2
γno

I1(γn0V )
I0(γn0V )

+γ 2nh

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ V =σ cc 

NN A2TAA (
 
b )

  Charm fugacity is determined by  

€ 

R =1− exp − dτΓc (T(τ ))
τ 0

τQGP

∫
⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 

Γ(T) =
d3k
(2π )3

vrel (k)ni(k,T)σ i
diss(k,T)∫

i
∑

  Charm relaxation factor	
  

•        : charm production cross  
   section in NN collision; ~ 63.7 µb  
   at s1/2= 200 GeV 

€ 

σcc 
NN

as J/ψ is more likely to be formed if  
charm quarks are in thermal equilibrium  

€ 

dNi

dτ
= −Γi Ni −Ni

eq( ), Ni
eq = γ 2Rni
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Hydrodynamic Equations 

Energy-momentum conservation 

Charge conservations (baryon, strangeness,…) 

with 

Viscous hydrodynamics  

Cooper-Frye instantaneous freeze out € 

T µν (x) = e(x) + p(x)[ ]uµ (x)uν (x) − p(x)gµν +πµυ

€ 

E dNi

d3q
≈

gi
(2π)3

q⋅ dσ 1
exp(q⋅ u/T) ±1

1+
qµqνπ

µν

2T2(e + p)
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ ∫

Heinz, Song & Chaudhuri, PRC 73, 034904 (06) 

€ 

πµν =η ∂µuν +∂µuν −
2
3
Δµν∂αu

α⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ −τπ

4
3
πµν∂αu

α + Δµ
α Δν

β uσ∂σπαβ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ (Israel-Stewart) 

e: energy density, p(e): pressure,  πµν: shear stress tensor, uµ: four 
velocity, τπ: relaxation time  
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Schematic viscous hydrodynamics 
Assuming thermal quantities (energy density, temperature, entropy density, and 
pressures) and shear tensor are uniform along the transverse direction DILEPTON PRODUCTION IN SCHEMATIC CAUSAL. . . PHYSICAL REVIEW C 83, 024904 (2011)

and πη
η = τ 2πηη, this leads to

∂τ (Aτ 〈T ττ 〉) = −
(
p + πη

η

)
A, (10)

T

τ
∂τ (Aτ s〈γr〉) = −A

〈
γrvr

r

〉
π

φ
φ − A〈γr〉

τ
πη

η +
{
∂τ (A〈γr〉) − γRṘ

R
A

}(
π

φ
φ + πη

η

)
, (11)

∂τ

(
A〈γr〉πη

η

)
−

{
∂τ (A〈γr〉) + 2

A〈γr〉
τ

}
πη

η = − A

τπ

[
πη

η − 2ηs

{ 〈θ〉
3

− 〈γr〉
τ

}]
, (12)

∂τ

(
A〈γr〉πφ

φ

)
−

{
∂τ (A〈γr〉) + 2A

〈
γrvr

r

〉}
π

φ
φ = − A

τπ

[
π

φ
φ − 2ηs

{ 〈θ〉
3

−
〈
γrvr

r

〉}]
, (13)

where A = πR2 with R being the transverse radius of the
uniform matter and 〈· · ·〉 denotes average over the transverse
area. Assuming that the radial flow velocity is a linear
function of the radial distance from the center, that is, γrvr =
γRṘ(r/R), where Ṙ = ∂R/∂τ and γR = 1/

√
1 − Ṙ2, we then

have
〈
γ 2

r

〉
= 1 + γ 2

RṘ2

2
,

〈
γ 2

r v2
r

〉
= γ 2

RṘ2

2
,

(14)

〈γr〉 = 2
3γ 2

RṘ2

(
γ 3

R − 1
)
,

〈
γrvr

r

〉
= γRṘ

R
.

Because the energy density e and pressure p are related by
the equation of state of the matter through its temperature T ,
Eqs. (10)–(13) are thus four simultaneous equations for T , Ṙ,
π

φ
φ , and πη

η .

IV. THE EQUATION OF STATE

For the equation of state of QGP, we use the quasiparticle
model of Ref. [36], which assumes that the QGP is composed
of noninteracting massive quarks and gluons. In terms of the
temperature T of QGP, their masses are given by

m2
g =

(
Nc

3
+ Nf

6

)
g2(T )T 2

2
, m2

q = g2(T )T 2

3
, (15)

where the strong coupling constant g(T ) is given by

g2(T ) = 48π2

(11Nc − 2Nf ) ln F 2(T , Tc,()
,

F (T , Tc,() = 18
18.4e(T/Tc)2/2 + 1

T

Tc

Tc

(
,

with Tc = 170 MeV, Tc/( = 1.05, Nc = 3, and Nf = 3. The
pressure, energy density, and entropy density of QGP are then
given, respectively, by

p(T ) =
∑

i

gi

6π2

∫ ∞

0
dkfi(T )

k4

Ei

− B(T )

≡ p0(T ) − B(T ),
(16)

e(T ) =
∑

i

gi

2π2

∫ ∞

0
dkk2fi(T )Ei + B(T ),

s(T ) =
∑

i

gi

2π2T

∫ ∞

0
dkfi(T )

4
3k2 + m2

i (T )

Ei

,

with mi(T ) and gi being, respectively, the thermal mass and
degeneracy factor of parton species i. The parton distribution
function is denoted by

fi(T ) = 1
eEi/T ± 1

, (17)

with the plus and minus signs in the denominator for quarks

and gluons, respectively, and Ei =
√

m2
i + k2. For the bag

pressure B(T ), it is determined from the relation s = ∂p/∂T
such that

B(T ) = B0 +
∑

i

∫ T

Tc

dT
∂p0

∂m2
i (T )

∂m2
i (T )

∂T
, (18)

where B0 is the bag pressure at Tc and is taken to be 0.095 times
the energy density at this temperature to keep the pressure
continuous at Tc. A similar value of B0 was used in Ref. [37]
for the case of nozero but small baryon chemical potential.

For the HG phase, we use the resonance gas model that
includes both stable hadrons and their resonances up to
1.5 GeV for mesons and 2.0 GeV for baryons. Its pressure,
energy density, and entropy density can be similarly evaluated
as those in Eq. (16) for the QGP, except that the bag constant is
not present and the hadron masses are taken to be their values
in free space.

Because of the larger entropy density in QGP than in HG
at Tc, a mixed phase of constant temperature Tc is introduced
during the transition between these two phases of matter. In
terms of the fraction f of HG in the mixed phase, the entropy
of the mixed phase is

s = f sH + (1 − f )sQ, (19)

where sH and sQ are, respectively, the entropy density of HG
and QGP at Tc. Similar relations hold for the energy density
and pressure.

We refer the reader to Ref. [38] for details of the previous
equations of state for QGP and HG.

For the shear viscosity, we take its ratio with respect to
the entropy density to be 1/4π for QGP as given by the
Ads/CFT gauge-gravity duality and 10 times this value for HG
as determined from the hadronic transport model [7]. For the
relaxation time τπ in Eqs. (5) and (6), we use the assumption
η/τπ = sT /3 [11] for both QGP and HG.

024904-3

with 

€ 

γ r =
2

3γR
2 ˙ R 2

γR
3 −1( ), γ rvr

r
=
γR

˙ R 2

R

γ r
2 =1+

γR
2 ˙ R 2

2
, γ r

2vr
2 =

γR
2 ˙ R 2

2
, γR =

1
1− ˙ R 2

θ =
1
τ
∂τ (τγ r) +

1
r
∂r (rvrγ r ), A = πR2

Taking initial thermalization time 
τ0=1.0, 0.9 and 1.05 for SPS, RHIC and LC;  
η/s=0.16	
  for	
  QGP	
  at	
  SPS	
  and	
  RHIC	
  and	
  0.2	
  at	
  	
  
LHC,	
  and	
  0.8	
  for	
  HG; and τπ=3/T(η/s).	
  

Song, Han & Ko, PRC 83, 014914 (11) 
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Nuclear modification factor for J/ψ 

Pb+Pb @ 17.3 GeV 

Au+Au @ 200 GeV 

Pb+Pb @ 2.76 TeV 
pT> 6.5 GeV/c 

---- primordial 
…… regenerated 

Dash-dotted: from  
bottomonia decay 

  Most J/ψ are survivors from initially   
   produced.  
  The kink in RAA is due to the onset of  
   initial temperature above the J/ψ    
   dissociation temperature in QGP. 

1

SPS RHIC LHC LHC

pT >6.5 GeV

production (µb)

dσpp
J/ψ/dy 0.05 0.774 4.0

dσpp
cc̄ /dy 5.7 119 615

feed-down (%)

fχc
25 32 26.4 23.5

fψ′(2S) 8 9.6 5.6 5

fb 11 21

nuclear absorp.

σabs (mb) 4.18 2.8 0 or 2.8
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Nuclear modification factor for ϒ(1S) 

  Regeneration contribution is negligible. 
  Primordial excited bottomonia are largely dissociated. 
  Medium effects on bottomonia reduce RAA of Υ(1S). 
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  01002003004000.20.40.60.81.0partN(1S)AARV=UV=FCMS data=2.76 TeVs

Zhuang et al. 

Υ(1S) nuclear modification factor at LHC from various models 
Song et al. 

  Potential: U 
  Decay: LO pQCD 
  Dynamics: anisotropic hydro 

 	
  Potential: U or F 
  Decay: OPE 
  Dynamics: ideal hydro	
  

 	
  Potential: screened Cornell 
  Decay: NLO pQCD 
  Dynamics: schematic  
   viscous hydro    	
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Comparisons of different two-component models 

  Thermal decay width 
   - Rapp: Quasielastic scattering 
   - Zhuang: OPE by Peskin 
   - Stricland: LO pQCD 
   - Song: NLO pQCD 

 	
  HIC dynamics 
   - Rapp: expanding fireball 
   - Zhuang: ideal hydro 
   - Strickland: anisotropic hydro 
   - Song: Schematic viscous hydro 

  Very different thermal decay  
   widths are used in different models. 

  Heavy quark potential 
   - Rapp: lattice U or F 
   - Zhuang: lattice U or F 
   - Strickland: U 
   - Song: Screened Cornell  
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J/ψ elliptic flow 

€ 

v2 =
dϕcos(2ϕ)(dN /dyd2pT )∫

dϕ(dN /dyd2pT )∫

=
dAT cos(2ϕ)I2(pT sinhρ /T)K1(mT coshρ /T)∫

dAT I0(pT sinhρ /T)K1(mT coshρ /T)∫

  Initially produced J/ψ have essentially vanishing v2. 
  Regenerated J/ψ have large v2. 
  Final J/ψ v2 is small as most are initially produced. 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 
-4 

-2 
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 initially produced J/   
 regenerated J/   
 total J/   

  

  

v 2  (%
) 

p T  (GeV/c) 

Introduced viscous effect at freeze out 
T=125 MeV 
       Δv = (vx-vy)exp[-CpT/n] 

with C=1.14 GeV-1 and n= number of 
quarks in a hadron	
  

Song, Lee, Xu & Ko, PRC 83, 014914 (11) 
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Effects of higher-order corrections 

€ 

ʹ′ σ (J /ψ + q(g)→c + c + q(g)) = Aσ(J /ψ + q(g)→c + c + q(g))
ʹ′ σ (c + q(g)→c + q(g)) = Bσ(c + q(g)→c + q(g))

  Higher-order effects are small on J/ψ nuclear modification factor  
   but large on their elliptic flow. 
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Summary 

  J/ψ survives up to 1.7 Tc and Υ(1S) survives up to 4 Tc.   

  Most observed J/ψ and Υ(1S) are from primordially produced;  
   contribution from regeneration is small at present HIC.   
  Various models with different assumptions can describe  
   experimental data. 

  Nuclear modification factor RAA of J/ψ is insensitive to the fraction 
   of their production from regeneration  → both the statistical model 
   and the two-component model can describe data. 
  Elliptic flow of  regenerated J/ψ is large, while that of directly  
   produced ones is essentially zero. Studying v2 of J/ψ is useful for  
   distinguishing the mechanism for J/ψ production in HIC. 


