Supertluid turbulence
& Nonthermal Fixed Points in Bose Gases

Thomas Gasenzer Center for
‘ Quantum
Institut fur Theoretische Physik @
Ruprecht-Karls Universitat Heidelberg Dynamlcs EMMI

Philosophenweg 16 « 69120 Heidelberg « Germany

email: t.gasenzer@uni-heidelberg.de
WWW: www.thphys.uni-heidelberg.de/~gasenzer




o

redits to...

;Y

i
8 s,

Thnks & C

...my work group in Heidelberg:

Boris Nowak
Maximilian Schmidt
Jan Schole
Dénes Sexty
Sebastian Bock
Sebastian Erne
Martin Garttner
Steven Mathey
Nikolai Philipp
Martin Trappe
Jan Zill

Roman Hennig

...my former students:

Cédric Bodet (— NEC), Alexander Branschadel (— KIT Karlsruhe), Stefan KeBler (—
U Erlangen), Matthias Kronenwett (— R. Berger), Christian Scheppach (—
Cambridge, UK), Philipp Struck (— Konstanz), Kristan Temme (— Vienna)

€€€...

DAAD

Heisenberg-
Programm

Deutsche
Forschungsgemeinschaft

RUPRECHT-KARLS-
UNIVERSITAT
HEIDELBERG

LGFG BaWue

Deutscher Akademischer Austausch Dienst
German Academic Exchange Service

Center for
@ Quantum
Dynamics

ﬁ HELMHOLTZ

| GEMEINSCHAFT

Heraklion - NeD - 1 September 2011

Thomas Gasenzer




Non-equilibrium : :
Heavy-Ion collisions (~10'° K)
g aA4SCS 10° K Supernova (10.000.000.000 K)

Sun's core (15.710.000 K)

10°K

Sun's surface (5.780 K)
Room (293,15 K= 20°C)
Pluto (44 K = -229°C)

1K Cosmic Microwave Background
(2,73 K)

10° K

BEC (0,000.000.001 K)
10K Coldest Atomic gas
(0,000.000.000.45 K)
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‘ Equilibration

Transient state
e.g. Turbulence
Non-thermal fixed point
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Classical Turbulence

large scales (source)
— small scales (sink)
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Classical Turbulence

~ Kinetic energy cascade

large scales (source)
— small scales (sink)

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”

(Richardson, 1920)
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Classical Turbulence

. Kinetic energy cascade

large scales (source)
— small scales (sink)

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”

(Richardson, 1920)

Kolmogorov (1941) E(k) ~ k™3 (dynamical critical phenomenon)
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Experiments

R;

Physical sstuation
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Supertluid Turbulence




‘ Vortices in a Na condensate

Fig. 4. Formation and
decay of a vortex lat-
tice. The condensate
was rotated for 400 ms
and then equilibrated
in the stationary mag-
netic trap for wvarious
hold times. (A) 25 ms,
(B) 100 ms, (C) 200 ms,
(D) 500 ms, (E) 1, (F)
J. R. Abo-Shaeer, C. Raman, J. M. Vogels, W. Ketterle 5 s, ':G] 10 s,
20 APRIL 2001 VOL 292 SCIENCE
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‘Superﬂuid Hydro of a Dilute Gas

The Gross-Pitaevskii Eq. in the classical regime,

2
ke (L1 (_ ‘% g g|x1f(p,r)|2)11f(p,r)

Jdt
is equiv. to
’ V 0 ’ v Vo
— . — —u+u-vua=-—
(%n +V - (nu) Py

(Euler eq.)

with defs.  W(p,r) =vn(p,1)explie(p, l‘)]

Q=gn u(p,)=Ve(p,1)
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‘Movie 1: Phase evolution

W (p,1)=\n(p,t)explie(p,1)]

Lattice site y
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Movie 2: Spectrum

n(k) = (F*(k)¥ (k) |

angle average
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‘Spectrum in 2+1 D
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Wave Turbulence




‘ Local radial flux only

Balance equation for radial flux

Ot n(k) = — Ok Q(k)

radial flux

rad. occupation no. n
rad. particle flux Q@
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‘ Local radial flux only

Radial transport equation:

den(k) = — ok Q(k) ~ k¥ J(k)

Quantum Boltzmann Scattering integral:
J(k,t) = g* / A% A% d% |Txpar|*0(k +p — q — 1)

X O(wk + wp — wq — Wr)
X [(nx + 1) (np + Dngne — ninp(ng +1)(ne + 1)]
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C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Scaling in d+1 Dim.

n~k-¢

thermal distribution: pA(-2) ——

thermal
equilibrium

1

C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Scaling in d+1 Dim. n o~ ¢

expected form

é’ — d + 2 AT ,'1“:1'2
{=d+2+z ]

J. Berges, A. Rothkopf, J. Schmidt, PRL 101 (08) 041603
C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Strong turbulence

p=(p, P):

J(p) » (D) Foa (D) — 20, (D) poa (D) =0

2 (X))

Vertex bubble resummation: x x > < >© <
(~2P1 to NLO in 1/N)

[Dynamics: J. Berges, (02); G. Aarts et al., (02); TG, Seco, Schmidt, Berges (05);
Kadan.Baym: “GW-Approximation”, Hedm (65)]

Heraklion - NeD - 1 September 2011 Thomas Gasenzer X




Statistics of vortices




‘ 2D statistics of vortices

n;, ~ k_4 n;, ~ k_z, k < kpair
4
i~ k 5 k > kpair

[B. Nowak, J. Schole, D. Sexty, T. Gasenzer, in prep.]
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‘ 2D statistics of vortices

108

— —
= =
= =

Occupation number n(k)
=

0.03

Radial momentum %

[B. Nowak, J. Schole, D. Sexty, T. Gasenzer, in prep.]

0.1 kpa-ir

0.3
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‘ 2D statistics of vortices

J.{-}E"q T I I
I # pairs < 8 . ]
e . all pair numbers =
= 10° f . N 2]
E - ,. . h'_-l
= 10*F
2
=
2 10%
e =
Q
1o -
coecupalion I , .
(.02 0.1 (.3 1 3

Radial momentum k&

[B. Nowak, J. Schole, D. Sexty, T. Gasenzer, in prep.]
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3D simulations
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Relativistic scalar field




‘ Turbulence 1n reheating after inflation

Simulations of the non-linear Klein-Gordon equation,

(0;=03)@(x,1)+A@’(x,1)=0

Initial condition:
s Highly occupied zero mode
e , Unoccupied modes with k>0
....... 0
__k._;/z
nk 3
10 ,|  Turbulent spectrum emerges
=10
10| N=400 N=2500 \|
10k N=100 Exponent: weak wave turbulence
10
A - ————L

0
k/0,
Kofmann, Linde, Starobinsky (96)
Micha, Tkachev, PRL & PRD (04)
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Strong Turbulence

Simulations of the non-linear Klein-Gordon equation, O(2) symmetry

(0;=03)@(x,1)+A@’(x,1)=0

Initial condition: Highly occupied zero mode, Unoccupied modes with k>0

(video)

See also: http://www.thphys.uni-heidelberg.de/~sexty/videos

TG, B. Nowak, D. Sexty, arXiv:1108.0541 [hep-ph]
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Strong Turbulence = Charge Separation

Modulus of complex field |p| Vs. mean charge distribution

RS

TG, B. Nowak, D. Sexty, arXiv:1108.0541 [hep-ph]
cf. also Tkachev, Kofman, Starobinsky, Linde (1998)

1.2

—
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Strong Turbulence = Charge Separation

Charge density distribution VS. power spectrum
(d=2,N=2)
25 T T T
t=110; ——
t=2 107 10000 ;
t=4 105 ............
2t t=6 10> 7 SN
1000 | i
1.5 ¢ T 100 .
& o e
1t : £ i
1 ;
05 .
0.1 .
0 AL
-1 05 0 05 1 0'010_01
charge density histogram K

TG, B. Nowak, D. Sexty, arXiv:1108.0541 [hep-ph]
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Have a non-turbulent flight home!
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Supplementary slides




Vortex tangles 1n Bose Hinstein Condensates

[N. Berloff & B. Svistunov, PRA (02)]

[E.A.L. Henn et al. PRL 103 (09)]
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Vortex pairs

Tucson [AZ]

[T.W. Neely et al. PRL 104 (10)]
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Nonlinear dynamics: Pattern formation

I. 5. Aranson and L. Kramer: The complex Ginzburg-Landau equation

REVIEWS OF MODERN PHYSICS, VOLUME 74, JANUARY 2002

iy

1/
|/')/

i '
/’f/ %/

//f/’
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‘Nonlinear dynamics: Pattern formation

Visualization of spiral and scroll waves in simulated Far field pacing supersedes anti-tachycardia pacing
and experimental cardiac tissue in a generic model of excitable media
EM Cherry and F H Fenton Philip Bittihn'*, Gisela Luther?, Eberhard Bodenschatz?,
Department of Biomedical Sciences, Comell University, Ithaca, NY 14853, Valentin Krinsky>, Ulrich Parlitz' and Stefan Luther?
USA

! Drittes Physikalisches Institut, Gottingen University, Friedrich-Hund-Platz 1,
IT0TT Gottingen, Germany

I Max Planck Institute for Dynamics and Self-Organization, BunsenstraBe 10,
37073 Gottingen, Germany

New Journal of Physics 10 (2008) 125016 {43pp) ¥ Institut Non Linéaire de Nice, 1361 Rie des Lucioles, 06560

Valbonne Sophia- Antipolis, France

E-mail: bittihng@physik3. gpwdg.de

and
Max Planck Institute for Dynamics and Self-orpanization, Gottingen, Germany
E-mail:; elizabeth.m.chermryi@comell.edu and favio h.fentond@ comell.edu

ou i v+b 5
—=¢ u(l—-u)|lu———)+Vu

a
Barkley model
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Wave turbulence

i 0 _ 10
£ /9,

Vo) Turbulent thermalisation after universe inflation

False
Vacuum

~
Quantum=~
Tunneling

[Micha & Tkachev, PRL 90 (03) 121301, PRD 70 (04) 043538]

Heraklion - NeD - 1 September 2011 Thomas Gasenzer



Acoustic turbulence




‘ Decomposition of Energy

L. = 1
Em=f (5|V\ne ez +5gn2)dp

=FE,;,+E, +LE;
« ¢ u(p.1)=Ve(p.1)

1f|F ¥ o (W=
vnu|“dp

km+EE
V- (ynu)'=

mn
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Simulations 1n 2+1 D Ek) = o®k'ak)

108 b ]
=
= I |
—
2
= 10* b ]
=
— i
= |
g 102 | rotatéionless
5 |
U -
O solenoidal

1 -ini.occ.é

0.03 0.1 0.3 1

Radial momentum k

B. Nowak, D. Sexty, TG (arXiv:1012.4437), PRB tbp.
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Simulations 1n 2+1 D Ek) = o®k'ak)

108 b ]
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= I |
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2
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— i
= |
g 102 | rotatéionless
5 |
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Radial momentum k

B. Nowak, D. Sexty, TG (arXiv:1012.4437), PRB tbp.
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Simulations 1n 2+1 D Ek) = o®k'ak)

106 |
Y
—<
—
~—
H —
—
v
'_.‘:‘\_
= 10t}
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=
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solenoidal

.OCC.§

0.03 0.3 1

tum k

| D. Sexty, TG (arXiv:1012.4437), PRB tbp. /il
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Simulations 1n 3+1 D

B. Nowak, D. Sexty, TG (arXiv:1012.4437)
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Simulations in 3+1 D Ek) = o0k’ 'nk)

108 ° Pl
i L n .
2 108 |
=
E I
= L
= 10* F
—
9 -
g
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= 102 L
)
)
@) I
1 F 1ni. occ. |
N ] ]

0.1 0.3 1 3

Radial momentum k/v/J
B. Nowak, D. Sexty, TG (unpublished) :
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Simulations in 3+1 D Ek) = o0k’ 'nk)

10° — . .
¢ :
= g6 L e
- -
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g |
= ]
g 10 —
=
:"E L
=
= 10% b
O N
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B. Nowak, D. Sexty, TG (arXiv:1012.4437)
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Late stage in 3+1 D E® = ok 'n(k)

108 .
o B
2
S 6
= 10° - .
s
Q
,_D -
=
— 4
E 10% ~
-
%
S, 102 +
-
@)
1 initial
occupation | | N |

0.1 0.3 1 ke 3
Radial momentum

J. Schole, B. Nowak, D. Sexty, TG (unpublished)
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Time evolution of vortex density

~1 Vortex per core volume

1000 ¢ — - | -
Vortex density |
# [ (1024a)°
| ~0.1 Vortices per core volume
100 F N _
- **xx§¥§¥¢ -
o | 4
+
|
- F

Stationary scaling regime !

]_D - ]
+  Average over 142 runs on a 256x256 grid
Average over 6 runs on a 512x512 grid
* 1 run on a 1024x1024 grid
— k=-1
= —0.25
1 —, critical vortex dﬁll:ijiity at = 128 ] :
1000 10000 100000 1-108
) time
Core volume ~ T[(3E) J. Schole, B. Nowak, D. Sexty, TG (unpublished)
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Time evolution of vortex density

TFime Line
108
£
.I u-a#refm,a ¢ &1e) w:a;}?n., e L 0000 Tels, RTEeeER |
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\ I [
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10%
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Condmsockion, > §((000) Radial momentum k

J. Schole, B. Nowak, D. Sexty, TG (unpublished)
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Vortex velocity distribution

Relativ Probability (not normalized)

0.1

0.01

| 12&‘ | vy at time 216+
vy at time 216 x
3.96787962760793 ( 0"’%0224:751693485114 ¥ (x) ;
++ 84.087023251457 /abs(x)
_ Xf -
f e
+
H" at
i 1%
+* ". ;F
/\ : +
J\r\x ': ﬁx/
o o
- f X
+ 4 g
k. w7
X+ oA X +¥ X
+ o + o X +
+ okt B X K XX
e :H“'1 : | ' ' B : be |
—60 —40 —20 0 20 40 60

J. Schole, B. Nowak, D. Sexty, TG (unpublished)
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Quantum Turbulence




Spectral functions
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Simulations in 2+1 D (semi-classical)

Fit of n(k) to ak™"

3 | | |
25 4 |
@
ER —
= ¥ quasli-stationary - - - = =
Q‘ ==
A —
i1
Z 1%
= 1L : : .
© Fit to numerical data ——=—
. ; Thermal equilibrium ——
5 : : 7
Turbulent stationarity ——
0 | | | | |
0 2 4 6 8 10

B. Nowak, D. Sexty, TG (unpublished)
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Energies

Energies G = 256%, N = 10%, U/J =3 % 107", t;0,J = 2%
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Gross-Pitaevskil dynamics

Many-body Hamiltonian:
b P § 1 AR
H = /dx Bl A Ve ()| & + 5/dxdy ST b7V, &, Dy

Gross-Pitaevskii, i.e. Classical Field Equation for “matter waves”, from vNE:

h? '
= ih@td)m = [——A + V:ext (X) + g|(/)m|2] d)m,
2m
' ' Amh?a
typical scattering length:  , ~ 5 1m —
typical bulk density: n o=~ VMo
= diluteness parameter: ,,° ~ 107 (GPE valid for W <1

< small condensate depletion)
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‘Iﬁmdmadmlﬂuxonbf

With kinetic (Boltzmann) eq.

den(k) = — ok Q(k) ~ k¥ J(k)

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

d—1+1+3d—-d—-—2—-3C=0
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‘ Local radial flux only n,~k M

Radial transport equation:

den(k) = — ok Q(k) ~ k¥ J(k)

Quantum Boltzmann Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:
AN\+3d-A~-2-3(=0=>(=d-2/3
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' Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: e = J(kj t)

Dynamic (Schwinger-Dyson) eq.: (from 2Pl effective action)

on(p) = X0 (P)Fra(p) — 22 (P)opa(P)

Zap(Xy) = = - P =Py P):

Fup(x,y) = 3({®,(x), @,(y)})c Statistical function: Occupation
Pap(X, y) =i {[P,(x), Py(y)]). Spectral function: Available modes

| ) ,,/././,sziii, h
Fp(w,p) = —i (?’LBE(w) + 5) o (¢ )
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' Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: e = J(kj t)

Dynamic (Schwinger-Dyson) eq.: (from 2Pl effective action)

on(p) = X0 (P)Fra(p) — 22 (P)opa(P)

XXy = a—@—b p=(p, P):
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‘ Scaling solutions

We look for scaling solutions fulfilling stationarity condition J(p) =0

Scaling ansatz:

Pab(5°po, sP) = 5T pan(po, p)

F.p(s°po, sp) = s = F.u(po, p)

Implies scaling of the single-particle momentum distribution:

n(sp) = .s\//( n(p)
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‘ Local radial flux only n,~k M

With kinetic (Boltzmann) eq.
Ttk)y~g / |1+ const.X gk n(k) 2 —d+C

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

ANA3d A2 -3¢
22 -d+) =0
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‘ Local radial flux only n,~k M

With kinetic (Boltzmann) eq.
Ttk)y~g / |1+ const.X gk n(k) 2 —d+C

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

+\ + Ad —
SN A +z(2 /\&ZQ 0 =2 =d+2 g
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‘ Scahﬁg eXp Oﬂeﬁts C. Scheppach, J. Berges, T. Gasenzer PRA 81 (10) 033611

(in 4 dimensions )

UV: & =d+(z =2 +n)/3 ¢ =d—(2-n)3

Constant P(k) = P Constant Q(p)

R: { =d+z+2—p { =d+2—n

n~k—=
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‘ Kolmogorov's theory of turbulence
(1941)

Scale invariant (self-similar) stationary transport:

Dimensional analysis:

E(k) ~ P2/3 p1/3 k—5/3

log E(k)
L ™

log k
Radial energy density E [kg s72]
3D: Radial energy flux P [kg m~"s73]
Density p [ke m—>]
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To dertve scaling Familiarize the...

reader with a little miracle of the theory of wave turbulence theory, the so-called

Zakharov transformations. They factorize the collision integral. As a result one
w3

3

Iw) = /dmde(w,wﬁws - W,w2,ws)
n

\\ X n{w2In(ws +ws — wWn(@)n(ws)
\ X [n7 @)+ 07 wp 4wz - w) — 07 wn) - 7 (wn)]

N\ I(w)=_/l=fdw3 f dwU(w, w2 + w3 — w,w2,ws)
0

3 2 =
N\ w=ws
\§ X -w’+(w2+u.13-—w)‘-—wf—-w§)]
1\\\\\‘4 \ X [wlws + w3 — wuwnws]™*
N L RORCIE
w w w
\ NN\NNNC
) @ o, y=3z—3-—-[2m+3d—4]
o

V.E. Zakharov, V.S. L'vov, G. Falkovich, Kolmogorov Spectra of Turbulence (Springer, Berlin, 1992)
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Turbulence vs. Critical Phenomena

Universality from IR tuning Universality from Microphys.
Spatial separation r wave number k

Integral scale L UV Cutoff A

Dissipation scale ky;=n " Correlation length &

Viscosity v Temperature T — T_

Intermittency exponent Anomalous expt. n,

Alternative: UV fixed point

Spatial separation r Spatial separation r
Integral scale §; Correlation length &
Viscosity v or dissip. Scale n lattice spacing a

Real-time flow: Fully developed turbulence as an unstable fixed point.
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Lewis Fry Richardson, FRS (1881-1953)

Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.

(L.F. Richardson, The supply of energy from and to Atmospheric Eddies, 1920)

Great fleas have little fleas upon their backs to bite ‘em,

And little fleas have lesser fleas, and so ad infinitum.

And the great fleas themselves, in turn, have greater fleas to go on;
While these again have greater still, and greater still, and so on.

(Augustus de Morgan, A Budget of Paradoxes, 1872, p. 370)

So, naturalists observe, a flea

Has smaller fleas that on him prey;

And these have smaller still to bite 'em;
And so proceed ad infinitum.

(Jonathan Swift: Poetry, a Rhapsody, 1733)
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