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Motivation

Long-term goal
Study the QCD phase-diagram and its critical end point

o Classical-statistical simulations are exact near 2nd order phase
transitions

¢ At finite ‘distance’ from the critical point quantum corrections may become
important

e e.g. in heavy-ion collisions concerned with the search of the critical point
= Consider (quantum) corrections of Gaussian type to the
classical-statistical dynamics
— ’Gaussian-state approximation’ (GSA)
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Introduction to the GSA

Simple benchmark system (anharmonic oscillator):

~9 2
v D m° 5 A _4
Equations of motion:
d . . d. 2. A3
—_ = —_ = — —_ — 2
dtx P, dtp m-x 6x ( )J

(p) depend on (33)

e E.o.m. for (%),
3> depends on higher-order moments

e E.om. for (&

— Truncate infinite hierarchy of equations via GSA
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Introduction to the GSA

Approximate the density matrix of the system to be Gaussian, characterized
by:

Gaussian-state Wigner function

T —1
1 (z—X Opzr Oz z—X
W(z,p) = Nexp 3 <p_P> (O_w apz> <p_P> (3)

with X = (2), P = (p) and oq, = (ab)) = (ab + ba) /2 — (@) (b)

« Write down e.o.m. for &, p, 22, (&p + p2)/2 and p?

o Take expectation values of the equations using the Gaussian Wigner
function
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Introduction to the GSA

= Arrive at a closed system of equations!

d ., d o 9 A 3

d d

aamc :2(7:5;07 ngp

with C(t) = m? + % (X2 + am) .

d
= Opp — Oz C(1), T @isp = — LTI,

— Gaussian (quantum) corrections to the classical equations of motion

— GSA is not limited to the anharmonic oscillator; same procedure can also
be applied to field theories (e.g. ¢*-theory)
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Coupling to a heat bath

o We want to study dynamics of thermal equilibrium states

— Introduce coupling to an environment of harmonic oscillators
(Caldeira-Leggett model)

Full system under consideration:

H=Hg+ Hp + H, (5a)
ﬁszﬁ—?+m—22+i‘”* (5b)
. A2 W,

HB=§;7+7¢ (50)
- . . ) gg
HI:—xggs%—i-m ZE (5d)
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GSA in the Caldeira-Leggett model

Equations of motion:

< 4(0) =5(), (62
90 = V@)~ [ a9~ p)+) (6b)
at ; !

¢ Dissipation of energy to the environment
« For the simplest model of an Ohmic bath: (t) — 2vd(t)
¢ Stochastic noise responsible fluctuations

( ) =>.0s [(gps( ) — %50(0)) cos(wst) + m(o) sin(wst)
e Again truncate e.o.m. by averaging over Gaussuan Wigner function
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GSA in the Caldeira-Leggett model

Gaussian Wigner function describing the whole system:
Wt =Nexp{-3@- X)) ="' 0@ - X®)}, @

where & = (2,p, ..., ps, Ts, ...) and X (t) = (X (t), P(t), ..., ®s(t), IL,(£), ...).

e with covariance matrix:

Ozz  Oxp | - Ozpy  Ogmg
Oxp  Opp | -+  Opp,  Opr,
M=
Opsz Tpsp Opsps  Tpss
Onsz  Ongp Opems  Omgms
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GSA in the Caldeira-Leggett model

Equations of motion after averaging over Gaussian Wigner function:

d d

SX=P, = P=—(m’+305) X - 3X°yP+£(t),  (82)
d 2 d
3¢ Op = o ~ Oac C(1) =700p+(E()EQ)), 55 0we = 200p,  (8D)
d R
g Orp = ~202p C(t) =270+ (B(1)E(1))- (8c)

Dissipation and fluctuations on the level of first- and second-order

moments
« But... What can we do about {(Z(¢)£(t)) and (H(£)E(t))?

NA7 Workshop, 08.10.2021 9/20

Real-time methods for spectral functions ||

L. J. Sieke (JLU Giessen)



Evaluating system-bath correlations

« Remember: £(t) depends on the initial conditions (s (0) and 7(0)

— Need to evaluate connected correlations between the particle and the heat
bath oscillators, i.e.:

Gap, (t) = (£(t)¢5(0)); Gan,(t)
G, (t) = (B()#s(0)); Gpr, (1)

¢ Considering their respective equations of motion leads to

(@(8)#5(0)) (%2)
(B(t)7,(0) M

;112 Gy (1) +7 L G, () + C(t) G, () = £22% cos(wst)  (10a)
W Gar,(t) + E Gar,(t) + C(t) Gor, (t) = fo’sgS sin(wst) (10b)

— Driven oscillator with damping constant -y and frequency /C(t)
¢ Analytic solution is out of reach

— Expand C(t) around its thermal equilibrium value: C(t) = Co(8) + 0C(¥)
— Drop the fluctuations §C(t) ('adiabatic approximation’)
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GSA in the Caldeira-Leggett model

Final equations of motion:

d d
SX=P, = P=—(m+305) X - 3X°—yP+e(1), (1)
d
Eaxpzapp_a'xxCO(ﬁ)_'yo—xpy &Cfxx :20':1:[)’
d o
3 O = —204, Co(B)—2y [Upp — 5 (1 + K',2> (1 + 2 arctan 13- )]

~

e Temperature dependent quantities w% =Cy— 74—2 >0, k= R
® Ous, Ogp, and opy, approach thermal equilibrium values for ¢ — oo
= Two corrections of the GSA to the classical time-evolution:
(i) Mass shift m? — m? + 3044 (t) |t 00
(i) Modified stochastic noise &£(t):
(€@)|?) 5 = 2% (white noise) — (% +wnp (w)) (colored noise)
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Spectral function

Spectral function defined via decomposition of Green’s function:

o6, 1)) = 1(12(2), (¢ )]s (12
F(t,¢) = S ({8(0),5()}) (120)

e Can be expressed as sum over eigenstates

p() = 22 5 P[50 — B+ B) — 60+ B — o)) (13)J

mn

e Ohmic heat bath is incorporated phenomenologically by replacing

Ow—AE) =W+ AE) = o (2~ AR

1 2yAFEw (14)J

— Valid only for weak coupling (use v = 0.06 in all calculations)
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Spectral function

"Exact’ spectral function for an Ohmic heat bath

2mi 1 2vAE w
— _BEn _ fy
p(w) 7 ¢ T y2w? 4+ (w? — AE?)

mn

sl(nlalm)*  (15)

¢ Numerically determined via discretization of the Schrédinger equation
— Used as a benchmark result for the other real-time methods

For classical-statistical approach and GSA use fluctuation-dissipation relation
to get p from F':

Flw)=—i (ns(w) + %) p(w) (15)J
* In the classical limit 7 > w: ng(w) ~ L — 1
Fo.(w) = =i L pa.(w) (17) |

L. J. Sieke (JLU Giessen) Real-time methods for spectral functions Il NA7 Workshop, 08.10.2021 13/20



Spectral function

o After Fourier transform:

pa(t, ) = — = (8, — By) Fu(t,?) <18>J

o With the statistical two-point function in the classical limit given by

Fa (t,) = (¢} — GO (19
= pa(t,) = ~ = {pOR() — 2B 20

¢ Replace operators with expectation values to calculate p from (20) in the
classical-statistical approach

For the GSA, from the general fluctuation dissipation relation, follows:

2T B 2 )
posn(@) = ) = T ) <21>J
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Parameters m = 1,y = 0.06 for all results.
A=1/32,T = 32

T
0L N exact diag. —— |
110 \ class stat.
\ real-time FRG
J \ GSA (adiab.)
/
1x107! [ 3
3 \
Q
é 1x1072 E
Qo
c
3
s
B 1x10% y ]
Q /)
& e
—
1x10 R
1)(10-5 L L L !
0 1 2 3 4 5

e Dominant Breit-Wigner peak at w, Z(‘ul

e Smaller bump at ~ 3w,

o All approaches agree with the benchmark solution, only FRG differs
slightly
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A=4,T =32
1x10° T T T T T T T
exact diag. ——
class stat.
' real-time FRG
1x107" GSA (adiab.) E

1x102

1x10°

1x104

spectral function p(w)

1x10°%

1x106 L L L L L L L
0

e Emergence of discrete sub-peak structure
¢ FRG shows notable problems (truncational issue)
o Classical-statistical approach and GSA coincide!
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A=4,T=4
1x10° T T T T
exactdiag. ——
class stat.
by real-time FRG
1x101 | ¥ GSA (adiab.) i
/ \

3 \
a - \
2 1x102} E
S
©
e
2
I 1x108 £/ /7 E
] /4
8 %
aQ
2

1x10% / E

1108 | T

L L L L
0 2 4 6 8 10

¢ Reduced temperature leads to fewer peaks
— Fewer possible transitions

e FRG shows the same truncational issue
¢ Classical and GSA spectral functions still somewhat similar
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A=4,T=1
T T T T
ex'actdiag, —_—
class stat.
1x10° real-time FRG E
GSA (adiab.)
—~ 1x107 } \ 4
3 X
Q
§ 2 /
5 1x102 | E
c
2
s
g 1x108} \‘M 3
[
Q S
B /
. ] _
1x10 "Awm
e — .
1x10°5 | T—
. . . .
0 2 4 6 8 10
w

¢ Classical approach underestimates w,
o GSA tends to overcorrect w,
e GSA is able to describe the second bump better
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1x10! T T T T T T T
exact diag. ——
class stat.
0 real-time FRG
1x10! GSA (adiab.) 3
R |l
2 1x107! |
[}
c
S
§ 1x10°2 |
s
3
2 1x10% |
w
S\
1x104 - ) |
T — ]
- | . . . . . .
| 1 : . - 5 6 7 8

¢ FRG describes the main peak best, however second bump is
underestimated as in the classical approach

o GSA describes the main peak better than the classical approach and
describes the frequency of the second bump best
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Summary and Outlook

We saw that

-+ adiabatic GSA is consistent with the classical approach in the high
temperature limit,

+ GSA includes quantum effects as small corrections to classical
simulations at lower temperatures,

— discrete sub-structure remains unresolved.

Opportunities for future studies:

¢ analyze how the GSA results depend on the precise realization of the
heat bath,

e investigate critical dynamics with the GSA,
« try to extend the applicability of the GSA to non-equilibrium dynamics.
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BACKUP
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Colored noise synthesis

Problem: £(t) non-local in time — can no longer be generated "on the fly’
— ldea: Before time evolution,sample &(w) in frequency space and perform
a Fourier transform to obtain £(¢)
¢ Points at which expectation values will be calculated have to be known
beforehand
t; € {0,h,2h, ... tmax — P tmax}

« Translate into set of relevant frequencies

s s 21 iy 4 2
Wi € {5 Rt i Th T w0 h T e )

tmax ’ tmax ? tmax

* For all w; sample &(w;) from a Gaussian distribution with variance
K (wi) = (5 + wins(wi))
o DFT of {{(w;)} yields the desired {£(¢;)}

L. J. Sieke (JLU Giessen) Real-time methods for spectral functions Il NA7 Workshop, 08.10.2021



Leapfrog algorithm

» Once before the first step, I” and o, are staggered backwards half a
step according to

P(to — h/2) = P(tg) — gP(to),
Tuplto — /2) = 0up(to) — Srup(to).

* After that, each step follows the same procedure. First evolve PP and o,
a full step forward in time

P(t+h/2) = P(t — h/2) + hP(t) + VR E(),
Oap(t + h/2) = 0ap(t — h/2) + hogp(t),
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Leapfrog algorithm

* then evolve X, 0., and oy, by a full step using the new values of P’ and
pr

X(t+h)=X(t)+hX(t+h/2),
Opa(t + h) = 042(t) + hope(t + h/2),
opp(t + h) = opp(t) + hopp(t + h/2).

* Note that ¢, (t + h/2) would require the knowledge of C(X, 04z)|11/2

which is approximated by
C(t)+C(t+h)

C(t+h/2) = =2,
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Leapfrog algorithm

« To obtain all expectation values at the same point in time, ” and o, can
be evolved forward by half a step

h .
§P(t),
Oup(t) = ap(t — /2) — Sruy(t).

P(t) = P(t — h/2) —

Numerical parameters:
o Integrator step size h = 0.005
¢ Integrate up to tmax = 800.0

¢ Field expectation values for the spectral function are evaluated once
every 20 integrator steps

e Spectral functions are averaged over 1000 random instances of the noise

¢ To ensure thermal equilibrium, before each simulation we let the system
thermalize for a time of ¢t = 10/y ~ 166.67
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(Non-)adiabatic GSA comparison

A=4,T=05
1)(101 T T T T T T T
1x10°
2 1x107!
Q
c
2
g 1x102
s
°
2 1x10%
2
1x1074
exact diag.
GSA (adiab.) .
1x10° GSA (tlmle dep.) T ) ) ) )
1 2 3 4 5 6 7 8
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(Non-)adiabatic GSA comparison

A=4,T =0.25
1x10? T T T T T T T
1x100 3
3 qx10 E
Q
c
S
fgj 1x10°2 E
s
5
2 1x10%
"
1x10 E
exact diag. i
GSA (adiab.) R,
1x10° GSA (tlmle dep.) S . . . |
1 2 3 4 5 6 7 8
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(Non-)adiabatic GSA comparison

1x10° T T T T T T T
exactdiag. ——
class stat. ——

| real-time FRG
1x107" GSA (adiab.) E
" GSA (time dep.) ——

1x102

1x1073

spectral function p(w)

1x10% |/

1x10°8

1x10°® - .
0
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