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Introduction : the NJL model 
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 Effective quantum field theory (relativistic) 

 Approximation of QCD in the non-perturbative domain 

 Quark degrees of freedom (no gluons) 

 Reproduces the flavor symmetries of QCD: 

 

 

 

 

 

𝑆𝑈 𝑁𝑓 𝑉 × 𝑆𝑈(𝑁𝑓)𝐴 × 𝑈 1 𝐵 
 Spontaneous breaking of 𝑆𝑈(𝑁𝑓)𝐴    

 

Dynamical generation of 
fermion masses 

 

Goldstone mechanism 
 

 (T, µ)        : symmetry restoration              phase transition(s) 

 

 

 

Here we take the 𝑇 = 0 limit (applicable to astrophysics) 



Model parameters 
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 4 coupling constants : 𝐺𝑆 , 𝐺𝜔 , 𝐺𝜌 , 𝐾 

 3 bare masses for the quarks : 𝑚𝑢 0 ,
𝑚𝑑 0  ,

𝑚𝑠 0
  

 1 momentum cutoff Λ 

 

 Fitted to mesonic data in the vacuum : 

𝑚𝜋, 𝑓𝜋, 𝑚𝐾, 𝑚𝜂
′
 
,− 𝜓 𝜓

1

3  

 

 We keep 2 free parameters: 𝜉𝜔 =
𝐺
𝜔

𝐺
𝑆

  , 𝜉𝜌 = 
𝐺
𝜌

𝐺
𝑆

 

8 (7) 
parameters 

5 
experimental input 



The NJL model for quark matter 
 

 Vector interactions 𝜉𝜔 and 𝜉𝜌 play crucial role at finite density
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 The 𝜔 channel make the EOS stiffer (higher maximum mass) 

 The 𝜌 modifies the flavor content of the system, increases the 
pressure at moderate density and decreases the Fermi pressure 
at high density. 

 



The nuclear EoS 
 Meta-model of Margueron et al (2018) 

 

 

 Simple, flexible               explores all possible nuclear EoS 

 Directly parametrized by the nuclear empirical parameters: 

 

 

 

 

 Unified extension in the crust, using a CLD model for the inhomogeneous 
phases (Carreau et al ) 

 Finite size parameters are fitted to the masses of known nuclei 

 

 

   

 

J. Margueron, R. Homann Casali, and F. Gulminelli, Physical Review C 97, 025805 (2018) 
T. Carreau, F. Gulminelli, and J. Margueron, The European Physical Journal A, vol. 55, (2019) 

𝑒𝑁 𝑥, 𝛿 = 𝑡𝑁 𝑥, 𝛿 + 
1

𝛼!
𝑣𝛼

𝑠𝑎𝑡 + 𝛿2
 
𝑣𝛼

𝑠𝑦𝑚 𝑥𝛼
 
𝑢𝛼(𝑥)

𝛼

 with 𝑥 =  
𝑛
𝐵
−𝑛

𝑠𝑎𝑡

3𝑛
𝑠𝑎𝑡

, 𝛿 =  
𝑛
𝑛
−𝑛

𝑝

𝑛
𝐵
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Hybrid EoS 
 Deconfinement phase transition: 

 

 Gibbs thermodynamical equilibrium conditions :  

 

 Grand canonical ensemble : Ω = −𝑃 

 

𝑃𝑁 = 𝑃𝑄 𝑇𝑁 = 𝑇𝑄 𝜇𝑁 = 𝜇𝑄 

Nuclear matter (n, p, e, µ) Quark matter (u, d, s, e) 

Metastable 

Stable 

Maxwell's construction (first order) 

Δ𝑛 
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Bayesian method 
 Generate a large number (~ 108) of hybrid models with flat prior on: 

 
 The nuclear empirical parameters on the nuclear side 
 The 3 free parameter of our NJL parametrization on the quark side: 𝜉𝜔,  𝜉𝜌, 𝐵

∗ 

 
 Impose the model to be "reasonable": 

 
 Thermodynamic consistency (nuclear model): 

 0 < 𝑐𝑠 < 1 



𝑑𝑃

𝑑𝑛𝐵

> 0 

 𝑒𝑠𝑦𝑚 = 
1

𝑛𝐵

𝜕2𝜌

𝜕𝛿2
> 0 

 Compatibility with the ab initio 𝜒EFT energy bands (NM + SM) of Drischler     
et al (2016)  

 Possibility of a PT to quark matter before reaching the TOV mass  
 
 
 
 
 

C. Drischler, K. Hebeler, and A. Schwenk, Phys. Rev. C, vol. 93, p. 054314, May 2016. 

NM 

SM 
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Bayesian method 
 Attribute weights to models based on their reproduction of experimental 

results: 
 Reaching a large enough TOV mass (J0740+6620 : 𝑀 = 2.08 ± 0.07𝑀☉) 

 Goodness of the fit to the experimental masses of nuclei: 

 
 

 Reproduction of the PDF of Λ  from GW170817 (Abbott et al, 2019) 

 

 

 

 

 

w𝐴𝑀𝐸 =
1

𝑁
exp (−

𝜒2

 2
)   with 𝜒2 =

1

𝜈
 (

𝑀𝑖−𝑀𝑖
𝐴𝑀𝐸

𝜎𝑖𝑖 )2 

w𝐺𝑊170817 =
1

𝑁
 𝑝𝐿𝑉𝐶
𝑗

𝑚2
𝑗 × 𝑝𝐿𝑉𝐶 (Λ

 𝑗) Λ =  
16

13

𝑚1 + 12𝑚2 𝑚1
4Λ1+ 𝑚2 + 12𝑚1 𝑚2

4Λ2
𝑚1 +𝑚2

5
 

Abbott et al., Physical Review X 9, 011001 (2019) 
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ℳ = 
(𝑚1𝑚2)

3
5 

(𝑚1+𝑚2)
1
5 

 

        ≈ 1.188 𝑀☉ 



Posterior results – quark parameters 

Quark EoS too soft 

Quark EoS too stiff 
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Posterior results – nuclear parameters  
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Hybrid NJL 

Only nuclear 



Posterior results – phase transition characteristics 
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Neutron star radii 

Antoine Pfaff    STRONG Workshop 2021 13 07/10/21 

J0030+0451 : 𝑀 = 1.44 ± 0.14𝑀☉ J0740+6620 : 𝑀 = 2.08 ± 0.07𝑀☉ 

Both model assumptions are compatible with NICER data 

Inclusion of a quark PT has weak influence on the radii 



Posterior results – Hybrid star properties 

𝑅𝑄𝑚𝑎𝑥 ≡ Radius of the quark core in the maximum mass configuration 
𝑀𝑄𝑡     

≡ Total mass of the star as quarks start to appear 
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Global EoS properties 
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Global EoS properties 
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Conclusions 

 The bayesian framework allows us to consistently take 
into account all types of experimental knowledge. 

 Hybrid NJL stars usually have a small QC that only 
appears in very heavy stars 

 Relatively low impact on the radii 

 

 

 Substantial effect on the susceptibilites (sound speed) 

Low observability of the PT with 
 X-ray radii measurements  
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Thank you ! 



The NJL Lagrangian 
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ℒ𝑄𝐶𝐷 = 𝜓 𝑖𝛾𝜇𝜕𝜇 −𝑚 + 𝜇 𝛾0 𝜓 + 𝜓 𝛾𝜇
𝜆𝑎
2
𝐴𝜇

𝑎𝜓 −
1

4
𝐹𝜇𝜈

𝑎𝐹𝜇𝜈𝑎 

Quarks Gluons 

Quark/gluon interaction 

ℒ𝑁𝐽𝐿 = 𝜓 𝑖𝛾𝜇 𝜕𝜇 −𝑚 + 𝜇 𝛾0 𝜓 + 𝐺𝐶 𝜓 Γ𝐶𝜓 2

𝐶

+ ℒ ′
𝑡 𝐻𝑜𝑜𝑓𝑡 

 
 Interaction parametrized by several coupling constants associated 

to the different channels considered: 𝐺𝑆 ,
𝐺𝜌 ,

𝐺𝜔 ,
𝐾 

 Total interaction must preserve the flavor symmetries 

 𝑈 1 𝐴  symmetry group broken by the ‘t Hooft term (anomaly) 

 
 



The mean field approximation 
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 Assume small fluctuations of the fields around a mean value 

 

 

 For scalar interactions :  

 

 For vector interactions 

 

 With correct flavor factors following 𝑆𝑈 𝑁𝑓 = 3  algebra: 

𝒪 = 𝒪 + 𝛿𝒪  

𝐺𝑆 𝜓 𝜓 2 ≈ 2𝐺𝑆 𝜓 𝜓 𝜓 𝜓 + 𝐺𝑆 𝜓 𝜓
2 

Mass modification 

𝐺𝑉 𝜓 𝛾0𝜓
2 ≈ 2𝐺𝑉 𝜓†𝜓 𝜓†𝜓 + 𝐺𝑉 𝜓†𝜓 2 

Chemical potential modification 

𝑚𝑖 = 𝑚𝑖 0
− 4𝐺𝑆 𝜓 𝑖𝜓𝑖 + 2𝐾 𝜓𝑗

 𝜓𝑗 𝜓 𝑘𝜓𝑘  

𝜇𝑖 = 𝜇𝑖 −
4

3
𝐺𝜔 𝑛𝑖 + 𝑛𝑗 + 𝑛𝑘 −

4

3
𝐺𝜌(2𝑛𝑖 − 𝑛𝑗 − 𝑛𝑘) 

𝑖, 𝑗, 𝑘 = 𝑢, 𝑑, 𝑠 
 



The phase transition 
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 Fix external conditions for NS at equilibrium: 
 Zero temperature 

 Charge neutrality 

 𝛽-equilibrium  

 

 Chiral symmetry restoration 

 
 

 

𝜇𝑢 = 𝜇 +
2

3
𝜇𝑒 

𝜇𝑑 = 𝜇𝑠 = 𝜇 −
1

3
𝜇𝑒 

𝜉𝜔 = 0 
𝜉𝜌 = 0 

 

𝜉𝜔 = 1 
𝜉𝜌 = 0 

 



The phase transition 
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𝜇𝑢 = 𝜇 +
2

3
𝜇𝑒 

𝜇𝑑 = 𝜇𝑠 = 𝜇 −
1

3
𝜇𝑒 

𝜉𝜔 = 0 
𝜉𝜌 = 0 

 

𝜉𝜔 = 0 
𝜉𝜌 = 1 

 



The equation of state 
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 𝜔 interactions couple to the total baryonic density of the system 
(symmetric in flavor) 

 𝜌 interactions couple to the isospin and flavor hypercharge 
densities (asymmetric in flavor) 

𝑃𝑡𝑜𝑡 = 𝑃𝑞𝑢𝑎𝑟𝑘𝑠 − 𝐵𝑒𝑓𝑓 + 𝑃𝑣𝑒𝑐𝑡𝑜𝑟 + 𝑃𝑙𝑒𝑝𝑡𝑜𝑛𝑠 

Fermi pressure of a  
free gas of quasi-quarks 

Effective " bag "  
pressure 

Additional contribution 
from vector interactions 

Fermi pressure of 
electrons (+ muons) 

𝑃𝑣𝑒𝑐𝑡𝑜𝑟 =
2

3
𝐺𝜔 𝑛𝑢 + 𝑛𝑑 + 𝑛𝑠

2+ 𝐺𝜌 𝑛𝑢 − 𝑛𝑑
2+

1

3
𝐺𝜌 𝑛𝑢 + 𝑛𝑑 − 2𝑛𝑠

2   



The equation of state 
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𝜉𝜔 = 0 
𝜉𝜌 = 0 

 

𝜉𝜔 = 0 
𝜉𝜌 = 1 

 

𝜉𝜔 = 1 
𝜉𝜌 = 0 

 



Hybrid EoS 
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Maxwell's construction (first order) 

 NJL pressure defined up to constant; we allow the freedom: 

 

 

 

 Maxwell's construction not totally consistent : 𝜇𝑒 discontinuity 

 

 

𝑃𝑄 → 𝑃𝑄 + 𝐵∗ 𝜌𝑄 → 𝜌𝑄 − 𝐵∗ 

where 𝐵∗ is a constant free parameter satisfying 𝐵∗ < 𝐵𝑚𝑎𝑥 

Δ𝑛 

𝐵𝑚𝑎𝑥 
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Posterior results – phase transition characteristics 
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Posterior results – Hybrid star properties 
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