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Dissipative hydrodynamics

5

4
10 +3 (uμ)

3+3+6=12

Interdependent theoretical problems:
– causality,
– generic stability,
– flow-frames (Eckart, Landau-Lifshitz, etc.),
– dissipation.
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Flow-frames (uμ)  and dissipation

Perfect:
 

Dissipative:

Landau-Lifshitz: Eckart:

partial perfection….

Eckart velocity
Landau-Lifshitz velicity
E-LL relative four velocity









puququeuT
jnuN









puququeuT
nuN








ˆˆˆˆˆˆ

ˆˆˆ

puueT

junN




 zûu

ˆ










pueuT
nuN

,
ˆ1

1ˆ1,0ˆ 2z
uuzû


 






 





z
û
u

ˆ







znunzûnunnujnnnujunN ˆˆˆˆˆˆˆ,ˆˆˆˆ 






Landau-Lifshitz:
 

Eckart:

dissipative ? 

Inviscid Landau-Lifshitz fluid:
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Frame dependent parts are frame dependent.

Perfect fluid is a class of            .

Perfect Landau-Lifshitz(-Eckart):
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Ideal:

First order (Eckart):

Second order (Israel–Stewart):
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Flow-frames and entropies
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Flow-frames and dissipation in Eckart theory
 

(general frame) 
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Origin of the concept of perfection 
Dissipation and transport: frame dependent.
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Eckart term



Summary of flow-frames (uμ)  dependencies:

Dissipative and non-dissipative parts
of energy-momentum and 
conserved charge densities.

 
flow-frame 

Entropy four vectors.
 

dependent
Entropy production (dissipation).
Perfect fluid.

+
 

e.g. gradient expansion (of  Baier-Romatschke)
+

 
stability…

Thermodynamics requires flow-frames?



Boltzmann equation)( fCfk 


Kinetic theory?

 '' 11 ffff
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Entropy production:
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Boltzmann gas



T
ku

ekxf




),(0T
u

T



  ,

Thermodynamic relations -
 

normalization

Jüttner distribution
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Legendre transformation
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Flow-frame independent thermodynamics























TNS

TNS 0

… there are no conditions here, yet.
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non-equilibrium
 

equilibrium
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Thermodynamics:

a)

b)
 

matching
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flow-frame independent
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Summary of thermodynamics

Flow-EOS:

Examples:
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Generic stability
 

–
 

a benchmark

Linear asymptotic
 

stability of  homogeneous equilibrium.

Expected from non-equilibrium thermodynamics.

Second order is good, first order is bad?

– Sandovall-Villalbazzo and Garcia-Colín , et al.
separate energy momentum balance

– Tsumura and Kunihiro 
renormalization, flow-frames

– Osada 
matching conditions

– Biró
 

and VP
thermodynamics



Conditions of generic stability in extended thermodynamics:
Israel–Stewart -

 
conditional suppression (Hiscock and Lindblom, 1985):

 














qqjq
T

u
T

qq
TT

nesNTS

10

2120

1
222

),(),(









 

,0
)(

1
1 

















en
n
s

n
pn

e
ppe

T
p
e

pe
,0...

)/()/(
1

2 









nT
p ns

p
ns

e
pe 

,0
2

,0,0
2

2
1

172805 



,0
)/(

1
3
2

2
2

2
1

0

2
0

16 




nns

T
Tn



,0

2
22

2
121

112
4 






pe

,0
3

211)(
6

2

20
3 






















K

e
ppe

n
s 

.0
3
21

/2

1

0

0 




nsn

T
T
nK







Eckart frame



Usual

–
 

generic instability
general frame: Hiscock and Lindblom, PRD, (1985), 31, 725.
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<  >  symmetric traceless spacelike part
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Modified 

–
 

generic stability
Eckart frame: VP and Biró, TS, EPJ, (2008), 155, 201
general:   VP, J. Stat. Mech. (2009) P02054
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<  >  symmetric traceless spacelike part
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Kinetic motivated

–
 

generic stability
Eckart frame: VP and Biró, TS, PLB, (2012), 709, 106.  
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<  >  symmetric traceless spacelike part
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Momentum density 

Not dissipative



Summary

Flow related Gibbs relation:

–
 

a consequence of kinetic theory and gradient expansion 
–

 
restores generic stability of hydrodynamics

–
 

explains temperature of moving bodies

• modified constitutive relations for
• flow-frame independent entropy production
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Thank you for your attention!
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Eckart:
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1+1
 

dimension:

),(),,( wvwwvu   

Benchmark
 

2:
 

equilibrium and equilibration
(Einstein-Planck, Blanusa-Ott, Landsberg and Doppler)

Biró, TS.-VP: EPL, 89, 30001, 2010, (arXiv:0905.1650)



Thermodynamics

Hydrodynamics Kinetic
theory

homogeneity equilibrium
(distribution)

moment series

general balances

concepts

concepts homogeneity



First order –
 

local equilibrium (Eckart):

Second order  -
 

beyond local equilibrium?  (Israel–Stewart): 

+
 

entropy production calculation

–
 

Kinetic compatibility –
 

a way to gradient expansion
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Expansions of different kind –
 

entropy-wise

variables:
functions: ),,(  q
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Gradient expansion
 

in flat spacetime (Baier-
 

et. al., 2007):

Assumptions:
–

 
equilibrium:

–
 

no conserved charges (Landau-Lifshitz frame) 
–

 
spacelike gradients

–
 

covariant, isotropic, second order, 
–

 
conformal, 

+ entropy production (Loganayagam, 2008)
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Expansions of different kind –
 

energy-wise
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Gradient expansion → thermodynamics

– Variables (first order expansion):
– Functions: ),,,(  Jsq 
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Condition:
Entropy production is independent of acceleration. 

JMMS,
 

2008, 3/6, 1161, (arXiv:07121437)
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Summary
 

of gradient expansion equilibrium:

–
 

Gibbs relation (of Israel)
 

= no entropy production: 

–
 

Preferable simplification
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