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Dissipative fluid dynamics
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Conservation laws & tensor decompositions

∂µN
µ = 0

∂µT
µν = 0

Nµ = nuµ + nµ

Tµν = euµuν − (p + Π)∆µν + 2W (µuν) + πµν

n = uµN
µ LRF particle density

nµ =∆µ
αN

α particle diffusion current

e = uµT
µνuν LRF energy density

W µ =∆µαTαβu
β energy diffusion current

p(e, n) + Π = −
1

3
∆µνT

µν isotropic pressure (peq + bulk)

πµν =T 〈µν〉 shear stress tensor

∆µν = gµν − uµuν

T 〈µν〉 =

[

1

2

(

∆µ
α∆

ν
β +∆ν

α∆
µ
β

)

−
1

3
∆µν∆αβ

]

Tαβ
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Navier-Stokes theory

Consider only shear viscosity:

πµν = 2ησµν

σµν = ∇〈µuν〉

Shear viscous tensor directly proportional to the gradients of velocity

Does not introduce any new dynamical variables (only e, n and uµ)

In relativistic case acausal and unstable −→ Not useful for numerical calculations
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Transient fluid dynamics

Solution: transient fluid dynamics (e.g. Israel and Stewart)

τπ
d

dτ
π〈µν〉 + πµν = 2ησµν + τπCπµν (∇αu

α) + · · ·

πµν independent variable

New transport coefficient τπ = relaxation time

τπ → 0 NS-theory (NS is asymptotic solution of the transient theory)

Stable and causal for range of transport coefficients τπ and η

Usually called “Second order theories”

Our goal is to derive all the terms and calculate coefficients for this type of

theory
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Gradient expansion

2nd order gradient expansion (Burnett equations)

πµν = 2ησµν + C1
d

dτ
σµν + C2ω

〈µ
λ ων〉λ + C3σ

〈µ
λ σν〉λ + · · ·

In the case of the Boltzmann equation can be derived via the Chapman-Enskog
expansion

Like the NS-theory: no new independent variables

Acausal and unstable already in the non-relativistic case

Question: Can transient fluid dynamics be derived from the gradient expansion, i.e.

is C1/2η = τπ?
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Gradient expansion II

Short answer: no

Add blue terms in the gradient expansion

τπ
d

dτ
πµν + πµν = 2ησµν + C1

d

dτ
σµν + τπ

d

dτ
[2ησµν ] + · · ·

For any τπ the asymptotic solution is the gradient expansion.

Second order gradient expansion 6= transient fluid dynamics
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Power Counting

We power count with

Knudsen number

Kn =
ℓmicr

Lmacr

e.g. 2η
P0

σµν = O(Kn)

inverse Reynolds number

R
−1
Π ∼

|Π|

P0
, R−1

n ∼
|nµ|

n0
, R−1

π ∼
|πµν |

P0

Note that in general Knudsen number and inverse Reynolds number are not
equivalent (only in the NS/Burnett-limit)

Aim is to derive fluid dynamics with some definite order in Kn and R−1
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Boltzmann equation
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Boltzmann Equation

Evolution equation for the single particle distribution function fk

kµ∂µfk = C [f ]

Collision term for binary collisions (f̃k = 1− afk, a = 0,±1)

C [f ] =
1

ν

∫

dK ′dPdP′Wkk′→pp′

(

fpfp′ f̃k f̃k′ − fkfk′ f̃p f̃p′
)
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Expansion of fk

First write fk in the form fk = f0k

(

1 + f̃0kφk

)

f0k = (exp(β0Ek − α0) + a)−1 is eq. distribution (Ek = u · k)

Expand φk using orthogonal basis

φk =
∞
∑

ℓ=0

λ
〈µ1...µℓ〉
k

k〈µ1
...kµℓ〉

,

λ
〈µ1...µℓ〉
k

=

Nℓ
∑

n=0

c
〈µ1...µℓ〉
(n)

P
(nℓ)
k

k〈µ1 . . . k µm〉 ≡ ∆µ1...µm
ν1...νm

kν1 . . . kνm

∫

dK Fkk
〈µ1 ...k µm〉k〈ν1 ...k νn〉 =

m! δmn

(2m + 1)!!
∆µ1...µm

ν1...νm

∫

dK Fk

(

∆αβkαkβ

)m

P
(nℓ)
k

=
n

∑

r=0

a
(ℓ)
nr (Ek)

r

∫

dKωℓP
(nℓ)
k

P
(mℓ)
k

= δmn, ωℓ ≡
Wℓ

(2ℓ+ 1)!!

(

∆αβkαkβ

)ℓ
f0k f̃0k
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Expansion of fk II

Orthogonality conditions imply that

c
〈µ1...µℓ〉
(n)

=
Wℓ

ℓ!

〈

P
(nℓ)
k

k〈µ1 . . . k µℓ〉
〉

δ
≡

Wℓ

ℓ!

∫

dKP
(nℓ)
k

k〈µ1 . . . k µℓ〉δfk

More convenient variable is

ρ
µ1...µℓ

(r)
≡

〈

(Ek)
r k〈µ1 . . . k µℓ〉

〉

δ

Full expansion of fk reads:

fk = f0k + f0k f̃0k

∞
∑

ℓ=0

Nℓ
∑

n=0

H
(nℓ)
k

ρ
µ1...µℓ

(n)
k〈µ1

...kµℓ〉

with

H
(nℓ)
k

≡
Wℓ

ℓ!

Nℓ
∑

m=n

a
(ℓ)
mnP

(mℓ)
k
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General equations of motion

Landau matching conditions e = e0 and n = n0 and the definition of the velocity
(Landau frame) field imply that ρ(1) = ρ(2) = ρµ

(1)
= 0. By definition:

ρ(0) = −
3

m2
Π , ρµ

(0)
= nµ , ρµν

(0)
= πµν

Equations of motion:

ρ̇
〈µ1...µℓ〉
(r)

= ∆
µ1...µℓ
ν1...νℓ

d

dτ

∫

dK (Ek)
r k〈ν1 . . . k νℓ〉δfk

where Ȧ ≡ uµ∂µA ≡ dA/dτ and ρ̇
〈µ1...µℓ〉
(r)

≡ ∆
µ1...µℓ
ν1...νℓ ρ̇

ν1...νℓ
(r)

. By using the

Boltzmann equation in the form

δḟk = −ḟ0k − E−1
k

kν∇
ν f0k − E−1

k
kν∇

νδfk + E−1
k

C [f ]

where ∇µ = ∆ν
µ∂ν , one can obtain the exact equations for the comoving derivatives

of ρ
µ1...µl

(r)
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General equations of motion

ρ̇(r) − C(r−1) = β
(r)
ζ

θ −
G2r

D20

Πθ +
G2r

D20

π
µν

σµν +
G3r

D20

∂µn
µ

+ (r − 1) ρ
µν
(r−2)

σµν + rρ
µ
(r−1)

u̇µ − ∇νρ
ν
(r−1)

−
1

3

[

(r + 2) ρ(r) − (r − 1)m
2
ρ(r−2)

]

θ

ρ̇
〈µ〉
(r)

− C
〈µ〉
(r−1)

= β
(r)
κ ∇

µ
α0 + ρν(r)ω

µν
+

1

3

[

(r − 1)m
2
ρ
µ
(r−2)

− (r + 3) ρ
µ
(r)

]

θ − ∆
µ
α∇νρ

αν
(r−1) + rρ

µλ
(r−1)

u̇λ

+
1

5

[

(2r − 2) m2
ρ
ν
(r−2) − (2r + 3) ρν(r)

]

σ
µ
ν +

1

3

[

m
2
rρ(r−1) − (r + 3) ρ(r+1)

]

u̇
µ

+
β0Jr+2,1

ε0 + P0

(

Πu̇µ − ∇µΠ + ∆µ
ν∂λπ

νλ
)

−
1

3
∇µ

(

m
2
ρ(r−1) − ρ(r+1)

)

+ (r − 1) ρ
µνλ
(r−2)

σνλ

ρ̇
〈µν〉
(r)

− C
〈µν〉
(r−1)

= 2β
(r)
η σ

µν
−

2

7

[

(2r + 5) ρ
ρ〈µ
(r)

− m
2
2 (r − 1) ρ

ρ〈µ
(r−2)

]

σ
ν〉
ρ + 2ρ

〈µ
(r)λ

ω
ν〉λ

+
2

15

[

(r + 4) ρ(r+2) − (2r + 3)m
2
ρ(r) + (r − 1)m

4
ρ(r−2)

]

σ
µν

+
2

5
∇

〈µ
(

ρ
ν〉
(r+1)

− m
2
ρ
ν〉
(r−1)

)

−
2

5

[

(r + 5) ρ
〈µ
(r+1)

− rm
2
ρ
〈µ
(r−1)

]

u̇
ν〉

−
1

3

[

(r + 4) ρ
µν
(r)

− m
2
(r − 1) ρ

µν
(r−2)

]

θ

+ (r − 1) ρ
µνλρ
(r−2)

σλρ − ∆
µν
αβ

∇λρ
αβλ
(r−1)

+ rρ
µνσ
(r−1)

u̇σ.

Generalized collision terms

C
〈µ1...µℓ〉
(r)

=

∫

dK (Ek)
r k〈µ1 . . . k µℓ〉C [f ] .

Harri Niemi Transient fluid dynamics from the Boltzmann equation
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Collision term

The generalized collision temrs can be written as

C
〈µ1...µℓ〉
(r−1)

= −
∞
∑

n=0

A
(rn)
ℓ ρ

µ1...µℓ

(n)
+ (nonlinear terms)

Then the general equations of motion are of the form

ρ̇(r) +
∞
∑

n=0

A
(rn)
0 ρ(n) = β

(r)
ζ

θ + · · · ,

ρ̇
〈µ〉
(r)

+
∞
∑

n=0

A
(rn)
1 ρµ

(n)
= β

(r)
n ∇µα0 + · · ·

ρ̇
〈µν〉
(r)

+

∞
∑

n=0

A
(rn)
2 ρµν

(n)
= 2β

(r)
η σµν + · · ·

Even the linear part is coupled set of equations for all the moments ρµ···
(n)

How to reduce the infinite degrees of freedom to fluid dynamics?
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14-moment approximation

Truncate the expansion of fk such that only 14 variables remain (Israel, Stewart
1978 and Denicol, Koide, Rischke 2010):

φk = ǫ+ ǫµk
µ + ǫµνk

µkν

Every moment ρµ···
(n)

becomes proportional to the dissipative currents:

ρ(r) ∝ Π, ρµ
(r)

∝ nµ, ρµν
(r)

∝ πµν

Equations for dissipative currents automatically closed for any choice of r in the
full eom, e.g.

ρ̇
〈µν〉
(r)

+
∞
∑

n=0

A
(rn)
2 ρµν

(n)
= 2β

(r)
η σµν + · · ·

problem 1: Every choice of r will give different transport coefficients.

problem 2: 14-moment truncation is not truncation in the Knudsen number

In fact it neglects infinitely many terms first order in Kn (Navier-Stokes terms)

We need some other truncation procedure

Harri Niemi Transient fluid dynamics from the Boltzmann equation
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(quasi-)Normal modes

Diagonalize Aℓ:
eigenvalues

Ω−1
ℓ

AℓΩℓ = diag
(

χ
(0)
ℓ

, . . . , χ
(j)
ℓ
, . . .

)

eigenvectors:

X
µ1...µℓ

(i)
≡

Nℓ
∑

j=0

(

Ω−1
ℓ

)ij
ρ
µ1...µℓ

(j)

EoM take the form

Ẋ(i) + χ
(i)
0 X(i) = β

(i)
χ0

θ + (higher order terms) ,

Ẋ
〈µ〉
(i)

+ χ
(i)
1 X

µ

(i)
= β

(i)
χ1

∇µα0 + (higher order terms) ,

Ẋ
〈µν〉
(i)

+ χ
(i)
2 X

µν

(i)
= β

(i)
χ2σ

µν + (higher order terms)

1/χ
(i)
ℓ

= microscopic time-scales of the (linearized) Boltzmann equation.

X
µ1···µℓ

(i)
= Normal modes of the (linearized) Boltzmann equation.
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Reduction of the d.o.f.

Dynamical modes i = 0 (slowest relaxation time)

Ẋ(i) + χ
(i)
0 X(i) = β

(i)
χ0

θ + (higher order terms) ,

Ẋ
〈µ〉
(i)

+ χ
(i)
1 X

µ

(i)
= β

(i)
χ1∇

µα0 + (higher order terms) ,

Ẋ
〈µν〉
(i)

+ χ
(i)
2 X

µν

(i)
= β

(i)
χ2σ

µν + (higher order terms)

Asymptotic values i > 0

X(i) ∼
β
(i)
χ0

χ
(r)
0

θ + (higher order terms) ,

X
µ

(i)
∼

β
(i)
χ1

χ
(r)
1

∇µα0 + (higher order terms) ,

X
µν

(i)
∼

β
(i)
χ2

χ
(r)
2

σµν + (higher order terms)
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Reduction

Previous relations can be inverted to give

(

m2/3
)

ρ(i) ≃ −Ωi0
0 Π−

(

ζ(i) − Ωi0
0 ζ(0)

)

θ = −Ωi0
0 Π +O(Kn),

ρµ
(i)

≃ Ωi0
1 nµ +

(

κ
(i)
n −Ωi0

1 κ
(0)
n

)

∇µα0 = Ωi0
1 nµ +O(Kn),

ρµν
(i)

≃ Ωi0
2 πµν +

(

η(i) − Ωi0
2 η(0)

)

σµν = Ωi0
2 πµν +O(Kn),

ρµνλ...
(i)

≃ O(R−1
i

Kn,Kn2)

ζ(i) =
m2

3

N0
∑

r=0, 6=1,2

τ ir0 β
(r)
ζ

, κ
(i)
n =

N1
∑

r=0, 6=1

τ ir1 β
(r)
κ , η(i) =

N2
∑

r=0

τ ir2 β
(r)
η

These can be used in the full e.o.m. to give evolution equation for dissipative

quantities
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Equations of fluid dynamics

Π̇ +
Π

τΠ
= −

ζ

τΠ
θ + J +R+ K,

ṅ〈µ〉 +
nµ

τn
=

κn

τn
∇µα0 + J µ +Rµ +Kµ ,

π̇〈µν〉 +
πµν

τπ
= 2

η

τπ
σµν + J µν +Rµν +Kµν

Terms of order Knudsen×Reynolds:

J = −ℓΠn∇ · n − τΠnn · F − δΠΠΠθ − λΠnn · I + λΠππ
µνσµν ,

J µ = −nνω
νµ − δnnn

µθ − ℓnΠ∇
µΠ+ ℓnπ∆

µν∇λπ
λ
ν + τnΠΠFµ − τnππ

µνFν

− λnnnνσ
µν + λnΠΠIµ − λnππ

µν Iν ,

J µν = 2π
〈µ
α ω ν〉α − δπππ

µνθ − τπππ
〈µ
α σ ν〉α + λπΠΠσµν − τπnn

〈µ F ν〉

+ ℓπn∇
〈µ n ν〉 + λπnn

〈µ I ν〉

where
Iµ = ∇µα0, Fµ = ∇µP0

Harri Niemi Transient fluid dynamics from the Boltzmann equation



Outline Dissipative fluid dynamics Boltzmann equation 14-moment approximation Truncation

Rn2 and Kn2

Terms of order Reynolds×Reynolds:

R = ϕ1Π
2 + ϕ2n · n + ϕ3πµνπ

µν ,

Rµ = ϕ4nνπ
µν + ϕ5Πnµ,

Rµν = ϕ6Ππµν + ϕ7π
λ〈µ π

ν〉
λ

+ ϕ8n
〈µ n ν〉

Terms of order Knudsen×Knudsen:

K = ωµνω
µν + ζ1σµνσ

µν + ζ2θ
2 + ζ3I · I + ζ4F · F + ζ5I · F + ζ6∇ · I + ζ7∇ · F ,

Kµ = κ1σ
µν Iν + κ2σ

µνFν + κ3I
µθ + κ4F

µθ + κ5ω
µν Iν + κ6∆

µ
α∂νσ

αν + κ7∇
µθ,

Kµν = η1ω
〈µ

λ
ω ν〉λ + η2θσ

µν + η3σ
λ〈µ σ

ν〉
λ

+ η4σ
〈µ
λ

ω ν〉λ

+ η5I
〈µ I ν〉 + η6F

〈µ F ν〉 + η7I
〈µ F ν〉 + η8∇

〈µ I ν〉 + η9∇
〈µ F ν〉
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Transport coefficients

τΠ =
1

χ
(0)
0

, τn =
1

χ
(0)
1

, τπ =
1

χ
(0)
2

,

ζ =
m2

3

N0
∑

r=0, 6=1,2

τ0r0 β
(r)
ζ , κn =

N1
∑

r=0, 6=1

τ0r1 β
(r)
κ , η =

N2
∑

r=0

τ0r2 β
(r)
η

In practice we have to use only finite number of terms in the expansion of fk . . .
Check for convergence

number of moments η τπ κn τn
14 4/(3σβ0) 5/3λmfp 3/ (16σ) 9/4λmfp

23 14/(11σβ0) 2λmfp 21/ (128σ) 2.59λmfp

32 1.268/(σβ0) 2λmfp 0.1605/σ 2.57λmfp

41 1.267/(σβ0) 2λmfp 0.1596/σ 2.57λmfp

Table: Transport coefficients for classical gas with constant cross-section in the ultrarelativistic
limit, in the 14, 23, 32 and 41-moment approximation
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Note that:

fk = f0k + f0k f̃0k

∞
∑

ℓ=0

Nℓ
∑

n=0

H
(nℓ)
k

ρ
µ1...µℓ

(n)
k〈µ1

...kµℓ〉

with

H
(nℓ)
k

≡
Wℓ

ℓ!

Nℓ
∑

m=n

a
(ℓ)
mnP

(mℓ)
k
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Conclusions

We have derived transient fluid dynamics using the method of moments

We truncate equation of motion not expansion of fk

14-moment approximation is incomplete

δf is infinite series

Harri Niemi Transient fluid dynamics from the Boltzmann equation
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