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Phase transitions



Phase transitions cnc.-rm

> First-order phase transition: discontinuity in first

derivative of thermodynamic potential (Ehrenfest) e
> .
. L 8 !
» solid — liquid — gaseous, I ComprSSe | upereidcal id
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Pa liquid critical point
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Figure: Image by Lanju Fotografie (CCO0),
Typical phase diagram, Maksim (GFDL)
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Phase transitions cnc.-rm

» Continuous transition:
thermodynamic potential analytic

Pressure

solid phase compressible

'
'
liquid : supercritical fluid
" I
critical pressure 5 .
Pa

liquid critical point
phase
Pp triple point superheated vapour
gaseous phase
critical
temperature
Ty Tor
Temperature

» Second order phase transition: discontinuity in . ] ]
second derivatives Figure: Im.ages by Sorin Gheorghita and
Dan Dennis (CCO),

m E.g. in binary mixtures, ferromagnets, ... Typical phase diagram, Maksim (GFDL)
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Critical point — observables

> Competing processes minimize free energy
F=U-TS

» Strong fluctuations =
divergent correlation length &, scale invariance

(d(z)p(2)) ~ e lz=1/8

cnc.-ﬁ

Figure:

(1): Critical opalescence of ethane

Dr. Sven Horstmann (CC3.0)

(2): Field configuration at the critical point
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Critical point — observables cnc.-rm

> Competing processes minimize free energy
F=U-TS

» Strong fluctuations =
divergent correlation length &, scale invariance

(d(z)p(2)) ~ e lz=1/8

» Observables — power laws with

model-dependent amplitudes, universal Figure:
exponents (1): Critical opalescence of ethane
T—T. Dr. Sven Horstmann (CC3.0)
(OT) =alr|°, 7= T (2): Field configuration at the critical point
C
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Critical point — observables

> Competing processes minimize free energy

F=U-TS
» Strong fluctuations =

divergent correlation length &, scale invariance

(d(z)p(2)) ~ e lz=1/8

» Observables — power laws with
model-dependent amplitudes, universal
exponents

(O(T) =alrl?, 7=

Microscopic details irrelevant = classical physics

cn?—m}

Figure:

(1): Critical opalescence of ethane

Dr. Sven Horstmann (CC3.0)

(2): Field configuration at the critical point
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Chiral endpoint of QCD cnc.-rm

» Universality class of QCD CEP: Z; Ising
A
m chiral SU(2)a symmetry sponaneously broken i b

] Order parameter </IZ}¢> ~155 _H.‘.,‘, Quark-Gluon Plasma
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Figure: Semi-Quantitatives
Phasendiagramm der QCD
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Chiral endpoint of QCD cnc.-rm

» Universality class of QCD CEP: Z; Ising

m chiral SU(2)a symmetry sponaneously broken T
m order parameter (1))

» Landau-Ginzburg-Wilson T:

Plo] ~ e PO,

1o > A
919l = 5 (Vo) + 5-0* + 50" — Jo

J=0 J
> J =0: Z symmetry ¢ = —¢
m m? < 0: spontaneous symmetry-breaking at Figure: Semi-Quantitatives
T<T, Phasendiagramm der LGW-Theorie

m order parameter M = (¢)
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QCD vs. Model m:ﬁ

et in-medium .
rompt photons remsstrahlung  jet-plasma
prompt photon: iefplasm decay photons

s L sts

. . . iy A
» Observing QCD matter in heavy-ion collisions i p..|
. 3 fose |
m transient process i ]
m equilibrium not guaranteed et

= Dynamics relevant for determining the CEP e ons "

thermal radiation

Figure: Visualization of a relativistic
heavy-ion collision (Chun Shen)

Study dynamics of LGW theory to make predictions about QCD
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Non-equilibrium field theory



Real-time QFT cnc.-rm

» Von-Neumann equation
up(t) = =i [ (1), p(1)]
formally solved by evolution operator

t

~

Ut,t’ = Texp <_1 ﬁ(t)dt> ) ﬁ(t) = Ut,fooﬁ(_oo)ﬁfoo,tv

tl

» Expectation values of observables:

A H{Oﬁ(t)} ﬁ{ﬁ_m,téﬁt,_mp(—m)}
OO =0y ™ {50}
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Real-time QFT cnc.-rm

» Von-Neumann equation
up(t) = =i [ (1), p(1)]
formally solved by evolution operator

t

~

Ut,t’ = Texp <_1 ﬁ(t)dt> ) ﬁ(t) = Ut,fooﬁ(_oo)ﬁfoo,tv

tl

» Expectation values of observables:

o m{opt)} {0000, p(—o0) )
OO = F Gy - R pTE—)!
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Closed time path cnc.-rm

)

jo8
—~
~

b - @-

~

p(—00)

Ve
/

» Closed time path:

Tr {U—w,mﬁw,tOUt,—wﬁ(_oo)}
Tr {p(—00)}
= Continue evolution of state p up to ¢ — oo
= Insert hermitian operator O at time ¢ on branches
= Generating function: H — Hif = H+ OV (t)
Tr {Oe[V]p(-o0) } oy
= =_
Tr {p(—o0)} (o) 2 6V (t)

(O()) =

Z|V] =

D. Schweitzer

Real-Time methods



Closed time path cnc.-rm

U,
w22 P21 P20 P19 P18 P17 P16 P15 P14 P13 9012\
=00 j(—00) U5 o0

't

¥1 ®2 ¥3 P4 ®5 ¥6 w7 ¥8 Y9 P10 P11

> Write partition function as path integral
m Discretize evolution along time contour )
m Insert unity in coherent state basis: 1 = [d[g, ¢]e™?" o) (¢

m Evaluate infinitesimal evolution operators Uy,

Tr{P to)} /Hd Py 03] exp ,Zl% gl

3
» Take formal continuum limit

= / D [p, 0] 179 S g, ] = /C dtdt' ()G (t,)p(t)
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Closed time path cnc.-rm

7= / D(p,¢] &S99, S(p,¢] = / At p(H) G (8, ) o)
C

> Rewrite action to get rid of contour integral, split fields into parts evaluated on forward
(p*(t)) and backward (¢~ (¢)) branch

Se.¢] = / ~ aar (@+(t) ¢—(t)) Gl (¢, 1) (so*(t’))

s o~ (t')

where
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Keldysh Rotation cnc.-rm

> Correlators are not linearly independent:
GT(t.t) — G (L) — G<(t, )+ GT(t,t') =0

= Change of coordinates: Keldysh rotation /% = \/Li (c,pJr + cp_)

Lo (G0 G _ (e e (e ee)
- G“’”‘(GA(zf,t') 0 )“1 (<f>q<t>§c<t'>> <£q<t>f>q<t'>>)
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Example: Harmonic Oscillator cnc.-rm

» Feynman Lagrangian action: S[¢] = [, dt [%(]52 — %8(252] = [.dt [%gﬁ? - V((p)}

D. Schweitzer Real-Time methods NA7-Hf-QGP | Oct 6, 2021 10 / 30



Example: Harmonic Oscillator cnc.-rm

» Feynman Lagrangian action: S[¢] = [, dt [%(]52 — %8(252] = [.dt [%gﬁ? - V((p)}
» Keldysh rotation: S[¢, ¢9] = fj;o dt [—2¢q<ﬁc — V(¢ + @) + V(¢° — ¢q)}
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Example: Harmonic Oscillator cnc.-rm

> Feynman Lagrangian action: S[¢] = [, dt [%qﬁQ - %§¢2] = [.dt [%gﬁ? - V(qﬁ)}
> Keldysh rotation: S[¢¢, ¢ = [72°dt [—2¢q¢§° —V(¢C+ @)+ V(o° — qu)}

> Matrix representation of Keldysh action for V(¢) = wd$?/2:

[Ggl] T (0 +ie)? —
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Example: Harmonic Oscillator cnc.-rm

> Feynman Lagrangian action: S[¢] = [, dt [%qﬁQ - %§¢2] = [.dt [%gﬁ? - V(qﬁ)}
> Keldysh rotation: S[¢¢, ¢ = [72°dt [—2¢q¢§° —V(¢C+ @)+ V(o° — qu)}

> Matrix representation of Keldysh action for V(¢) = wd$?/2:

[Ggl]A = (i0, — ie)? — w2
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Example: Harmonic Oscillator cnc.-rm

» Keldysh-rotated propagators:

' 1
GE(t, 1) = —i0(t — t')e~wolt=7 - Giw) = ——
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Example: Harmonic Oscillator cnc.-rm

» Keldysh-rotated propagators:

/ 1
Gt 1) = (' — t)e wolt' 1l - Giw) =g
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Example: Harmonic Oscillator cnc.-rm

» Keldysh-rotated propagators:

/ 1
A o —wolt'—t A —
GO (t, t/) = le(t, — t)e o | — GO (CU) = m

» G component in continuous notation is regularization:

Bw

Gy (w) = coth - [G{f(w) — GAW)

in equilibrium, with p(—oc) ~ e=#H — FDR
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Example: Harmonic Oscillator cnc.-rm

» Keldysh-rotated propagators:

/ 1
A o —wot' —t A —
GO (t, t/) = le(t, — t)e o | — GO (W) = m

» G component in continuous notation is regularization:

Bw

Gy (w) = coth - [G{f(w) — GAW)

in equilibrium, with p(—oc) ~ e=#H — FDR

Poles of retarded propagator are in the lower half-plane,
(GBY =G4, and GE =0
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Heat bath — Caldeira-Leggett cnc.-rm

» Couple bosonic particle in potential to infinitely many harmonic oscillators:

Sto. el = 161+ 5 | S (97 Gile (1)

where 3 = (¢, )"
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Heat bath — Caldeira-Leggett cnc.-rm

» Couple bosonic particle in potential to infinitely many harmonic oscillators:

Sto. el = 161+ 5 | S (97 Gile (1)

where 3 = (¢, )"
» Bath oscillators enter the action quadratically = can be integrated out by completing the

square
AG™Ht —t) [ZgSGOSt—t ]
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Heat bath — Caldeira-Leggett cnc.-rm

» Couple bosonic particle in potential to infinitely many harmonic oscillators:
Sto. el = 161+ 5 | S (97 Gile (1)

where 3 = (¢, )"
» Bath oscillators enter the action quadratically = can be integrated out by completing the

square
AG™Ht —t) [ZgSGOSt—t ]

» Introduce bath spectral density J(w) = 7> (g2/ws)d(w — ws) to get for propagators

1 () R(A) — ood_w’ 2w'J (W)
AGT @) /0 o7 () — (w+1e)?
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Heat bath — Caldeira-Leggett cnc.-rm

> Assume ohmic bath Jj(w) = 29wO(A — w) to arrive at Caldeira-Leggett model:

[AG—I(w)]R(A) =const + 2iyw  —  F290(t — t/)at/

[AG™H(w)]E = 4iyw coth% —  diy

7?2
2T +C)o(t —t') - sinh? (77 (t — t’))]

» Keldysh action:

“+00

stee. o = [

—0o0

t [ — 267 (OF +70;) 6 = V(6 +¢%) + V(¢ — ¢°)

o0 _ N2
+ 2y (2T(¢q)2+%TZ/+ g (#10) — 7)) )]

oo sinh? (aT(t —t'))
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Classical approximat2on cnc.-rm

» Go to limit i — 0: Expand around ¢9 = 0, keeping track of units

stoe. o = [

—0o0

[e.9]

t =269 (d 4267+ V/(69)) + AT (6] (1)
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Classical approximat2on cnc.-rm

» Go to limit i — 0: Expand around ¢9 = 0, keeping track of units

stoe. o = [

—0o0

[e.9]

dt [—wq (6 +ade+V'(69) + 4ivT<<z>q>2} (1)

» Eliminate term ~ (¢9)? via Hubbard-Stratonovich transformation, introducing Gaussian
random force &(t)

e~ T [dt(¢9)? _ /D[é(t)]e‘fdt[&@—zi@q] 2)
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Classical approximat2on cnc.-rm

» Go to limit i — 0: Expand around ¢9 = 0, keeping track of units

stoe. o = [

—0o0

[e.9]

dt [—wq (6 +ade+V'(69) + 4ivT<<z>q>2} (1)

» Eliminate term ~ (¢9)? via Hubbard-Stratonovich transformation, introducing Gaussian
random force &(t)

e~ T [dt(¢9)? _ /D[é(t)]e‘fdt[&@—zi@q] 2)

» Resulting action is linear in ¢9 = Keldysh Pl becomes delta functional

/D[¢C’ ¢q’ 5]6_47% fdtf2e_2ifdt¢q ($C+’Y<f;c+vl(¢c)_$) (3)
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Classical approximat2on cnc.-rm

» Go to limit i — 0: Expand around ¢9 = 0, keeping track of units

05,09 = [ a |28 (G v+ VI(69)) + 4T (Y] (1)

» Eliminate term ~ (¢9)2 via Hubbard-Stratonovich transformation, introducing Gaussian
random force £(t)

6—47det(¢q)2 _ /D[g(t)]e_fdt[hlqwfz—%fd’q] (2)

» Resulting action is linear in ¢9 = Keldysh Pl becomes delta functional

[ D et 19 (3 e v(69) ) ()

~
Langevin equation
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A word on interactions cnc.-rm

» Keldysh-rotating V(¢) o ¢* potential term yields

V(¢S +¢%) = V(¢ = ¢9) o< ¢9(¢°)° + (99)°¢°
~— ——

class. vertex quant. vertex
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A word on interactions cnc.-rm

» Keldysh-rotating V(¢) o ¢* potential term yields

V(¢S +¢%) — V(¢© — ¢9) o ¢9(¢°)® + (69)%0°
N—_—— N—_——

class. vertex quant. vertex

» Quantum vertex dropped for classical approximation
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Dynamical Models



Dynamical models cnc.-rm

> Self-interacting scalar field
» Equation of motion

59
00(Z,1)

m Hamiltonian dynamics
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Dynamical models cnc.-rm

> Self-interacting scalar field
» Equation of motion A

. B 09 . B
d)(l‘,t) - _W - 'YQS + 27T7I(937t)

(@, 1)) =0, (@, (1) =T — D)é(t' — 1)

m Langevin-dynamics
m energy conservation in the limit ¥ — 0 (Model C)
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Dynamical models cnc.-rm

> Self-interacting scalar field
» Equation of motion B

; o S )
o(7,t) = MVQW% =9+ 2yuTn(7, )

(n(@,1)) =0, (n(@, (& 1)) = —V264 (7 - &)3(t' 1)

m diffusive dynamics
m energy conservation in the limit v — 0 (Model D)
m order parameter M = [ dx¢(&,t) conserved

» Models A-D have same equilibrium state
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Dynamical models cnc.-rm

> Self-interacting scalar field
» Equation of motion B

; o S )
o(7,t) = MVQW% =9+ 2yuTn(7, )

(n(@,1)) =0, (n(@, (& 1)) = —V264 (7 - &)3(t' 1)

m diffusive dynamics
m energy conservation in the limit v — 0 (Model D)
m order parameter M = [ dx¢(&,t) conserved

» Models A-D have same equilibrium state

Discretization on spatial lattice

Integrate ordinary differential equations via leapfrog method
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The following footage may potentially trigger seizures for
people with photosensitive epilepsy.
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Spectral function cnc.-rm

» Decomposition of the two-point correlation function
GT(t,t) = F(t,¢) — %p(t, #)sgn(t —t) (4)

» Spectral function p, statistical two-point function F
» Thermal equilibrium: F(w) = (np(w) + 1/2)p(w) (FDR)
» Classical approximation: np(w) +1/2 —» T/w

= Obtain spectral function from derivative of statististical function

ot —t) = —%@F(t _ )
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Spectral function — results cnc.-rm

» Non-critical spectral functions

dominated by quasi-particle =169
structure
> Breit-Wigner with dispersion <
P
2 ’ITL2 (T) + p2’ A/C
w, =

pp*(m?(T) + p*), B/D

r=-033

Figure: Spectral functions of Model C (left) and Model D (right)
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Spectral function — results cnc.-rm

» Non-critical spectral functions

dominated by quasi-particle =169
structure
» Breit-Wigner with dispersion <
e
2 ’ITL2 (T) + p27 A/C

w. =
© w’(m*(T) +p?*). B/D
T=-0.33
P Langevin coupling ~ increases
decay width e

Figure: Spectral functions of Model A (left) and Model B (right)
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Critical dynamics cnc.-rm

The following footage may potentially trigger seizures for
people with photosensitive epilepsy.
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Critical point — dive ion ti cnc.-rm

d =2, Model A

fit ——
int e 1
10°

» Quantified via multi-time correlation function o 0 o1

-

(@(B)p(t)) ~ e 111/

10* b

> Large clusters show less movement
(“critical slowing-down™)

&

10% -

fit ——

» Correlation time = critical time scale &
m Correlation time diverges at critical point = scale )
invariance extends to time direction o1 o o1
m New critical exponent z

&

Figure: Divergent
z . .
&~ & correlation time at the
critical point

D. Schweitzer Real-Time methods NA7-Hf-QGP | Oct 6, 2021



Critical dynamics — universality classes cnc.-rm

> New universality classes depending on properties of
dynamics d =2, Models A/C

-+ conserved charges
-+ dynamic mode couplings

» LGW with equation of motion A/B: Model A-D
> QCD: Model H, more complex

Model A B C D
H - - v v
(¢) - v - v
z 2—cn 4-n 24a/v (4—n)

Table: Dynamic universality classes (“Models”) after
Hohenberg and Halperin
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Critical dynamics — spectral function cnc.-rm

d=2,g=01, z=217

e p20.025

— 1 —x— p=0.
5 b= 019
< 10! p = 0.390
i i i A‘A 10-2 LF } i
» Slow dynamics — large IR contribution . T ‘ :
10~ : : 3
. . . - . 10*2 100 102
» Correlation time diverges = scale-invariance i

d=2,g=0, z=2.00

plw,p,7) = sz_np(szw, sp, sl/”T) w0

= p(w,p,0) =p Cp(w/p*,1,0)

P*7p(w,p)

» IR part described by universal function p(zx, 1,0)

Figure: Spectral functions of Model A
(upper) and Model C (lower)
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Critical dynamics — spectral function cnc.-rm

d=3,v=10, z=3.96

» Model B: critical spectral function still has - 122 | - ﬁiégé
. . : 3 —— p=0.091"
Breit-Wigner shape, overlap for w < T’ < g ngf\ ]

> Modified dispersion relations = 12:: 1 N

1072 10° 102 10* 166
2 4— = o/p"
wy~p T Tp(y) ~p™ + el

d=2,v=00,z=214

= Extract scaling function analytically 102 S p-oim
o e p= 0023
2 < 2 $=0.006 |
pwl’ w<lp _(2—p) i £ H
p oP(w/p*,1,0 107
(W? —w2)? + T2w? poP(w/p",1,0) 106 Lot BN
1 1072 10° 10 10* 106

z, =&/p*

P(z,1,0) =

z+1 i i
x Figure: Spectral functions of Model B

(upper) and Model D (lower)
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Non-equilibrium scaling cnc.-rm

The following footage may potentially trigger seizures for
people with photosensitive epilepsy.
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Non-equilibrium dynamics

» Probing the QCD phase diagram with HIC
— System evolves in real time

1. maximum compression

2. expansive cooling

3. phase transition

4. freeze-out
= “Trajectories” in phase diagram

m & diverges at critical point

m system cannot equilibrate

» Emergence of non-equilibrium effects

D. Schweitzer Real-Time methods

cn?—m}

‘ .
uark-Gluon Plasma
~155 ummmunmuun \
n
SN
L f R
e Critical
2 Point?
e
3
: Hadron Gas
3
@
Color
Vacuum Liquid- Nuclear Supcl

~15 Gas —p
Transition

Matter  Neutrg

~923

Baryon Chemical Potential (MeV)

Figure: Semi-quantitative phase diagram

of QCD
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Non-equilibrium dynamics cnc.-rm

» Probing the QCD phase diagram with HIC
— System evolves in real time

1. maximum compression
2. expansive cooling

3. phase transition

4. freeze-out

= “Trajectories” in phase diagram

m & diverges at critical point
m system cannot equilibrate J=0

J

» Emergence of non-equilibrium effects Figure: Qualitative LGW phase diagram
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Non-equilibrium dynamics — critical quench cnc.-rm

» Bachelor thesis by C. Kummer
> System thermalizes at T, Jy for times ¢t < 0

(M (1))

70 = 0.16, Jo = 0.01 +——

P Instant quenchto T'=T,, J=0att=0 01 b 75 =010, Jo = 0.01 —
S I . . | o M t 0 o = 0.0(?', Jo = 9.10 e
= Scale-invariance, new exponent re-scales mg = M (¢t = 0) B T —

~

M(t,7,mg) = S_B/VM(S_Zt, sl/”T, s"myg)
= M(t,7 =0,mq) =t V" M(1,0,t%/*mg) 1

H%qmw ‘ ‘
01 ‘MW
= Small t%0/2mgy = initial slip M(t) ~ t? 70 = 0.014, Jo = 0.0003
m Large t%0/*mgy = aging M(t) ~ t=P/* 001 ’182318133 ﬁ 20,0100 =
W0 10 10t 10
t

(M (1))
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ilibrium dynamics - universal functions cnc.-rm

Frpre .
Ol = 7 =016, Jp = 0.01 ——1ss

universal function o = 010, Jy = 0.01 s
0.01 T = 0.06, Jo = 0.10 -
BNt T = 0,mg) = M(1,0,t*/*mg) | 10
mot? 8/

d=3

=0 (M(1)) /mo

> Thermalization after critical quench described by

Universal functions

Exact description of M (t)
0.1 & 0 = 0.014, Jo = 0.0003
7o = 0.014, Jo = 0.0010 r

7o = 0.014, Jo = 0.0100
10

=0 (M(t)) /mo

0.01
0.1 1
mot? 8=
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ilibrium dynamics - universal functions cnc.-rm

10 T T

/

> Thermalization after critical quench described by

HOVES
B

=0.10, J = .001 ——
. . 7=0.16, J = .01 +———
universal function 0.1 TS0 =0 e
7=0.10, J =. —e—
t2E(t T = 0,mo) = £(1, 0, %/ *mg) 1 10
mot? +8/v=
d=3
Universal functions 10 ‘ ‘

Exact description of &(t) :

1 L
=001, J=.0002 ——
=001, J = .0006 ——
0.1 b7 =001, J=.001 +—x— 3
r=001,J=01 —=—

HOVES

1 10
7,L0t0’+ﬁ/uz
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Conclusion & Outlook



Conclusion cnc.-rm

> Investigate non-equilibrium behaviour of T=-033 10!

QFTs with Schwinger-Keldysh formalism

» C(lassical-statistical simulations powerful
tool for critical dynamics
m Spectral functions
m Dynamic critical exponent
m Non-equilibrium scaling
m Energy-momentum tensor

1072

RONES

7 (M(1) fmo
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Outlook cnc.-rm

> More classical-statistical simulations
m Different dynamical models, leading to

Model H 1 ®
m More non-equilibrium effects Quark-Gluon Plaer S
~155 0110
@ realistic trajectories u
@ dynamic phase ordering 3 E'arly f 20p,,
o Kibble-Zurek mechanism g [dere Foiney
e
» Alternatives to classical-statistical g Hadron Gas
. . ©
simulations:
. . .. - Nuclear
m Corrections to classical limit, le“’“""m el BEET nutr)
. Transiti Stars|
e.g. Gaussian states (see Talk by Leon) i

~923  Baryon Chemical Potential (MeV)

m FRG on the Keldysh contour (see Talk by
Johannes)
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Outlook cnc.-rm

> More classical-statistical simulations
m Different dynamical models, leading to

Model H 1 .
m More non-equilibrium effects sl Quark-Gluon Plaer S
o realistic trajectories it
@ dynamic phase ordering g E'arly f 20p,,
o Kibble-Zurek mechanism g [dere Foiney
. . - £
» Alternatives to classical-statistical g Hadron Gas
. . e
simulations:
. . .. - Nuclear
m Corrections to classical limit, le“’““”'" e Makter e conduiel
. Transiti ars|
e.g. Gaussian states (see Talk by Leon) e P o FH SR
o~ aryon iemical Potential €'
m FRG on the Keldysh contour (see Talk by
Johannes)
Thank you for your attention! J
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Appendix



Critical point — scale invariance cnc.-rm

» Scale-invariant free energy: invariant under rescalings * — /s

Fong(,J,...) = SdFsing (s¥i7,8%2J,...)

_T-T.

P external field J

with reduced temperature 7
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Critical point — scale invariance cnc.-rm

» Scale-invariant free energy: invariant under rescalings * — /s

Fong(,J,...) = SdFsing (s¥i7,8%2J,...)

= I-T

=7

» Derivatives of scale-invariant free energy are scale invariant, e.g. magnetization M with
external field J

with reduced temperature 7 , external field J

M(r,J) = %F(T, J) = s¥274M (sY1 7, s92.7)

d—
= M(r,J =0) = |r| " M(sgn(r),0)
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Covariant representation cnc.-rm

> Model A Lagrangian
1 y m? 5, A,
27 2 4!

» Equation of motion

0= 0,6+ m’o 3o
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Covariant representation cnc.-rm

> Model A Lagrangian
1 y m? 5, A,
27 2 4!

» Dissipative equation of motion
v 2 A v
0=0,0"p+m¢p— E¢+’yu1,8 ¢ — /27T

with heat-bath velocity u”
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Covariant representation cnc.-rm

> Model B Lagrangian

2 A

1
£=EVKVK + KDrg+ 5V,69"6 — 6% — 2o

» Equations of motion

0=D,K+09,V'¢+V'(¢)
0= D;¢— pud, V'K

with heat-bath velocity u”,

longitudinal derivative D, = u,0¥ — 0O,
transversal projector AV} = g¥* — u¥u?,
transversal derivative V¥ = A**9, — v

D. Schweitzer Real-Time methods NA7-Hf-QGP | Oct 6, 2021 32 /30




Covariant representation cnc.-rm

> Model B Lagrangian

2 A

1
£=EVKVK + KDrg+ 5V,69"6 — 6% — 2o

» Dissipative equations of motion

0=D,K+09,V'¢+V'(¢)
0=D;¢p—puo,V'K +~vD,¢p — /27T

with heat-bath velocity u”,

longitudinal derivative D, = u,0¥ — 0O,
transversal projector AV} = g¥* — u¥u?,
transversal derivative V¥ = A**9, — v
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