Introduction to Lattice QCD

J. N. Guenther

October 4th 2021 to October 8th 2021



@ Basics of Lattice Field Theory
@ The Pathintegral of QM
o Lattice QCD
@ The gauge action
@ Lattice Thermodynamics
© A numerical simulation of SU(2) gauge theory
@ SU(2) parametrization
o Update Algorithms
o Timeseries and observables
o Jack-Knife-Error
@ Physical dimension
0 Lattice QCD
o Fermions
@ The Sign Problem
@ The crossover temperature
o Fluctuations
@ Equation of state
@ Outlook - Lattice simulations with high ug



Basics of Lattice Field Theory

The Pathintegral of QM



Basics of Lattice Field Theory

The Pathintegral of QM

The path integral quantization: from M to QM

Mechanics:



Basics of Lattice Field Theory

The Pathintegral of QM

The path integral quantization: from M to QM

Mechanics:




Basics of Lattice Field Theory

The Pathintegral of QM

The path integral quantization: from M to QM

Mechanics:

Anecdote of Feynman:

[A. Zee]
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The Pathintegral of QM
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The Pathintegral of QM

The Pathintegral of QM Il

Combining the Amplitudes:
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Now one could start a Lattice QM simulation or take the continuum limit:
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The Pathintegral of QM

From QM to QFT

l’ fl l! . . . . .
’ Going to many particles that interact with some potential:
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Basics of Lattice Field Theory

Lattice QCD

Wick rotation

'S is an oscillating function
(e = cos(x) +isin(x))
This has a sign problem!

Solution:
Go from Minkowski space to Euclidean space. This a called a Wick rotation.

t —ir

/DgoeiS —>/D<pe_5

Price to pay: Some quantities (like real time) become very hard to access.
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The QCD Lagrangian
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Basics of Lattice Field Theory

Lattice QCD

Observables in Lattice QCD

DIU]DYDypOe~ 5 ~%¢ -
<O> — f [U] w_ woe _ l /D[U]Dd)szOe*SF['waU]*SG[U]
| DIUIDyDipe—5r—S¢ Z
Fermions are represented by Grassmann variables: 1) = —1)

/ DYDype™F = det M[s), U]
M is the fermion matrix (sorry, no time for the derivation). This leaves us with:
1
=1 / D[U]O det[M]e—5¢

The calculation of the fermion determinent M has to be redone everytime the gauge fields
change. This is computationally very expensive. If one ingnores the dependence of M on the
gauge fields one end up with so called Quenched QCD.
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Basics of Lattice Field Theory

The gauge action

Link variables

In the continuum:

1 v
£ = _ZF:VFQH

Fuw = 0,A, — 0,A, —ig[AL, Al ,,[

1

with

On the lattice instead of the fields A one uses the link variables U. They relate to the

continuum A: .
Ugp = €€ U, € SUB3), (detU=1, U =U")
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The gauge action

Lattice gauge action (unimproved Wilson)

R Uerfhu
. . C e e . . TtV > 4D+
The field strength tensor describes the infinitesimal change of the fields
per area, if they are transported in an infinitesimal circle. Due to U 1 h
the discrete nature of the lattice there cannot be an object like an " sHhY
infinitesimal circle. Instead one uses a plaquette, which is the smallest ) - )
square on the lattice. ‘ T

Plaquette:
U = U Uy UL UT

X+0,pu T xv

The gauge action:

S =5 3 YR (- Ue)

x pu<v
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The gauge action

From lattice and continuum

Starting from the plaquette:
U = U Ugs UL UL

X+D,u IxXv
To relate this with the continuum action one can Taylor expand this expression to recover the

field strength tensor in equation. Since the gauge fields do not commute with each other on
has to make use of the Baker-Cambell-Hausdorff-formula

1
eAeB — A+b+IIABI+

during this expansion.
Replacing the link variables in the plaquette with the the continuum fields yields:
U, = 8345w 183 1,v o 183A D, 1 o —183AK

2,2
BCH igae, +igoAus i — T Aeu Aci o o+ O(8%) g —189Ac1.0,1— 18940 — T [Avy 5,10 A 1+O(a)

22
BCH . . .
= exp (lgaAX# +igaAsip — i8aAts 4 — i8aAG + 2g (—[Axt2.1, Acv] = [Axp, Axtio ]

+[A></u Ax+9,u] + [Axuy Axy] + [Ax+ﬁ,ua Ax+ﬁ,u] =+ [AX+/l,l/’ AXV]) + 0(33))
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The gauge action

From lattice and continuum Il

The A fields themselves can now be expanded in a as
2
Astip = Aw + a0, Ax + O(a%).
This results in the expression
UX w — eiazg(aquu—3quu+ig[Axu,AXV])+O(33)
_ eiaZgFW,
for the plaquette. Another expansion in a? yields

34 2
U = 1+ i8%gF, — T2 (Fu )’ + O(°)

Taking the real part removes the a° term.
Looking at higher order terms can allow for other construction where some higher order terms
are cancelled. This leads to improved gauge actions.
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Basics of Lattice Field Theory

Lattice Thermodynamics

QCD Thermodynamics

Aim: Defining a temperature T.
The partition sum of a QM systhem compared to the path integral:

Z(T)=tr e w7 ) —tr (e ) Z= D[UIDYDype*
() =) 2=

with 8 = % and kg = 1. The trace demands periodicity (up to a phase factor) in the time
direction. The bosonic fields are periodic in time while the fermionic fields are antiperiodic. This
allows to identify the temporal extent of the lattice alV; with the inverse temperature

1
aNt = 7 = ﬂ
If one takes the limit 5 — oo at constant N; the temperature vanishes, while if 5 — 0 the
temperature rises to infinity. To keep the temperature constant while taking the continuum limit
alN; has to be constant while a goes to zero. This is achieved by keeping the ratio % constant

while increasing N; and Ns to approach the continuum.
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The work flow

simulation parameters

| e« «

C

10 20 30 40 50 60 70
t

Wuppertal-Budapest  STAR Preliminary data
=12 p: 04<pr <20GeV, |y| <0

05




A numerical simulation of SU(2) gauge theory

SU(2) parametrization

@ Basics of Lattice Field Theory

© A numerical simulation of SU(2) gauge theory
@ SU(2) parametrization

0 Lattice QCD



A numerical simulation of SU(2) gauge theory

SU(2) parametrization

SU(2) matrices
The gauge fields U are SU(2) matrices. This

means:
ut=ut
detU =1
function getzmatrix(A::Arragr{Floatsél,l})
. . C = zeros(ComplexF64,2,2
The U can be written in the form cr1, 1) o Aa) ¢ imed 13]
C[1,2] = A[2) + im*A[1]
C[2,1] = -A[2] + im*A[1]
3 c[2,2] g A[4] - imxA[3]
return
X = Agoq + i E Akok end
k=1
h the Pauli matri d o4 is th c=(Mtih Aatid
w.ereak e'lre e Pauli matrices and o4 is the Ay +iAL A, —iAs
unity matrix.
Alternative:

U =exp Zao,



A numerical simulation of SU(2) gauge theory

SU(2) parametrization

Lattice and neighbor table

@ 6 dimensional array
o first three components for N3
o 4th component: N; e e The e RS e L At P aranstare)
@ 5th component: direction of the gauge R R
field end
@ 6th component: matrix

@ initialized by unit matrix

function pos(x::Int,y::Int,z::Int,t::Int,

. ::SimulationP t )
@ function that tells you the next or P turn [modi (x,parans.is), modi(y,params.Ns),
. I tt d ona modl(z,params.Ns), modl(t,params.Nt)]
previous lattice siae

@ keep periodic boundaries in tact

@ often stored as a table



A numerical simulation of SU(2) gauge theory

SU(2) parametrization

Update algorithm

Aim: Generating new configurations of U,.
Conditions for correct configurations:

o For the transition probability T(U'|U)

from U to U’ it has to be
o For all U and U’ there is a k, so that

T(U|U)>0 YU

TKU'|U) >0
@ The sum over all transition probabilities is
one: (ergodicity)
Z T =1 vU. Many algorithms fullfill the Detailed-Balance-
v Condition instead:
o For the probability P(U’) to find the
systhem in the state U’ it has to hold T(U'IU)P(U) = T(U|U)P(U')

(stability condition)

P(U) =D T(UU)PV).
U
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SU(2) parametrization

Staple

A= Z (Uer/ﬁ,,V Ux+ﬂ+19,fp, Ux+19,71/ + Ux+ﬂ,7u Ux+ﬂ7f/,7p, UX*I’),V) .
VER
If one link variable is changed the action changes by:

B /
AS = =2 t((Uy, = Un)A).

v=2

(noy,fisy) function single_statple(x::Array{Int,1}, dir::Int,
u T2 lattice::Array{Float64,6}, p::SimulationParameters)
A = zeros(Float64,4)

< » v
<« > v=1 for i in 1:4
(n, 7. if i != dir
Ul = get_U(pos(x+ev(dir),p), i,lattice)
U2 = get_U(pos(x+ev(i),p), dir,lattice)
U3 = get_U(x,i,lattice)
A += mult (U1, dagger(U2), dagger(U3))
(ny,i) Ul = get_U(pos(x+ev(dir)-ev(i),p), i,lattice)
" S " U2 = get_U(pos(x-ev(i),p), dir,lattice)
U3 = get_U(pos(x-ev(i),p),i,lattice)
A += mult(dagger(U1), dagger(U2), U3)
end
end
return A
end

[Gagliardi:2017uag]
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A numerical simulation of SU(2) gauge theory

Update Algorithms

Metropolis algorithm

@ starting with a random configuration

e one U matrix 1s Changed function single_metropolis!(x::Array{Int,1}, dir::Int,
lattice::Array{Float64,6}, p::SimulationParameters)
for k in 1:8

© the change in the action AS is calculated Usger U dir, lattice)
- Zeros(Float64,
. . . = d(Float64,4) .- 0.5
@ o AS <0 the new configuration is 2D tare(eun(rl18].°2))
epsilon = 0.1
accepted xE4] 7 copysign(sart (i-epsilen2), r[a])
. X[1:3] = sil * 1:3
@ a random number r € [0.1) is computed U_new = mait (X,0)
A = single_statple(x,dir,lattice,p)
delta_S = - .bet / 2.0 x t (mult (U_: .= U, A))
. N . o delvas - = pbeta race (ma new
o if r <= e~ > the configuration is if test <= exp(-delta_S)
accepted set_U!(x,dir,lattice,U_new)
o if r > e~A5 the configuration is ena 7
. d
rejected .

@ go back to step 2



A numerical simulation of SU(2) gauge theory

Update Algorithms

Heatbath algorithm

Create X € SU(2) as: X = agog + "Zle ao

Where Fhe a are rapdom.numbz'ars drawn from Advantage:

a spherical distribution with radius /1 — a3.

ag is created from a distribution proprtional to
1 — ageka(): @ Smaller auto-correlation

function single_kennedy_pendleton!(x::Array{Int,1}, dir::Int,
Qo Draw 4 random numbers rntorn from a lattice::Array{Float64,6}, p::SimulationParameters)
staple = single_statple(x,dir,lattice,p)

unity distribution of the interval [0, 1]. k= sqrt (det (staple))

o Lattice is changed every time

U_bar = staple ./ k
O Calculte x = ~4ip) ung ' = bl R
© Calculate ¢ = cos?(27r3). git;}:{ -, 20
Q Calculate a = xc and § = x’ + a. . set_U!(x,dir,lattice, mult(U, dagger(U_bar)))
If 7 >1— % go back to step 1. Else you get:

ay=1—20 and Upe, = XUT
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A numerical simulation of SU(2) gauge theory

Timeseries and observables

Polyakov Loop

Ne—1

P(x) = tr H Uit
k=0

function single_ploop!(x::Array{Int,1}, lattice::Array{Float64,6},
p::SimulationParameters

W = zeros(Float64,4)

wlal = 1.0

for x[4] in 1:p.Nt

W = mult(W,get_U(x,4,lattice

T,Y, 2 ond W, g ( )
return trace (W)




A numerical simulation of SU(2) gauge theory

Timeseries and observables

Timeseries

18 — Reatoath
Things to note: 16
@ Thermalization time g
o Both algorithms give the same number f§”
@ longer auto-correlation time in Metropolis %::
@ more jumps in Heatbath 0:6
0.4

0 1000 2000 3000 4000 5000
#config
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Jack-Knife-Error

Jack-Knife

A numerical simulation of SU(2) gauge theory

We need a way to calculate the statistical error
through out our analysis that also allows to account
for correlations. Solution: Jack-Knife (or Boostrap)

method

@ Divide the data in N blocks. Each block should
be larger than two autocorrelation times.

o Calculate the mean of the data where the kth
block is missing (you end up with N mean
values Ok. The error is:

g(o) =

(Zhoi- 4 (Sho))w-n

N

function createJK(C::Array{Float64,1}, NJK

::Int)

blockl = mod(length(C), NJK)

result = ones(NJK+2)*sum(C[1:blockl*NJK])

for i in 1:blockl*NJK
current_block = mod((i-1), blockl+1l)
result [current_block+1] -= C[i]

end

result [2:NJK+1] /= blockl*(NJK-1)

result [1] /= blockl*NJK

error = sqrt((sum(result[2:NJK+1]."2)
-sum(result [2:NJK+1])"2/NJK)*(NJK-1)/NJK)

result [NJK+2] = error

return result



A numerical simulation of SU(2) gauge theory

Jack-Knife-Error

Beta scan

function betaScan(Ns::Int, Nt::Int, betas::Array{Float64,1}, N:
pl = zeros(Float64,length(betas),4)

open(@sprintf ("%ix%i_ploop.dat", Ns,Nt),"w") do file .
for (i,beta) in enumerate(betas) 08 M

println("beta = ", beta) .
pl_traj = zeros(Float64,N) 0.7
params SimulationParameters (Ns,Nt,beta) .
lattice = create_lattice(params) _ 06
for k in 1:N 3 :

kennedy_pendleton!(lattice,params) k] .

pl_traj[k] = ploop(lattice,params) 205
end %
result = createJK(pl_traj[100:end],50) 204
plli,1] result [1] s
pl[i,2] = result[end] z
result2 = createJK(abs.(pl_traj[100:end]),50) ©03 +
plli,3] result2[1]
plli,4] = result2[end]

0.2
println(file,@sprintf ("%.2f\t%.5e\t%.5e\t}.5e\t%.5¢e"
end 0.1 .
end . . . .

return pl

18 2.0 2.2 24 26 2.8
end
beta



A numerical simulation of SU(2) gauge theory

Jack-Knife-Error

(phase) transitions

Finding a first order phase transition:
@ two distinct phases are visible

@ jump in order parameter becomes steeper 175
with larger volumes 150

@ hysteresis curve

@ volume scaling of susceptibility

abs(polyakovloop)

Finding a second order phase transition:
o critical volume scaling

Finding an analytic transition:
@ slow change in order parameter

@ no change with volume

—— metroplis
—— heatbath

0 1000 2000 3000 4000 5000
#config
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A numerical simulation of SU(2) gauge theory

Physical dimension

Correlators and masses |

The Euclidean correlator (O2(t)O01(0)) 1 — (O2){(O1) can be calculated as:

(0x(£)01(0)) T = ZiTtr [e—U—f)*"'oze—fF'ol] — (0]0:0)(0]O4[0)

Zr =tr [e_T’:’} :Z n|e_TH| Ze‘TE

with a complete basis |n) where E, are corresponding elgenvalues/energy levels.

(0A)01(0)) 7 = 5 tr [e"T-970,e~ 0]

T

with

Z Z m| (T- tHO e—tH01|m>

1 ~
=7 Z(m|e‘ T_t)H(92|n><n|e_tH(91|m>

1 —(T—t)En —tE,
:Z—T;e( OEn (m|Oy|n)eEn (n|O1|m).



A numerical simulation of SU(2) gauge theory

Physical dimension

Correlators and masses I

Plugging in Zt:
Y€ T En e (m]Oa|n) (n|O1| m)
S, e TE
B TRy e (T OE B B E) |0y ) (n]O4 | m)
e Th Y e T(E—E)
Y€ O EE) e HEE) (| Oy ) (n] O1|m)
Zn e—T(En_ED) ’

Taking the limit T — oo leaves only one term of the sum over m, where E,, = Ey. In the
denominator only the first term is left. It becomes 1.

(O1(1)041(0)) = Z<O|02|n><n|01|0>e—t(En—E0).

n

(Oa2(t)01(0)) T =

Putting E, — Eg = AE,:
(02(£)01(0)) = > (0]|O2|n)(n|O1]0)ye~ *AE

n



A numerical simulation of SU(2) gauge theory

Physical dimension

Correlators and masses IlI

{O2()01(0)) = Y (0|O2|n) (n|O:1[0)e~ A

n
For large t large AE, are suppresed. The ground state E dominates. The expression is
proportional to e *f with a constant C:

C = (0|0,0)(0]O1]0).

If one choses O and O, as creation and anhiliation operators of a particle one can determen

its mass by defining
Ne—1

Fo(t) = Y (O(1)O(to + t)) — {0)?

to=0

for periodic boundary conditions this will have the form

[(t) = Acosh (M (% - t>> e



A numerical simulation of SU(2) gauge theory

Physical dimension

Correlators and masses - numerics

0.9015 1

@ There are no real particles in SU(2) gauge

o Looking at the correlator of the plaquette

o In QCD typical: Q mass, or decay
constants f., fx

0.9000

C(t)

0.8995 4

@ Deciding when the excited states are gone 0.8990
o Fitting the rest of the correlator (strong 0:8985 1
correlaton!) 089801t bt arenreeneteet]

0 5 10 15 20 25 30 35 40
t

@ Here: only 1 parameter 8. No tuning necessary, just determining the temperature/lattice
spacing

@ in QCD: each quark brings an adittional parameter m, they have to be tuned to match
physical parameters m,., mg

@ The choice of parameters is called Line of constant physics (LCP)

@ The tuning has to be repeated for each lattice size
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Physical dimension

The work flow

simulation parameters
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C
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t

Wuppertal-Budapest  STAR Preliminary data
=12 p: 04<pr <20GeV, |y| <0

05




Lattice QCD
Fermions

@ Basics of Lattice Field Theory

© A numerical simulation of SU(2) gauge theory

0 Lattice QCD
@ Fermions



Fermions

Fermions on the lattice

o free fermionic action in the continuum (one flavor):

Se(, D) = / A XT(x) (10,0 + mY(x)

@ Naive discetiziation:

Se(,9) = 3 0(n) (ZM(”“‘);“” ) mw(n)>

neA p=1




Lattice QCD

Fermions

Gauge invariance

o QCD is a gauge invariant theory — S is supposed to be gauge invariant
o gauge transformation Q € SU(3)(Q~! = Qf, detQ = 1):

() — ¢'(n) = Q(n)y(n)
&(n) — ¥ (n) = P(n)Q" (n)

@ gauge invariance S = Sf

@ mass term is gauge invariant

d(nymp(n) — G(m)Q (n)mQ(n)yp(n) = P (n)mip(n)



Lattice QCD

Fermions

Restore gauge invariance

o t(n)(n £ p) is not gauge invariant:

P(n)(n + p) — P ()’ (n + p)
= P(n)Q (M)Q(n + p)p(n + p)

e Solution: ¢(n=+ p) — Uspu(n)(n=+ p)

F(, ) =Y d(n (Z Unlnyln+ 1) ;aU,H(n)w(n ) + md}(n))

neA p=1



Lattice QCD

Fermions

Fermion doublers

@ Naive fermionic action:

Se(4.0) =Y 0(n) (Z Yulrplont i) ~ Uoulnhplo i) mw(n))

2a
neN pn=1

@ if a massless, free fermion propagator is calculated from this action on gets a term
1
X =5
Zp, sin (pﬂa)
@ Continuum propagator
1
“ —
p2

Continuum: one pole at p = 0 corresponding to one fermion

Lattice: pole whenever p, € {0; T}
@ 16 fermions on the lattice (15 are called doublers)



Fermions

Wilson quarks

aim: elimination of doublers
doublers are made heavy in the continuum limit

adding a new term to the Dirac operator that
vanishes in the continuum limit

adds an additional mass term to the Naive fermionic

action:
2/
m-— m+ —
a

I'is how often = appears in p,

Only the one fermion p, = (0,0,0,0) remains
this extra term breaks chiral symmetry

Lattice QCD

Py mass m+2;'
(0,0,0,0) m
(Z,0,0,0) m+ 2
(5.5:0.0) | m+3
(5:5:3.0) | m+3
(5553 m+3



Lattice QCD

Fermions

Staggered Fermions

@ Also named Kogut-Susskind-Fermions
o Constructing an action diagonal in Spinor space

@ These leads to four groups, that are exact copies of
each other

@ Three groups can be dropped (spinors only have self
and nearest neighbour coupling)

@ In the process of rearranging the v matrices get
replaced by the staggered sign functions 7

The staggered action in terms of quark fields:

n

Srlg.al = (2a)* Y (ma(n)q(n)) + D tr (@(n)yuV,uq(n) —a Y tr (G(n)rs2,q(n)7.s)

taste breaking term

Going to one taste by taking the 4th root of the action. This is called rooting and is not local.
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Fermions

Overlap quarks

theoretically most elegant (implement exact chiral symmetry)

Dirac operator fulfills lattice Ginspark-Wilson relation: Dvs + v5D = aD~sD
Dovertap = £ (1 4 y5sgnH)

(H is an appropriate kernel)

The sng() function requires taking the square root of a large matrix

this is expensive



Lattice QCD
The Sign Problem

@ Basics of Lattice Field Theory

© A numerical simulation of SU(2) gauge theory

0 Lattice QCD

@ The Sign Problem



Lattice QCD

The Sign Problem

Why aren’t we finished yet?

@ Simulations take a lot of computer time

@ Not everything can be calculated directly. For example:
o Only thermal equilibrium

o Only simulations at pg = 0= (ng) =0
heavy ion collision experiments

1000 configurations on a 643 x 16 lattice cost about 1 million
core hours

iteration count

[ 50 100 150 200 250 300 350 400
temperature [MeV]



The Sign Problem

The (T, ug)-phase diagram of QCD

UB
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The Sign Problem

The sign problem

The QCD partition function:
Z(V, T, p) = /'DU'D?&D@ e SF(U.4,0)—BSc(V)
= /DU det M(U)e P56V
o For Monte Carlo simulations det M(U)e~?%¢(U) is interpreted as Boltzmann weight

o If there is particle-antiparticle-symmetry det M(U) is real
o If 42 > 0 det M(U) is complex
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The Sign Problem

The sign problem

e 5 e 2% 100 5 e 3% N 5 e=3% 200
100 — x ~ 100 — x = 100 — x Rk
[ =~ [ 0000 =3 000 a5y

The x; are drawn from a uniform distribution in the interval [—100, 100]

N = 1000
A =18.89%

N = 10000
A =5.79%
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The Sign Problem

Importance sampling

The x; are drawn from a normal distribution

N =100
A =0.11%

N = 1000
A = 0.04%
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The Sign Problem

The sign problem
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The sign problem
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The Sign Problem

The sign problem

o0 —ix2
e 2
100 — x*)—
/ ) o
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The Sign Problem

Dealing with the sign problem

@ (Sign) Reweighting
techniques

Canonical ensemble
Lefshetz Thimble

Density of state
methods

Dual variables

Complex Langevin
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The Sign Problem

Dealing with the sign problem

@ (Sign) Reweighting

techniques 055 ¢ : —
05 (np/T)* <0 xiam —.—
B b /T > 0 data
o Canonical ensemble 045 Fugaciey expansion for (G (o TS w0
) ¥ Polynomial fit to —10 < (up/T)? < 0
o Lefshetz Thimble
o Density of state [Borsanyi:2021hbk]
methods 2
o Dual variables o ‘ ‘ ‘
. " 10 —5 o 5 10
@ Complex Langevin (hn /)
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The Sign Problem

Dealing with the sign problem

@ (Sign) Reweighting
techniques 055 ¢ :

"(us/T)? < 0 data —e—
(pp/T) > 0 data —e—

@ Canonical ensemble 045 - Tugacity expansion for — (6m)2 < (up/T)% < 0
) ¥ Polynomial fit to —10 < (up/T)? < 0
@ Lefshetz Thimble

o Density of state
methods

[Borsanyi:2021hbk]

@ Dual variables

@ Complex Langevin (hn /17"

@ (Taylor) expansion

@ Imaginary p
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The Sign Problem

Analytic continuation from imaginary chemical potential

.
2
O
2
:G)

=
:G)
Qo
o
o

Common technique:

o [deForcrand:2002hgr]
continuation ("] [Bonati:2015bha]
AP o [Cea:2015cya |
N i o [DElia:2016jqh]

o [Bonati:2018nut]

o [Borsanyi:2018grb]

o [Borsanyi:2020fev]
242 202 167 1.22 ° [Bellwied:2021nrt]

lattice simulations | real chemical potentials

*--

L2/T2 ° ...
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The Sign Problem

Different functions

Analytical continuation on Ny = 12 raw data

0.15
& 0.1 ,,,,,,,,,,,,,,,
ISy ; ; ' '
Eg ; . : ;
SRk
o N e
0.05 [ T=145MeV T d+bpPept B
(a+ba7)/(1+ )
0 Fot bl b2 e sing) A
-8 -6 -4 -2 0 2 4 6 8

(uB/T)* = —p?
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The Sign Problem

Different functions

Condition: xg < x4 — f(fig) = a+ bfik + cif + 250

Analytical continuation on N; = 12 raw data

0.15 f

0.1}

T d(p/T*)

ug d(us/T)

0.05 F p_j45Mev
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The Sign Problem

Expansion from =0

P c© o 4
BS ~j ~k
i = ZZJ—kXJk PPsis

with i = &

@ rapid convergence in
Stephan-Boltzmann (T = c0)
limit

@ expansion coefficients are lattice
observables




The Sign Problem

Lattice QCD

Expansion from =0

P c© o 4
BS ~j ~k
T = D00 e e

with i = &

@ rapid convergence in
Stephan-Boltzmann (T = c0)
limit

@ expansion coefficients are lattice
observables

Fugacity expansion/sector method

[ olNe o]
=Y > P

j=0 k=0

cosh(jjig — kfis)

with i = &
@ rapid convergence in hadronic
phase

o information about particle
content
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The Sign Problem

Expansion from =0

Fugacity expansion/sector method

(oo} (oo}
00 00 P BS PPN ~
L= 2> it = 23 coshlita ki)
j=0 k=0
with i = & with i = &
@ rapid convergence in @ rapid convergence in hadronic
Stephan-Boltzmann (T = o0) phase
limit o information about particle
@ expansion coefficients are lattice content

observables

@ often the expansion is done for a specific choice of us
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The crossover temperature

The transition temperature

Lattice QCD

210

200

190

160 .
i
150 j[
1406 A SO D0 g O N 2O O N
P L PP PP
w°'v°'v°w°'»°'v°m°w'vm° AT AT AT A A
publication year
[Cheng:2006qk],  [Aoki:2006br],  [Aoki:2009sc], [Bazavov:2009zn],

[Borsanyi:2010bp],
sanyi:2020fev]

[Bazavov:2011nk],  [Bazavov:2018mes],  [Bor-

60 -

50

40

30

20

o [MeV] ————— i
014 1 P X(Pbp)
0142 0¥ P s
0.0 | S T |
008 [ ¢ 48312 r

L ¥ A

006 " 164°%16 |
0.04 1F 0 1 4
002353533383 «
000 L5 < I © % |

Proxy to the half width of the transition |NHNH“HHWHH m‘
0.215 < pbp < 0.355, ug [MeW

50 100 150 200 250 300

[Borsanyi:2020fev]
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The crossover temperature

Extrapolation of the transition temperature

[Bazavov:2018mes] [Borsanyi:2020fev]

Results from the Taylor expansion method Results from the imaginary potential method
HISQ quarks staggered quarks

Continuum limit from N, = 6,8, 12 Continuum limit from Nt =10,12,16

170 |

175 ) ' ' ' ' ' / ' 165 %‘ iﬁ
T, [MeV] crossover line: O(u%)
170 ¢ constant: € m 160 + + —
165 s @ | 1 ]
freeze-out: STAR e
ALICE = - = 150 | N 3 L]
2 i ! o
] = 145 |

160
155

150 | +
L i L Dyson-Schwinger: hep-ph/1906.11644 ———
145 nsg = 07 e — =04 135 Chemical freezeout: nucl-th/0511071v3 ~—e—
"B nucl-th/1212.2431 +—e—
140 J 130 hep-ph/1403.4903 —a— 1
B [MeV] nuch-th/1512.08025 ——
135 . . . . 125 | . . . . Nucl-ex/1701.07065 —v— ) . L4
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300
ug [MeV]

chemical freezeout: abundancies of hadrons are fixed (frozen-in)
kinetic freezeout: momentum distributions are fixed



The crossover temperature

Actual-Analysis

Lattice QCD

025 T T —— T
a[fm] f, from direct simulations —m—
\\Q w from small volume - -e- «
0.2 R w from large volumes —e— |
w f, based scale —-—
0.15 | \i\ W based scale — - —
e
0.1 ‘u
.. ~
.\
0.05 e
e -
. ‘ B
3.6 3.8 4 4.2 4.4

Action: tree-level Symanzik improved gauge
action, with four times stout smeared
staggered fermions

2+1+1 flavour, on LCP with pion and kaon
mass

Simulation at (ns) = 0 and (ng) = 0.4(ng)

Continuum extrapolation from lattice sizes:
403 x 10, 483 x 12 and 643 x 16

8 = ilT with j =0,3,4,5,6,6.5 and 7

Two methods of scale setting: f; and wy,
Lm, >4
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The crossover temperature

Does that mean there is no critical endpoint?

-05 0.0 0.5 1.0 0.0 05 1.0 1.5 2.0 2.5 3.0
X X



The crossover temperature

Does that mean there is no critical endpoint?

Lattice QCD

-0.5

— flz) — g(z)
——
0.0 0.5 1.0 0.0 05 1.0 1.5 2.0 2.5 3.0

X




The crossover temperature

Does that mean there is no critical endpoint?

Lattice QCD

— flz) — g(z)
- Taylor
——
-05 0.0 0.5 1.0 0.0 05 1.0 1.5 2.0 2.5 3.0

X




The crossover temperature

Does that mean there is no critical endpoint?

Lattice QCD

— flz)
- Taylor

— g(x)
- Taylor

\/

-05 0.0

0.5

1.0

0.0 05 1

0 15 2.0 2.5 3.0
X
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Fluctuations

Fluctuations on the lattice

. .
025 - oosf T -00s| oo

B 020 - B + s~ s

A Xl oo it 019 A o

005 o0z o i o ‘,u‘x".m
s e e F
i T oAl I Ea
Xo9® = 0 (p/ T p=E e A IR fr
i = ~ Ni/Aa~ \i‘Aan i = = o o2 B L o2
= GRey@ReyER T A [ Ee T

e i e b
@ can be calculated on the lattice e £ T eh A:f;:ii//' S
@ can be compared to various models 5 o e B
@ can be compared to experiment o ol |]i.“‘ e :‘::“/rmﬂuv e et {H“i
" . B e e PR RN R
@ can be used as building blocks for various i el i 1
Observables ” ‘57‘_””:‘\5_ = ” l;n')h.-‘\s' = ” ‘Fln/\l:-‘\s' w B 1‘;‘3/“[:‘5\? B

[Borsanyi:2018grb]
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Fluctuations

Low order fluctuations with high precision

o [Bollweg:2021vqf]
e HISQ

_XBS cont. extr. ==
0127 QuHRG2020 —
Np=6

0.1 8 B
12 o
0.08 Bolhwiod k.2 o o New continuum extrapolated results

(N; = 6,8,12,16) allow for detailed comparisons
with various models

ozp TMeV] ool @ Quark model states are needed for HRG
011’35 1l10 1‘45 150 155 1é0 165 1‘70 1‘75
o [Bellwied:2021nrt]
0.0005
@ continuum estimate from N; = 8,10, 12
@ stout smeared staggered % 0
@ contributions vom N — A, N — ¥ scattering —~0.0005 |
° negatl\{e cc.)ntrlbutlon in t.he .Fugaat}./ ouot |
expansion indicate repulsive interaction that

cannot be described with more resonances 146 148 10 152 154 156 158 160
T|MeV]
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Fluctuations

Observables

Cumulants of the net baryon number distributions:

skewness kurtosis
mean variance Sp =g kg =
Mg = X 0% =x5 () iy (XZ),,
1 B = X2 asymmetry of the tailedness” of the

distribution distribution
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Fluctuations

Comparison with heavy ion collision experiments

Continuum estimate from N; = 8,12 N: =8

s!2[GeV]: 200 62.454.4 39 27 ;,‘/2 [GeV]: 200 62.454.4 39 27

dashed lines: s
Jé_\rrxg‘udto ] NLO, RZ‘(T”)

jata for RE(Too)
Ry, R 62(Tpc

121 Rin(Too)

—n

-

STAR preliminary: ng [=] ° [Bazavo\/:2020bj n]

Pk - *. = - !%. -+- - e 0 @ Taylor method
:j:NNLO, R?(Tpc; ST * — e HISQ

/]

Ri2(Tpo
STAR 2020: R, @ 5
02t R, Ml
STAR preliminary: open symbols R?;(Tpc) + . E,J . . . . . R;’2=IMB/U§
° 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 3 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
/T
0.25 0.50 0.75 1.00 1.25
L[ VR/CV =200 G s T o [Bellwied:2021nrt] o 2d-extrapolation in
[SEER NS 1 .
! . . ] ° cothmuum up and us
¢ X C estimate from
o 06 1 - . .
S 04 | Fusacity expansion, f/od) = | N = 8,10,12 ° FugaIC|ty expansion
| R @ stout smeared and imaginary
2l AR, Cy/C, ]
, STAR, C1/C; —e— | staggered chemical potential
0.25 0.50 0.75

. AF/xE or C1/C . .
Extrapolations are done along the transition line.
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Fluctuations

2d-Extrapolation: [Bellwied:2021nrt]

144 ensembles for each temperature and lattice
Example at T = 155 MeV:

Baryon density

X (T = 0)

X = 0)

P(T, fig, is) = Y PF°(T) cos(jfip — kfis) -

j7k 0.015
-$=-1,0,1,2,3; B=0,1,2,3
A surface is fitted on the baryon and strangeness den- s

sities, as well as on their susceptibilities. ~oo0s
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Equation of state

g = 0 and high T: Influence of the charm quark

L 2+1 flavor continuum ——
6 r 1 2+1+1 flavor continuum +——
4+ 2+1 flavor parametrization 1
5L ~— g 2+1+1 flavor parametrization
. . HRG
5l L
z g
g 3 &2
a
2r 2+1 flavor continuum
2+1+1 flavor continuum —— 1
1 2+1 flavor parametrization ——
2+1+1 flavor parametrization ——
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
T [MeV]

T [MeV]

[Borsanyi:2016ksw]
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Equation of state

of state

Trouble with the equation

0A3,>—.—<h§0 ng/T=1 06 Lo ug/T=2 ..-“’ Lo, pT=3
—— N’LO .t N «? Ll gt .!!"
| N 05 Nio . g i
0.25 . H 08 srrsfiie
. . L
02 .t HOA— !!l 4 ~ i;{ l
c ] = ' = ooef I I 1
@ 015 . ©_ 03[ 1 o O it I
= . = i B3 I
o1} . 02} % , 04 1 g
. ] !
005 |, * o1 ” 1 02} 1
O 0 oy

130 140 150 160 170 180 190 200 210 220

TMev]

130 140 150 160 170 180 190 200 210 220
TMeV]

[Borsanyi:2021sxv], [Borsanyi:2018grb], N, = 12

0
130 140 150 160 170 180 190 200 210 220

T[MeV]
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Equation of state

Trouble with the equation of state

03 | —— ko ug/T=1 ] 08 1o mT=2 g ] ko HeT=3
—— N0 A N .t 1 —— o - o
. 0.5 | — No ] 1 -1
025 | et — Y o8 ser:]ll;
02 .t | 04 | !:- | X i“ ]
£ .2 £ s Eosl ! ! 1
@ 015 . g ©_ 03[ 1 o O it I
= . 5 H = 1
0.1 | . g 02} ¥ 1 04 2 1
. ] !
005, * 1 01" g 02 1
0 L L L L L L L I I 0 L L L L L L L L L 0
130 140 150 160 170 180 190 200 210 220 130 140 150 160 170 180 190 200 210 220 130 140 150 160 170 180 190 200 210 220
T [MeV] T [MeV] T [MeV]

[Borsanyi:2021sxv], [Borsanyi:2018grb], N, = 12

[Bazavov:2017dus]

Taylor method

N: = 6,8,12,(16) (2nd Order)
N = 6,8 (4th and 6th Order)

ng(T.pe) T
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Lattice QCD

Trouble with the equation of state

03t full ug/T=1
025 F—— Nio

£ 02f

£

@045 |

<

fa

0.1 F
0.05 -
0

120 140 160 180
TMev]

[Borsanyi:2021sxv]

200

220 240

ng(T.pe) T

07 F - - - - - n - - - - - - -
T =8 Wi —
06 F—— Njo 1 — Njo
— — N0
05 | ”3t8 R 0.8 N°LO 1
= =
F 04T ) Z o6 E
@ @
5 03 1 53
- = 04 B
02 1
01l ] 02 | 1
0k " . , . " . 0
120 140 160 180 200 220 240 120 140 160 180 200 220 240
T [MeV] T[MeV]

[Bazavov:2017dus]

Taylor method

N: = 6,8,12,(16) (2nd Order)
N = 6,8 (4th and 6th Order)
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Lattice QCD

Trouble with the equation of state

07— —
03} I ugT =2
o 08 =P |
2 05 | — NiS ]
5 02 S o4l 1
=018 "z 03} 1
' [
01 02} 1
0.05 o1} 1
ot ; i i i ; i 0k ’ ’ ! : : :
120 140 160 180 200 220 240 120 140 160 180 200 220 240
T [MeV] T[Mev]

[Borsanyi:2021sxv]

[Bazavov:2017dus]

Taylor method

N: = 6,8,12,(16) (2nd Order)
N = 6,8 (4th and 6th Order)

ng(T.pe) T

140 160 180 200 220 240 260 280
T [MeV]

R S ng/T=3
—— NjO
08 T NatS
=
Z o6
&
<
= 04
02|,
0

120 140 160 180 200 220 240
T[MeV]

@ extrapolation at fixed
T cross the transition
line

@ bad convergence with
low order Taylor
coefficients
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Equation of state

Equation of state

Find a different extrapolation scheme for extrapolating to higher ug.

T T 1.2 T T
0.3 e e i fmand et
. — ﬁg;gzn/s e n =18 TTIILLLL |
| uB=|3ﬂ/8 — T | e ug/T=35 Tant
0.25 |y ”B=!g“fg " ad 1Y
£ 02— ﬁg;Esﬁls“;“ 4 _ 0.8 .
2] |\_/ PR dhe -
s 015 | i | o 06 1
= & & S
= 01| » T rescaled using x=0.0205 4 < 04 soee |
& : e
I 4
0.05 o 0.2 |
0 | | | | | | 0
140 160 180 200 220 240 : ‘ : ‘ :
T (hex (g1 MeV] 120 140 160 180 200 220 240

T [MeV]

o [Borsanyi:2021sxv] o N, =10,12,16
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Outlook - Lattice simulations with high g

Progress on Complex Langevin

Evolution in a fictitious Langevin time generates configurations with a complex measure.

80 ‘Taylor éxp. 6th order |
70 - Taylor exp. 4th order mm—
Taylor exp. 2nd o(r)(li_%'

60 | 6th order fit —— 1 o [Sexty:2019vqx]
. 50F 1 @ Results with improved actions
T ol 16>8, S Symanzik, =37 , : : :
s PR e o o Comparison with extrapolation
R - ] methods

20 - 1

@ Progress on convergence control
10 1 . .
during Lattice2021
ot &
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Outlook - Lattice simulations with high g

Outlook on higher ug with Complex Langevin |

/,L B 900 MeV



Lattice QCD

Outlook - Lattice simulations with high g

Outlook on higher ug with Complex Langevin |
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Outlook - Lattice simulations with high g

Outlook on higher ug with Complex Langevin |

Wilson: 16%, 8 = 5.6, 5 = 0.1580
B " o [Benjamin Jaeger at
o Lattice2021]
Tl e Np=2,
e e [ m, = 550 MeV, Wilson
NV R fermions
/A e——




Outlook - Lattice simulations with high g

Lattice QCD

Outlook on higher ug with Complex Langevin |

Wilson: 16% 8 = 56,1 = 0.1580
! 25338
= i 0.01
B 0
05 i 0.03
- o
2 o o « 0.02
] 2500 5000 .
g 4 0.01
ki i talesdaals I Y
b 3
0 200 400 600 800 1000
uMV]
=17 N =Sr——
16 s
Vilson: 16%, 8 = 5.6,k = 0.1580
15 = Wilson; 24%. 8 = 5.8, = 0180
g 0.08 1 ; )%
o = . = # o 0.0008
B .. *e, 0.06 S o0s b & 00006
2 05 * = <
= o . = 5
3 o . 0.04 z /
3 o S@mmmati. s g, o 0.0004
< 0 2500 5000 ’ a 500 | 5P00 L Lud
£ 0.02 5 - 00002
H . it
o.sle PR S Y k3 - ,.—-/'/H* o
0.0002
0 200 400 600 800 1000 0100 200 300 A 500 600 700
Mev] ) [
4 M@ =1 =10 W=
N =8 N: =24

[Benjamin Jaeger at
Lattice2021]

Nf =2,

m, = 550 MeV, Wilson
fermions

unrenormalized
Polyakov Loop
saturation at higher ug

extrapolation in
Langevin time still
missing
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Lattice QCD

Outlook on higher pg with Complex Langevin |l

o [[to:2020mys]
o Nf =4, ji=pa a ! ~47 GeV

@ plateau might be connected to a
Fermi surface and color
superconductivity

@ this is done in a small box

40

32

24

16

$=5.7, m=0.01
T T T T
8%x16 -4

3 5]

1 16°x32 8 i
x

Lo E{"'E'"'E";”";g'&"ﬁ'ﬂ”&' ,,,,,,,,,,,,,,,,,,
- a .
L o i

el E RN | | | |
0 0.1 0.2 0.3 0.4 0.5

it

0.6
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