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Motivation
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T 
Fig. 1. Schematic phase diagram of hadronic matter. PB is the 
density of baryonic number. Quarks are confined in phase I 
and unconfined in phase II. 

a hadron consists of a bag inside which quarks are con- 
fined. If many hadrons are present, space is divided in- 
to two regions: the "exterior" and the "interior". At 
low temperature the hadron density is low, and the 
"interior" is made up of disconnected islands (the 
hadrons) in a connected sea of "exterior". By increas- 
ing the temperature, the hadron density increases, and 
so does the portion of space belonging to the 
"interior". At high enough temperature we expect a 
transition to a new situation, where the "interior" has 
fused into a connected region, with isolated ponds and 
lakes of exterior. Again, in the high temperature state, 
quarks can move throughout space. We note that this 
picture of  the quark liberation is very close to that of 
the droplet model of  second order phase transitions 
[13]. 

We expect the same transition to be also present at 
low temperature but high pressure, for the same reason, 
i.e. we expect a phase diagram of the kind indicated in 
fig. 1. The true phase diagram may actually be substan- 

tially more complex, due to other kinds of transitions, 
such as, e.g. those considered by Omnes [14]. 

We note finally that, although the two alternatives 
(phase transition or limiting temperature) give rise to 
similar forms for the hadronic spectrum, the equation 
of state for high densities is radically different. In the 
first case we may expect the equation of state to be- 
come asymptotically similar to that of a free Fermi 
gas, while the limiting temperature case leads to an ex- 
tremely "soft" equation of state [15]. This difference 
has important astrophysical implications [ 16]. 
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• Learn about phase structure of QCD
• Understand emission structure
• Explore composite particles
• Investigate influence on fluctuation observables
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QCD Phase Diagram

• Except for µBà0, many features are unknown
• Order of PT, critical points, dof (Quarkyonic matter?)

QCD

M. Stephanov PoS 2006

L. Bravina, M.B., et al., JPG 1999
I. Arsene et al., PRC 2007
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Fluctuations in quark densities à Clusters might be enhanced

C. Herold, M. Nahrgang, M. Bleicher, I. Mishustin, Nucl.Phys. A925 (2014) 14-24

Angular distribution, 12 fm/c

Nonequilibrium fluctuations in PQM 6 fm/c 12 fm/c

Crossover

CP

1st  o. PT

à Strong fluctuations, inhomogeneous quark densities à Cluster enhancement
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Figure 3: Azimuthal distribution of the baryon number density after t = 6 fm (a) and t = 12 fm
(b) for several transition scenarios. We see that strong inhomogeneities develop at the first-
order phase transition.

see discussion in [34].
In Fig. 4 we show the impact of the formation of droplets on baryonic flow.

For this purpose we calculated the Fourier coefficients vn of the angular dis-
tributions of net-baryons in position space, dN/dφ, at end of the evolution for
t = 12 fm. They resemble the flow harmonics of the net-baryon distribution
measured in experiments. To suppress statistical fluctuations these coefficients
are averaged over an ensemble of generated events. The results are presented
in Fig. 4. As one may already expect from the previous discussions, these coef-
ficients are significantly larger after an evolution through the first-order phase
transition than through the CEP. The largest enhancement is found for n = 2
harmonic. This corresponds to the plot of the azimuthal distribution in Fig. 3,
which shows two large peaks around φ = 3π/4 and φ = 7π/4 for both the in-
termediate and the final stage of the simulation. The higher harmonics (n > 2)
are also significantly enhanced in the first-order transition scenario.

5. Summary and Outlook

In conclusion, within a fully dynamical approach we have demonstrated how
strong inhomogeneities of baryon density can be created at the first-order QCD

10

s-field
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Thermal emission vs. BB nucleosynthesis

STRONG 2020 - Crete

• Thermal model provides good description of cluster data, e.g. deuteron, 
even with protons being slightly off

• Surprising result, because the binding energy of the deuteron (2.2 MeV) 
is much smaller than the emission temperature (150-160 MeV)

• Why is it not immediately destroyed?
Related to famous deuterium bottleneck in big bang nucleosynthesis: 
If the temperature is too high (mean energy per particle greater than d binding 
energy) any deuterium that is formed is immediately destroyed 
à delays production of heavier clusters/nuclei.

From
 Braun-M

unzinger, Stachel, Andronic

Big Bang Nucleosynthesis as a Probe of New Physics 7

6Li/H

N

7Li/H
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0.1 1 10 100 1000 104 105 106

1000 100 10 1

1

10−2

10−4

10−6

10−8

10−10

10−12

10−14

SBBN f.o.

D b.n.

e± ann.

n/p dec.ν dec.

T/keV

1000 100 10 1

1

10−2

10−4

10−6

10−8

10−10

10−12

10−14

Figure 1: Time and temperature evolution of all standard big bang nucleosynthesis (SBBN)-

relevant nuclear abundances. The vertical arrow indicates the moment at T9 ! 0.85 at

which most of the helium nuclei are synthesized. The gray vertical bands indicate main

BBN stages. From left to right: neutrino decoupling, electron-positron annihilation and n/p

freeze-out, D bottleneck, and freeze-out of all nuclear reactions. Protons (H) and neutrons

(N) are given relative to nb whereas Yp denotes the 4He mass fraction.

Below we discuss the fusion of the light elements and compare their SBBN predictions with

observations.

1.1.1 O(0.1) abundances: 4He. The beauty of the SBBN prediction for 4He lies in

its simplicity. Only a few factors that determine it. The rates for weak scattering processes

that inter-convert n ↔ p at high plasma temperatures scale as G2
FT

5, where GF is the

Fermi constant. As the Universe cools, these rates drop below the T 2-proportional Hubble

rate H(T ) Eq. (6). The neutron-to-proton transitions slow down, and the ratio of their

respective number densities cannot follow its chemical-equilibrium exponential dependence,

n/p|eq ! exp(−∆mnp/T ). Around T ! 0.7MeV this dependence freezes out to n/p !

1/6 but continues to decrease slowly due to residual scattering and β-decays of neutrons.

The formation of D during this intermission period is delayed by its photo-dissociation

process that occurs efficiently because of the overwhelmingly large number of photons [see

Pospelov, Pradler, Ann.R
ev.N

ucl.Part.Sci.60:539-568,2010

7
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Possible explanation: PCE
• Partial Chemical Equilibrium

might solve the problem
(see Tim Neidig, Tuesday)

• See also PCE talk by
Paula Hillmann (Tuesday)
for PCE and fluctuations

• Main idea solve the rate equation
with PCE assumption:
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Solving the puzzle of high temperature light (anti)-nuclei production in
ultra-relativistic heavy ion collisions

Tim Neidig,⇤ Kai Gallmeister,† and Carsten Greiner
Institut für Theoretische Physik, Johann Wolfgang Goethe-Universität,

Max-von-Laue-Strasse 1, 60438 Frankfurt am Main, Germany

Marcus Bleicher
Institut für Theoretische Physik, Johann Wolfgang Goethe-Universität,

Max-von-Laue-Strasse 1, 60438 Frankfurt am Main, Germany and

Helmholtz Research Academy Hesse for FAIR (HFHF), GSI Helmholtz Center,

Campus Frankfurt, Max-von-Laue-Straße 12, 60438 Frankfurt am Main, Germany

Volodymyr Vovchenko
Nuclear Science Division, Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, CA 94720, USA

(Dated: September 2, 2021)

The creation of loosely bound objects in heavy ion collisions, e.g. light clusters, near the phase
transition temperature (Tch ⇡ 155MeV) has been a puzzling observation that seems to be at odds
with Big Bang nucleosynthesis suggesting that deuterons and other clusters are formed only below
a temperature T ⇡ 0.1� 1MeV. We solve this puzzle by showing that the light cluster abundancies
in heavy ion reactions stay approximately constant from chemical freeze-out to kinetic freeze-out.
To this aim we develop an extensive network of coupled reaction rate equations including stable
hadrons and hadronic resonances to describe the temporal evolution of the abundancies of light
(anti-)(hyper-)nuclei in the late hadronic environment of an ultrarelativistic heavy ion collision. It
is demonstrated that the chemical equilibration of the light nuclei occurs on a very short timescale
as a consequence of the strong production and dissociation processes. However, because of the
partial chemical equilibrium of the stable hadrons, including the nucleon feeding from � resonances,
the abundancies of the light nuclei stay nearly constant during the evolution and cooling of the
hadronic phase. This solves the longstanding contradiction between the thermal fits and the late
stage coalescence (and the Big Bang nucleosynthesis) and explains why the observed light cluster
yields are compatible with both a high chemical production temperature and a late state emission
as modelled by coalescence. We also note in passing that the abundancies of the light clusters in
the present approach are in excellent agreement with those measured by ALICE at LHC.

The production of light nuclei in an expanding
hadronic medium has been the driving force of the Big
Bang nucleosynthesis that has led to the creation of the
light atomic nuclei in the universe. Recently, similar con-
ditions were recreated in ultra-relativistic heavy ion col-
lisions to allow for a deeper understanding of light clus-
ter production under controlled collisions. Especially,
the yields of light nuclei like deuterons, tritons, helium-3
and helium-4, their anti-particles, and also hyper-tritons,
have been measured by the ALICE collaboration at LHC
[1–3]. It was found that their abundances are in a re-
markable agreement with the predictions of the statisti-
cal hadronization model, characterized by the chemical
freeze-out temperature of Tch = 155MeV and nearly van-
ishing net baryon density [4, 5]. This was a surprising re-
sult, because one would usually expect (in line with Big
Bang nucleosynthesis) that the production of such loosely
bound states with binding energies of O(2MeV) would
only happen at much lower temperatures on the order of
the binding energy. The idea of late, i.e. low temperature
cluster formation is usually realized via the coalescence of
nucleons in the final state [6–10] or through kinetic trans-
port approach describing the continuous production and

dissociation of such light nuclei [11–14]. The two latter
descriptions have certain shortcomings, for instance, the
energy conservation is not obeyed in the coalescence ap-
proach whereas the former treatment of nuclei as point-
like particles in the kinetic approach may be question-
able, but recent works are going beyond this treatment
e.g. [13]. At first glance, both approaches seem incom-
patible with each other, however, as we will show below
this is not the case (see also [6] for an alternative discus-
sion of this topic).

Our explanation is based on the assumption of detailed
balance – the law of mass action. Recently, this princi-
ple was used to show how the final yields of light nuclei
are determined by the initial (chemical) freeze-out mul-
tiplicities of the stable hadrons, akin with the nuclear
equivalent of the Saha ionization equation of cosmology
[15]. In [16], this idea of detailed balance resp. a Saha
equation has also been studied in a picture, where the
usual hadron gas prescription has been extended by so
called Hagedorn resonances [16].

In a heavy-ion setup one uses the framework of partial
chemical equilibrium (PCE) [17] to describe the hadronic
environment after the chemical freeze-out. The total
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As a first example, the rate equation for the deuteron
is given as
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Here AX is the nucleon content of a nucleus X. The
rate equations for pions, being a catalyzing particle in
many equations, is itself quite simple, since its a↵ected
only by the resonances �, ⇢ and !,
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The chemical processes described via Eqs. (7) and (8),
and also the others conserve the total number of stable
hadrons, either direct or carried in a resonance or light
nuclei. When the rates are indeed large compared to
the expansion rate, then the abundancies of the stable
hadrons fulfill PCE.

In Fig. 1 we show the results for the yields of the light
nuclei using the rate equations. These results are com-
pared to the ones obtained in the Saha equation limit [15],
as well as to the experimental data of the ALICE Col-
laboration [1–3]. The calculation starts at the chemi-
cal freeze-out, Tch = 155MeV, and covers temperatures
down to T = 70MeV. The yields of light nuclei ex-
hibit only a very small temperature dependence [18],
with a minor exception of H3

⇤
, which is attributed to

the missing hyperon resonances [15]. Generally, a very
good agreement with the experimental data is obtained
for the whole temperature range. This indicates that one
can not distinguish the emission of light clusters from the
chemical freeze-out hypersurface from an emission dur-
ing the later stages of the reaction by looking at the mul-
tiplicities alone. Let us remark in passing that the rate
equations results stay within 5-10% of the Saha equation

FIG. 1. The multiplicity of the light nuclei as function
of the (decreasing) temperature T . Solid lines represent the
results of the rate equations, while dashed curves show the
result of the Saha equation. The colored bands represent the
experimental data (ALICE) [1–3] with their uncertainty.

in the whole temperature range, supporting our previous
findings.
Next we investigate the equilibration time of light

nuclei starting from an equilibrated hadron gas with-
out clusters. We also demonstrate that cluster (re-
)equilibration is robust with respect to the thermal value
when the recombination reactions start not immediately
after the chemical freeze-out but at lower temperatures
(nucleosynthesis starts only at T = 90, 100, 120 and
155MeV). For this purpose we look at the behavior of
the deuteron to proton ratio obtained in these di↵erent
scenarios as shown in Fig. 2 as function of time. Qualita-
tively the same results were found for the other light nu-
clei, which are indeed approaching the equilibrium value
slightly faster.

FIG. 2. Ratio of deuterons to protons normalised to the
same ratio when starting from equilibrium at Tch = 155MeV
for di↵erent initial conditions.

It is notable that one reaches the (T = 155MeV)-
equilibrium ratio even if one starts with the potential
regeneration reactions only at 120MeV. For lower tem-
peratures like 100MeV or 90MeV only 88% or 70% of
the equilibrium value is reached. The typical kinetic
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Some history...
• Around 1993 the field did not understand anti-deuteron 

production within the most simple coalescence models 
i.e.

• Reason: 
Freeze-out volume of deuterons and anti-deuterons might be 
different (S. Mrowczynski, PLB308 (1993))

• Solution: Take space into account (B2 has to include source)
• See e.g.

M. Bleicher, “Phase space correlations of anti-deuterons in 
heavy ion collisions” PLB361 (1995)

• Mattiello, Sorge, Nagle, Ko, Aichelin, Heinz, .... about a dozen 
papers on clusters from 1995-1999

STRONG 2020 - Crete

Coalescence Model

Assuming baryons are produced randomly i.e. they are
uncorrelated,

no. of deuterons per event no. of protons per event

no. of deuterons per event no. of neutrons per event

i.e.

(1)

Where .

i.e. (in terms of the invariant cross section)

(2)

2
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Time Evolution of Heavy Ion Collisions

1x 10-23 s 10 x 10-23 s 30 x 10-23 s 

At high energies hybrid approaches are very 
successful for the description of the dynamics

Nuclei at 99 % 
speed of light

Quark Gluon Plasma Cluster emissions vs. 
formation

Hadronic 
Rescattering

Nonequilibrium 
initial state 
dynamics
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Parton dynamics

Hadron Transport
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Methods to calculate clusters

• Wigner functions
• Projection on Hulthen wave 

function
• No free parameters
• No orthogonality of states

• Cross sections
• Introduce explicit processes, 

e.g. p+n+pàd+p
• Dynamical treatment
• ‘Fake’ 3-body interactions

• Coalescence
• Employ cut-off parameters
• E-by-E possible
• 2 free parameters

• Thermal emission
• Put deuterons in partition 

sum
• No free parameter
• Why should a cluster be in?

STRONG 2020 - Crete

Gyulassy, NPA402 (1983), Oliinychenko, PRC99 (2019), 
Butler, PR129 (1963), Mekijan PRL39 (1977) 

11
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Coalescence
• Coalescence assumes that that clusters are formed at the 

end of the kinetic scattering stage (cold/dilute system!)
• Different approaches: Momentum space coalescence 

and phase space coalescence
• Momentum space coalescence assumes small emission 

volume (neglecting spatial distribution) 
à does not work well for large systems

• Phase space (PS) coalescence treats both, the 
momentum distribution and the space distribution 
of protons and neutrons

• PS coalescence typically uses a Dp ≲ 285 MeV 
and a Dx ≲ 3.5 fm to define the deuteron state

STRONG 2020 - Crete 12
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Proton-proton collisions
Deuteron (anti-deuteron): ratios

2

FIG. 1. [Color online] Rapidity distributions of protons and
deuterons in minimum bias p+Be (left) and p+Au (right)
collisions at a beam energy of 14.6A GeV, from the UrQMD
model (lines) compared to experimental E802 data (symbols)
[18].

ton and neutron densities, space-momentum correlations
are neglected) with the deuteron wave function. Protons
and neutrons with momenta k±�p (k being the deuteron
momentum) do then coalesce into the deuteron state with
the quantity �p being related to the deuteron wave func-
tion, given a certain spatial distribution of protons and
neutrons. Folding the deuteron wave function with the
spatial distribution of the n-p source allows then to in-
troduce a single momentum space parameter p0. If the
wave function is small compared to the source size, p0 is
inversely proportional to the source volume. Therefore it
is clear that p0 encodes also information on the emission
source in this approach and is to first order system size
(1/volume) dependent.

In previous calculations using the UrQMD hybrid ap-
proach [9] the production of clusters was calculated via
the Cooper-Frye equation on a hyper-surface of con-
stant energy density. This approach assumes that the
deuterons are not formed by coalescence, but are emitted
as a single entity from the fireball as suggested in statis-
tical hadronization models. An alternative way is the co-
alescence approach introduced by Gyulassy, Frankel, and
Remler[10] based on the von Neumann equation for the
n-body density. This ”Wigner function” approach follows
in spirit the original idea by Sato and Yazaki, but sug-
gests to project the Wigner-transformed wave function on
the classical phase space distribution generated from sim-
ulations, under the assumption that the classical phase
space density provides a good approximation of the (fac-
torized) n-p density matrix. The main advantage in this
approach is that one does not need to integrate the spa-
tial volume of the source into the coalescence parameter,
but uses the relative space-momentum dependent Wigner
representation of the deuteron state directly. Here one

FIG. 2. [Color online] Energy dependence of d/p and d/ p
ratios in pp collisions with |y| < 0.5 at

p
sNN = 53, 900, 2760

and 7000 GeV. The open symbols represent UrQMD model
results. The solid symbols denote the result from ISR (star)
[19–21] and ALICE (circle and triangle) [22]

.

can also easily include the space-momentum correlations
of the protons/neutrons emerging during the reaction.
The Wigner function approach has been applied very
successfully in the description of deuteron production,
see e.g. [11–13, 15, 16].

Another well tested possibility is to use a cut-o↵ co-
alescence approach [17], either in momentum space or
coordinate space or in full phase space. This approach is
similar to the Wigner function approach, but essentially
assumes a flat probability in coordinate space and mo-
mentum space for the coalescence probability (instead of
the deuteron wave function). One defines a maximum
relative momentum �p and/or a maximum distance �r
between the proton and the neutron to form a deuteron.
If one restricts oneself to the relative momentum cut only,
one observes a similar volume dependence of the momen-
tum space coalescence parameter as in the Sato/Yazaki
approach. As in the Wigner function approach, the inclu-
sion of a space and momentum space parameter allows to
use a volume independent set of parameters. Phase space
coalescence has been shown to work successfully and to
yield results similar to the Wigner function approach, see
e.g. [12].

For the purpose of this work, we model deuteron forma-
tion in UrQMD via phase space coalescence at the point
of last interaction of the respective proton and neutron
in space and time. The method we use comprises the
following steps:

1. During the evolution of the system, we follow the
protons and neutrons until their individual space-
time points of last interaction.

2. For each p-n pair, the momentum and position of
proton and neutron is boosted to the 2-particle rest-

Absolute yields
3

frame of this p-n pair.

3. The particle that has decoupled earlier is then prop-
agated to the later time of the other particle.

4. We calculate the relative momenta �p = |�!p 1��!p 2|
and the relative distances �r = |�!x 1 � �!x 2| of the
p-n pair in the 2-particle rest-frame at equal times.
The yield of deuteron candidates is then given by
the condition of �p < �pmax and �r < �rmax.
Here we use the parameter set of �pmax = 0.285
GeV/c and �rmax = 3.575 fm.

5. For each deuteron candidate we perform the sta-
tistical spin and isospin projection1to the deuteron
state (probability 1/2 · 3/4 = 3/8) [12, 14]. Then,
the chosen p-n pair is marked as a deuteron and its
constituent nucleons are removed from the phase
space distribution.

It is important to note that the parameters for
deuteron formation are kept independent of energy, col-
lision system and centrality, because they are related to
the deuteron wave function. As we will see, the chosen
parameter values provide a good description of the avail-
able data in a wide range of systems and beam energies.

II. RESULTS

In the following we will present extensive comparisons
of UrQMD model results with experimental measure-
ments of deuteron production at various beam energies
and system sizes. We will mainly distinguish between
proton induced reactions, p+p and p+A and nuclear re-
actions A+A. The calculated yields, ratios, rapidity and
transverse momentum distributions will give us good in-
sights into the validity of the coalescence approach and
possible shortcomings. For Pb+Pb collisions of 2.76 TeV,
UrQMD is used in hybrid mode.

All simulations are performed using UrQMD with
deuteron production via the coalescence approach as de-
scribed above.

A. Proton induced reactions

Proton-proton and proton-nucleus reactions provide
the simplest test cases for our model studies. In these

1
The statistical spin and isospin factors emerge from the sum-

mation and averaging over spin states and from the condition

of anti-symmetry of the deuteron wave function. The deuteron

state itself has the quantum numbers S = 1, and I = 0. As shown

in detail in [14], the direct product of the spin- and isospin wave-

functions of a proton and a neutron generates eight combinations

of n-p wave functions. However, only three states belong to the

deuteron quantum numbers (I = 0, S = 1, Sz=-1, 0, 1). Thus,

one obtains a statistical spin and isospin factor of 3/8.

p
sNN (TeV) dN/dy

ALICE UrQMD

0.9 (1.12±0.09±0.09)⇥10�4 (0.96± 0.05)⇥ 10�4

d 2.76 (1.53±0.05±0.13)⇥10�4 (1.47± 0.06)⇥ 10�4

7 (2.02±0.02±0.17)⇥10�4 (2.05± 0.09)⇥ 10�4

0.9 (1.11±0.10±0.09)⇥10�4 (1.00± 0.05)⇥ 10�4

d 2.76 (1.37±0.04±0.12)⇥10�4 (1.55± 0.07)⇥ 10�4

7 (1.92±0.02±0.15)⇥10�4 (2.22± 0.09)⇥ 10�4

TABLE I. The integrated yield (dN/dy) of deuterons and
anti-deuterons in pp collisions with midrapidity |y| < 0.5 at
di↵erent center of mass energies as

p
sNN = 0.9, 2.76 and 7

TeV.

systems the rescattering stage is rather short and the
freeze-out volumes are smaller than in nucleus-nucleus
reactions. In comparison to the following nucleus-nucleus
studies, it provides a handle to explore the independence
of the coalescence parameters on the system size.

Figure 1 shows the rapidity distributions of protons
and deuterons in minimum bias p+Au (left) and p+Be
(right) collisions at a beam energy of 14.6A GeV. The
symbols denote the experimental data, the lines indi-
cate the UrQMD calculations. The deuteron and proton
yields are consistent with the experimental E802 data
[18], and the rapidity distributions are well reproduced.

A similarly good description of the deuteron and anti-
deuteron production in proton-proton reactions can also
be obtained for the highest beam energies achievable at
the LHC. The integrated, midrapidity |y| < 0.5, yields
(dN/dy) of deuterons and anti-deuterons in p+p colli-
sions are calculated by the UrQMD model for di↵erent
center-of-mass energies

p
sNN = 0.9, 2.76 and 7 TeV and

compared to recent ALICE data, as shown in Table I.
We can see that our results are in agreement with the
ALICE experimental data.

Using the yields from Table I one can calculate the
ratios of deuteron to proton (d/p) and anti-deuteron to
anti-proton (d/ p) as a function of energies

p
sNN =

53, 900, 2760 and 7000 GeV, as shown in Figure 2. The
open symbols are calculations by the UrQMD model and
are compared to the experimental data. We find that at
high energies, our results are consistent with the experi-
mental data.

B. Nucleus-Nucleus reactions

In the following we will present results of (anti-)
deuteron production for collisions of light to heavy nu-
clei at various beam energies. Starting with the low-
est beam energies, we compare the rapidity distribu-
tions (dN/dy(0)) of deuterons, protons and ⇡� for cen-
tral Ni+Ni collisions (with b  1.8 fm) at beam energies
1.93A, 1.45A and 1.06A GeV with FOPI data [23], as
shown in Figure 3. Here y(0) = y/ycm is the rapidity
scaled with the center-of-mass rapidity ycm. We find that

STRONG 2020 - Crete

Good description of pp by coalescence Absolute yields in line with ALICE data
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Proton-proton collisions
Transverse momenta (deuterons) Transverse momenta 

(anti-deuterons)
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Good description of pp by coalescence Good description of pp by coalescence
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2 V. Gaebel et al.: Analysis of the deuteron coalescence parameter B2 with the UrQMD model

and the internal wave function of the considered cluster
[19].

2 The UrQMD model and coalescence

For the theoretical investigation of the collisions, we per-
form simulations using the Ultrarelativistic Quantum
Molecular Dynamics (UrQMD) transport model in ver-
sion 3.4 [20,21]. This model has a well established history
for the description of hadron yields and spectra over a
broad range of energies (see e.g. [22,23,24,25,26]).

2.1 The model

UrQMD is based on the covariant propagation of hadrons
and their interactions by potentials and/or elastic and in-
elastic cross sections. UrQMD is either run in Boltzmann
mode, i.e. it provides an e↵ective solution to the rela-
tivistic Boltzmann equation or in the Hydro-Boltzmann
hybrid mode (here abbreviated as ”UrQMD+hydro”). In
hybrid mode, during the most dense phase of the reaction,
the Boltzmann equation is replaced by an (ideal) fluid-
dynamical evolution of the hot and dense QCD matter
[27,28,29]. In this mode, a phase transition to the QGP
can be incorporated and compared to a purely hadronic
treatment as well.

The evolution equations in the hybrid mode are then

@µT
µ⌫ = 0, (2)

@µj
µ
N = 0, (3)

with the energy-momentum tensor Tµ⌫ and the baryon
current jµN [29]. The initial state generated by UrQMD
provides the equal time initial conditions for Tµ⌫ and
jµ. The hydrodynamic evolution is followed until the sys-
tem reaches the freeze-out hyper-surface. There, we use
a Cooper-Frye prescription to particlize [30] the hydrody-
namic cells stochastically. The propagation of the hadrons
then proceeds in Boltzmann mode until kinetic freeze-out.

2.2 Deuteron formation by coalescence

For each event, UrQMD provides the 4-coordinates and
4-momenta of each hadron on the decoupling or freeze-
out surface. Here freeze-out is defined for each hadron
individually as the last space-time point of strong inter-
action, i.e. scattering or decay. A proton and a neutron
are then assumed to form a deuteron if their distance in
space and momentum space is su�ciently small. The de-
tails of the deuteron formation as implemented in UrQMD
can be found in [9]. This method is used for both simu-
lation modes, the Boltzmann mode and the hybrid mode
with the intermediate hydrodynamic stage as described
above. In the hybrid case, deuterons from the Cooper-
Frye-hypersurface (direct thermal production) are not
taken into account, but only those formed later by coa-
lescence in the late hadronic freeze-out stage [31].

Fig. 1. [Color online] Invariant deuteron yields at midrapidity
as a function of the transverse momentum pT in inelastic p+p
collisions at di↵erent beam energies of

p
sNN = 0.9 TeV, 2.76

TeV and 7 TeV. The lines denote the UrQMD simulations and
the circles the experimental data [32].

Fig. 2. [Color online] Invariant anti-deuteron yields at midra-
pidity as a function of the transverse momentum pT in inelastic
p+p collisions at di↵erent beam energies of

p
sNN = 0.9 TeV,

2.76 TeV and 7 TeV. The lines denote the UrQMD simulations
and the circles the experimental data [32].

2 V. Gaebel et al.: Analysis of the deuteron coalescence parameter B2 with the UrQMD model
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Molecular Dynamics (UrQMD) transport model in ver-
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for the description of hadron yields and spectra over a
broad range of energies (see e.g. [22,23,24,25,26]).
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hybrid mode (here abbreviated as ”UrQMD+hydro”). In
hybrid mode, during the most dense phase of the reaction,
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treatment as well.
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a Cooper-Frye prescription to particlize [30] the hydrody-
namic cells stochastically. The propagation of the hadrons
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For each event, UrQMD provides the 4-coordinates and
4-momenta of each hadron on the decoupling or freeze-
out surface. Here freeze-out is defined for each hadron
individually as the last space-time point of strong inter-
action, i.e. scattering or decay. A proton and a neutron
are then assumed to form a deuteron if their distance in
space and momentum space is su�ciently small. The de-
tails of the deuteron formation as implemented in UrQMD
can be found in [9]. This method is used for both simu-
lation modes, the Boltzmann mode and the hybrid mode
with the intermediate hydrodynamic stage as described
above. In the hybrid case, deuterons from the Cooper-
Frye-hypersurface (direct thermal production) are not
taken into account, but only those formed later by coa-
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as a function of the transverse momentum pT in inelastic p+p
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TeV and 7 TeV. The lines denote the UrQMD simulations and
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Fig. 2. [Color online] Invariant anti-deuteron yields at midra-
pidity as a function of the transverse momentum pT in inelastic
p+p collisions at di↵erent beam energies of

p
sNN = 0.9 TeV,

2.76 TeV and 7 TeV. The lines denote the UrQMD simulations
and the circles the experimental data [32].
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FIG. 6. [Color online] Rapidity distributions of protons and
deuterons in Si+Au collisions at a beam energy of 14.6A GeV
with impact parameter b = 2 fm, comparing UrQMD results
(lines) to data of E802 (symbols) [26].

FIG. 7. [Color online] Invariant yields of deuterons at pt = 0
as a function of rapidity in central (left) and minimum-bias
(right) Si+Pb collisions at a beam energy of 14.6A GeV. Data
of the E814 Experiment [28] are shown as symbols and the
model calculations as lines.

Si+Pb collisions at a beam energy of 14.6A GeV at
pt = 0. The lines indicate the UrQMD calculations, the
symbols denote the E814 data from Ref. [28]. We find
that the calculated invariant yields are in good agreement
with the measured E814 data.

Moreover, we show invariant yields of deuterons as a
function of mt � m in central Si+Al, Si+Cu and Si+Au
collisions at a beam energy of 14.6A GeV. In Figure 8
we compare our results to data of the experiment E802
[26]. For central collisions, the rapidity intervals re y =
0.5 to 1.5 with �y = 0.2. Each successive spectrum is
divided by 100 for better visibility. The invariant yields

0.0 0.2 0.4 0.6 0.8 1.0 1.2
mT �m [GeV]

10�13
10�12
10�11
10�10
10�9
10�8
10�7
10�6
10�5
10�4
10�3
10�2
10�1

100
101

1 m
T

d2 N
dy

dm
T

[G
eV

�
2 ]

Si+Al
UrQMD
E802
UrQMD
E802

0.0 0.2 0.4 0.6 0.8 1.0 1.2
mT �m [GeV]

cent. collisions
Si+Cu

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
mT �m [GeV]

Si+Au

FIG. 8. [Color online] Invariant yields of deuterons as a func-
tion of mt � m in central Si+Al, Si+Cu and Si+Au colli-
sions at a beam energy of 14.6A GeV. The rapidity interval
is y = 0.5 to 1.5 with �y = 0.2. Each successive spectrum is
divided by 100 for visual clarity. The symbols denote data of
the E802 collaboration [26].

are determined as

E

✓
d3N

dp3

◆
=

✓
1

2⇡mt

◆✓
d2N

dydmt

◆
(1)

where mt is the transverse mass

mt = (p2t + m2)1/2 , (2)

and E is the energy and p the momentum.
We find that our results are consistent with the data

from the experiment E802. The resulting invariant yields
of deuterons for the three targets and for each rapidity
interval show that the invariant yields decrease with in-
creasing rapidity until the fragmentation region.

Going up in energy, we next explore the CERN-SPS
energy regime. The NA49 experiment explored deuteron
formation in great detail at various energies and centrali-
ties. The data of the NA49 experiment will be compared
to UrQMD calculations for Pb+Pb collisions at di↵erent
energies. Figure 9 shows the deuteron multiplicity as
a function of rapidity for Pb+Pb collisions at a beam
energy of 20A GeV for di↵erent centralities. The lines
denote the UrQMD calculations and the symbols denote
the data of the NA49 collaboration [27]. The calcula-
tions are in good agreement with the experimental data.
However, one can observe a small deviation to the exper-
imental data which is due to a stronger baryon stopping
in UrQMD as compared to the NA49 data, when going
towards more central collisions.

Figure 10 shows the deuteron multiplicity as a func-
tion of rapidity at beam energies of 20A GeV, 30A GeV,
40A GeV, 80A GeV and 158A GeV for central Pb+Pb
collisions. The lines denote the UrQMD calculations and
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FIG. 1. [Color online] Rapidity distributions of protons and
deuterons in minimum bias p+Be (left) and p+Au (right)
collisions at a beam energy of 14.6A GeV, from the UrQMD
model (lines) compared to experimental E802 data (symbols)
[18].

ton and neutron densities, space-momentum correlations
are neglected) with the deuteron wave function. Protons
and neutrons with momenta k±�p (k being the deuteron
momentum) do then coalesce into the deuteron state with
the quantity �p being related to the deuteron wave func-
tion, given a certain spatial distribution of protons and
neutrons. Folding the deuteron wave function with the
spatial distribution of the n-p source allows then to in-
troduce a single momentum space parameter p0. If the
wave function is small compared to the source size, p0 is
inversely proportional to the source volume. Therefore it
is clear that p0 encodes also information on the emission
source in this approach and is to first order system size
(1/volume) dependent.

In previous calculations using the UrQMD hybrid ap-
proach [9] the production of clusters was calculated via
the Cooper-Frye equation on a hyper-surface of con-
stant energy density. This approach assumes that the
deuterons are not formed by coalescence, but are emitted
as a single entity from the fireball as suggested in statis-
tical hadronization models. An alternative way is the co-
alescence approach introduced by Gyulassy, Frankel, and
Remler[10] based on the von Neumann equation for the
n-body density. This ”Wigner function” approach follows
in spirit the original idea by Sato and Yazaki, but sug-
gests to project the Wigner-transformed wave function on
the classical phase space distribution generated from sim-
ulations, under the assumption that the classical phase
space density provides a good approximation of the (fac-
torized) n-p density matrix. The main advantage in this
approach is that one does not need to integrate the spa-
tial volume of the source into the coalescence parameter,
but uses the relative space-momentum dependent Wigner
representation of the deuteron state directly. Here one

FIG. 2. [Color online] Energy dependence of d/p and d/ p
ratios in pp collisions with |y| < 0.5 at

p
sNN = 53, 900, 2760

and 7000 GeV. The open symbols represent UrQMD model
results. The solid symbols denote the result from ISR (star)
[19–21] and ALICE (circle and triangle) [22]

.

can also easily include the space-momentum correlations
of the protons/neutrons emerging during the reaction.
The Wigner function approach has been applied very
successfully in the description of deuteron production,
see e.g. [11–13, 15, 16].

Another well tested possibility is to use a cut-o↵ co-
alescence approach [17], either in momentum space or
coordinate space or in full phase space. This approach is
similar to the Wigner function approach, but essentially
assumes a flat probability in coordinate space and mo-
mentum space for the coalescence probability (instead of
the deuteron wave function). One defines a maximum
relative momentum �p and/or a maximum distance �r
between the proton and the neutron to form a deuteron.
If one restricts oneself to the relative momentum cut only,
one observes a similar volume dependence of the momen-
tum space coalescence parameter as in the Sato/Yazaki
approach. As in the Wigner function approach, the inclu-
sion of a space and momentum space parameter allows to
use a volume independent set of parameters. Phase space
coalescence has been shown to work successfully and to
yield results similar to the Wigner function approach, see
e.g. [12].

For the purpose of this work, we model deuteron forma-
tion in UrQMD via phase space coalescence at the point
of last interaction of the respective proton and neutron
in space and time. The method we use comprises the
following steps:

1. During the evolution of the system, we follow the
protons and neutrons until their individual space-
time points of last interaction.

2. For each p-n pair, the momentum and position of
proton and neutron is boosted to the 2-particle rest-
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FIG. 9. [Color online] Deuteron yields as a function of ra-
pidity in Pb+Pb collisions at a beam energy of 20A GeV for
di↵erent centralities. The symbols denote data of the NA49
experiment [27].
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FIG. 10. [Color online] Rapidity dependence of deuteron
yields for various beam energies in Pb+Pb collisions for dif-
ferent centralities. The symbols denote data of the NA49 ex-
periment [27], the lines show the calculations. Each spectrum
is successively divided by a factor of 10.

the symbols the experimental data of the NA49 collab-
oration [27]. For visibility the calculations and the data
are divided by a factor of 10 successively. Also here, the
calculations are in good agreement with the experimental
data. Given the results presented above, we have estab-
lished that deuteron production at moderate energies can
be very well described by a single energy and system size
independent phase space coalescence parameter set.

In the last steps we want to explore, if this single pa-
rameter set can also be used to describe deuteron pro-
duction at the highest available energies, namely Pb+Pb

FIG. 11. [Color online] Ratio of deuteron to protons+anti-
protons in Pb+Pb collisions at

p
sNN = 2.76 TeV as a func-

tion of the charged particle multiplicity. In addition the values
for proton-proton reaction at various energies are also indi-
cated on the left part of the figure. The UrQMD results are
compare to ALICE data [22, 39].

collisions at the LHC. In Fig. 11 we show the ratio of
deuterons to protons plus anti-protons in Pb+Pb colli-
sions at

p
sNN = 2.76 TeV as a function of the charged

particle multiplicity. Here we used the UrQMD+hydro
hybrid version of the model to properly take into ac-
count the long hydrodynamical expansion of the fireball.
The coalescence procedure is applied after the hadronic
rescattering phase, as described above. In addition we
also show the values for proton-proton reactions at dif-
ferent beam energies with their corresponding Nch, in-
dicated as open squares in the left part of the figure.
The UrQMD/hybrid results are compared to ALICE data
[29]. One observes a very good agreement between the
measured data and the calculations over the whole range
of centralities/multiplicities. Thus, we can conclude that
deuteron production at the LHC can be very well de-
scribed by coalescence of protons and neutrons with the
same parameters used at lower collision energies.

Finally we present the invariant yields of anti-
deuterons (d) and anti-protons (p) at pt = 0 as a function
of rapidity in minimum-bias Si+Au collisions at a beam
energy of 14.6A GeV. Our results are compared to the
data from the E814 [35] and E858 [38] experiments shown
in Figure 12. One observes that the UrQMD model re-
sults are in good agreement with the experimental data.

C. Excitation function

In the last section we summarize the energy depen-
dence of the deuteron-to-proton ratio (and anti-deuteron
to anti-proton ratio) for central Au+Au collisions. The
mid-rapidity ratios (|y| < 0.3) are calculated at

p
sNN =

2, 5, 7.7, 11.5, 14.5, 17 and 19.6 GeV and are shown as
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count the long hydrodynamical expansion of the fireball.
The coalescence procedure is applied after the hadronic
rescattering phase, as described above. In addition we
also show the values for proton-proton reactions at dif-
ferent beam energies with their corresponding Nch, in-
dicated as open squares in the left part of the figure.
The UrQMD/hybrid results are compared to ALICE data
[29]. One observes a very good agreement between the
measured data and the calculations over the whole range
of centralities/multiplicities. Thus, we can conclude that
deuteron production at the LHC can be very well de-
scribed by coalescence of protons and neutrons with the
same parameters used at lower collision energies.

Finally we present the invariant yields of anti-
deuterons (d) and anti-protons (p) at pt = 0 as a function
of rapidity in minimum-bias Si+Au collisions at a beam
energy of 14.6A GeV. Our results are compared to the
data from the E814 [35] and E858 [38] experiments shown
in Figure 12. One observes that the UrQMD model re-
sults are in good agreement with the experimental data.

C. Excitation function

In the last section we summarize the energy depen-
dence of the deuteron-to-proton ratio (and anti-deuteron
to anti-proton ratio) for central Au+Au collisions. The
mid-rapidity ratios (|y| < 0.3) are calculated at

p
sNN =

2, 5, 7.7, 11.5, 14.5, 17 and 19.6 GeV and are shown as
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4 V. Gaebel et al.: Analysis of the deuteron coalescence parameter B2 with the UrQMD model

Fig. 5. [Color online] B2 as a function of the average charged-
particle multiplicity in Pb+Pb collisions at fixed beam energyp
sNN = 2.76 TeV at pT /A = 1.05 GeV/c. The black line

denotes the UrQMD+hydro simulations and the black triangles
the ALICE data points [37].

7 TeV (Fig. 2). The lines denote the UrQMD simulations
and the circles the ALICE data points [32]. Again, we
observe a good description of the data, with a slight de-
viation towards higher transverse momenta in

p
sNN = 7

TeV collisions.

To allow for a better interpretation of the data, we ex-
plore in Fig. 3 and Fig. 4 the coalescence parameter B2

for deuterons and B̄2 for anti-deuterons in inelastic pro-
ton+proton reactions at the same energies as above (i.e.p
sNN = 0.9 TeV, 2.76 TeV and 7 TeV). Again, the lines

denote the UrQMD simulations and the circles the ex-
perimental data [32]. In both cases, the data at

p
sNN

= 0.9 TeV show a strong increase of B2 and B̄2 with
increasing pT /A. However, for both deuterons and anti-
deuterons this increase is only very mildly observed for
the two higher energies. The present model calculations
show a good description of B2 and B̄2 as a function of the
transverse momentum at

p
sNN = 2.76 TeV and

p
sNN

= 7 TeV. Although the calculations at
p
sNN = 0.9 TeV

increase with pT , the simulated results are below the data
points.

Generally, (and in-line with standard HBT knowledge
[2,38]) the e↵ectively observed source size decreases to-
wards higher transverse momenta. This volume e↵ect in
the data of proton+proton collisions at top LHC energies
is also consistent with previous model calculations [15].

Fig. 6. [Color online] B2 at midrapidity and at pT /A = 0.65
GeV/c as a function of the center-of-mass energy for Au+Au
collisions. Additionally, the ALICE data point at

p
sNN =

2760 GeV for Pb+Pb collisions is shown. The black symbols
denote the data from di↵erent experiments (E866 [36], E877
[36], STAR [36], PHENIX [36], ALICE[37]). Left panel: The
red line shows the UrQMD+hydro simulations and the blue
line the UrQMD cascade calculations. Middle panel: The red
line indicates the UrQMD B2 values for simulations using only
momentum space coalescence, while the blue line shows the
simulation results using only space coalescence. Right panel:
The red line denotes the UrQMD simulations with maximal
space-momentum correlations and the blue line the uncorre-
lated UrQMD calculations.

3.2 Nucleus+Nucleus reactions

Let us next turn to nucleus+nucleus collisions. Here, the
volume e↵ect can be observed either in B2’s centrality
dependence at fixed energy or in the energy dependence
at fixed centrality.

The centrality dependence of B2 is exemplified in Fig.
5 for Pb+Pb reactions at

p
sNN = 2.76 TeV. The black

line denotes the UrQMD hybrid simulations and the black
triangles the ALICE data points [12,34]. Here, the charged
particle density encodes the centrality, i.e. larger particle
densities correspond to larger volumes. This is clearly re-
flected in the multiplicity dependence of B2 which strongly
decreases with increasing charge particle number. While
the trend of the data is described well and supports the
volume suppression of deuteron formation, the B2 values
in the simulations are slightly lower than in the ALICE
experiment. In Fig. 6, we contrast the centrality depen-
dence of B2 with the energy dependence for central col-
lisions. Fig. 6 shows B2 at midrapidity and at pT /A =
0.65 GeV/c as a function of the center-of-mass energy for
Au+Au collisions. Additionally, the ALICE data point
at

p
sNN = 2760 GeV for Pb+Pb collisions is shown.

The black symbols denote data from di↵erent experiments
(E866 [36], E877 [36], STAR [36], PHENIX [36], ALICE
[37]). The structure of the data can be summarized by

UrQMD vs Hybrid UrQMD:
Dp coal. vs
Dx coal.

UrQMD:
uncorrelated vs.
full correlation

Gaebel et al, Eur.Phys.J.A 57 (2021)
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FIG. 5. Ratio of the deuteron number divided by the squared
proton number d/p2, for |y| < 0.5, scaled with the charged
particle multiplicity dNch/d⌘|⌘=0.0 as function of the charged
particle multiplicity for 0-10% central Au+Au reactions at dif-
ferent beam energies as depicted in the Figure. The UrQMD
model in cascade mode is used.

double ratio can directly be related to the ratio of the
so-called two- and three-particle coalescence factors B2

and B3 by
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The two- and three-particle coalescence factors are
given by:
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One should note that theoretically B2 and B3 can also be
defined without integrating over the momenta, i.e. they
can relate the cluster yield at one momentum per nucleon
to the nucleon yield at the same momentum. However,
most of the time one integrates the particle yields over
a range in transverse momenta and/or a certain rapidity
interval and obtains an integrated B2 and B3. Here, we
consider these factors, integrated over one rapidity unit
|y| < 0.5 and full pT .

The results for this double ratio for the di↵erent models
under investigation is shown in figure 4 (left: set I, right:
set II of triton coalescence parameters). The black solid
line corresponds to the cascade version of the UrQMD
model plus coalescence and the orange line depicts the

FIG. 6. Ratio of the anti-deuteron number divided by the
squared anti-proton number d/p2, for |y| < 0.5, scaled with
the charged particle multiplicity dNch/d⌘|⌘=0.0 as function
of the charged particle multiplicity for 0-10% central Au+Au
reactions at di↵erent beam energies as depicted in the Figure.
The UrQMD model in cascade mode is used.

UrQMD hydro-hybrid model plus coalescence. The light
and dark grey dashed lines are the results for the thermal
model fits, where in the dark grey line the feed-down of
larger nuclei to the triton yield is taken into account. The
red line with squares depicts the results from the multi-
fragmentation calculation presented in [25]. The data
are shown as open symbols. For both parameter sets the
double ratio, in the coalescence approach, changes only
mildly as function of the beam energy and is essentially
constant. Only for very low beam energies a drop is ob-
served which is due to the fact that the proton number
is reduced as a significant number of protons becomes
bound in the light nuclei. The thermal model results,
on the other hand, are mainly sensitive to the change
in temperature along the freeze out curve, which regu-
lates the proton feeddown from baryon resonances. The
temperature increases and then saturates towards higher
beam energies, and this mirrors the behavior of the dou-
ble ratio. Interestingly, the multifragmentation approach
shows a very strong energy dependence and generally the
largest achieved values of the double ratio. The main rea-
son for this behaviour is a slight underestimation of the
deuteron yield in this approach, which gets amplified due
to the square in the double ratio.

None of the presented models is able to describe all
of the available measurements. Again, a significant ten-
sion is observed between the highest energy STAR and
ALICE data. The low energy FOPI data seem to favor
a multifragmentation scenario, though also here strong
deviations from the model are apparent.

Within the presented UrQMD and hybrid approach it
will be possible to study the e↵ects of explicitly includ-
ing fluctuations due to a phase transition, which will be
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UrQMD hydro-hybrid model plus coalescence. The light
and dark grey dashed lines are the results for the thermal
model fits, where in the dark grey line the feed-down of
larger nuclei to the triton yield is taken into account. The
red line with squares depicts the results from the multi-
fragmentation calculation presented in [25]. The data
are shown as open symbols. For both parameter sets the
double ratio, in the coalescence approach, changes only
mildly as function of the beam energy and is essentially
constant. Only for very low beam energies a drop is ob-
served which is due to the fact that the proton number
is reduced as a significant number of protons becomes
bound in the light nuclei. The thermal model results,
on the other hand, are mainly sensitive to the change
in temperature along the freeze out curve, which regu-
lates the proton feeddown from baryon resonances. The
temperature increases and then saturates towards higher
beam energies, and this mirrors the behavior of the dou-
ble ratio. Interestingly, the multifragmentation approach
shows a very strong energy dependence and generally the
largest achieved values of the double ratio. The main rea-
son for this behaviour is a slight underestimation of the
deuteron yield in this approach, which gets amplified due
to the square in the double ratio.

None of the presented models is able to describe all
of the available measurements. Again, a significant ten-
sion is observed between the highest energy STAR and
ALICE data. The low energy FOPI data seem to favor
a multifragmentation scenario, though also here strong
deviations from the model are apparent.

Within the presented UrQMD and hybrid approach it
will be possible to study the e↵ects of explicitly includ-
ing fluctuations due to a phase transition, which will be

Volume scaling is observed at intermediate energies, 
even event-by-event and for deuterons AND anti-deuterons

Hillmann et al, e-Print: 2109.05972 [hep-ph]
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FIG. 1. [Color online] Invariant yields of protons and light
nuclei as function of rapidity for pT /A < 0.1 GeV in 0-8%
central Au+Au collisions at Elab = 10.8 AGeV. The lines
denote the UrQMD simulations and the symbols the experi-
mental data [16]. Parameter SetI is used.

anti-deuteron production [24]. This approach has been
extended to the production of tritons and helium-3.

The detailed procedure is as followed, where we assume
that a triton or helium-3 is formed by coalescence of a
(pre-)deuteron with another nucleon:

1. As first step we look in the two-particle-rest-frame
of each possible two-nucleon pair 1. If their rela-
tive distance �r = |~rn1 � ~rn2 | < �rmax,nn = 3.575
fm and momentum distance �p = |~pn1 � ~pn2 | <
�pmax,nn = 0.285 GeV, a two nucleon state is
potentially formed with the combined momenta
~pnn = ~pn1 + ~pn2 at position ~rnn = ~rn1 + ~rn2 . The
parameters �pmax,nn and �rmax,nn correspond to
those obtained for the deuteron in [24].

2. As second step we boost into the local restframe of
this two nucleon state and any other possible third
nucleon. If the conditions of their relative distance
�r = |~rnn �~rn3 | < �rmax,nnn and momentum dis-
tance �p = |~pnn �~pn3 | < �pmax,nnn are fulfilled, a
triton (charge equals 1) or helium-3 (charge equals
2) is formed with the probability of (1/12) · (1/3!),
the first factor represents the spin-isospin-coupling,
and the second is due to di↵erent combinations
leading to the same nnn-state. The momentum
of the three nucleon state is then ~pnnn = ~pnn + ~pn3

and the position is ~rnnn = 1
3 (~rn1 + ~rn2 + ~rn3).

3. If no third particle is found and the charge equals
1, a deuteron is formed with the probability of

1
In fact only nucleon pairs (and triplets) with the correct isospin

combination, i.e. pn for the deuteron and pnn for the triton, are

allowed.

FIG. 2. [Color online] Invariant yields of protons and light
nuclei as function of rapidity for pT /A < 0.1 GeV in 0-8% cen-
tral Si+Pb collisions at Elab = 14.6 AGeV. The lines denote
the UrQMD simulations and the symbols the experimental
data [17]. Parameter SetI is used.

(3/8) · (1/2!), the first factor represents the spin-
isospin-coupling, and the second is due to di↵erent
combinations leading to the same nn-state. (For
the deuterons, this treatment is the same as in [24],
the extra factor (1/2!) just removes combinatorial
double counting in the numerical procedure.)

This procedure leaves the two coalescence parameters
�pmax,nnn and �rmax,nnn to be determined. For sim-
plicity, we assume that these parameters are the same
for triton and 3He and their relative abundances only
depend on the di↵erent Spin-Isospin and counting fac-
tors as shown in table I. E↵ects like the di↵erent binding
energy due to the isospin dependent nuclear forces are
neglected.

To fix the coalescence parameters we use the high pre-
cision results on the production cross section of triton
and 3He in Au+Au collisions at Elab = 10.8A GeV, as
measured by the E878 and E886 collaborations and in
central Si+Pb collisions presented by the E814 collab-
oration. The resulting rapidity distributions using the
UrQMD model in cascade mode and the above described
procedure using the parameters shown in table I, named
Set I, are shown in figures 1 and 2. To accommodate for
a certain degree of uncertainty in the production cross
section of the A = 3 nuclei and also to show the robust-
ness of the approach to small changes in the coalescence
parameters, table I also shows a second set of parame-
ters, dubbed Set II. In the following all results presented
are using either Set I or II.
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This procedure leaves the two coalescence parameters
�pmax,nnn and �rmax,nnn to be determined. For sim-
plicity, we assume that these parameters are the same
for triton and 3He and their relative abundances only
depend on the di↵erent Spin-Isospin and counting fac-
tors as shown in table I. E↵ects like the di↵erent binding
energy due to the isospin dependent nuclear forces are
neglected.

To fix the coalescence parameters we use the high pre-
cision results on the production cross section of triton
and 3He in Au+Au collisions at Elab = 10.8A GeV, as
measured by the E878 and E886 collaborations and in
central Si+Pb collisions presented by the E814 collab-
oration. The resulting rapidity distributions using the
UrQMD model in cascade mode and the above described
procedure using the parameters shown in table I, named
Set I, are shown in figures 1 and 2. To accommodate for
a certain degree of uncertainty in the production cross
section of the A = 3 nuclei and also to show the robust-
ness of the approach to small changes in the coalescence
parameters, table I also shows a second set of parame-
ters, dubbed Set II. In the following all results presented
are using either Set I or II.
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FIG. 3. [Color online] Ratio of tritons to deuterons (upper
panel) and deuterons to protons (lower panel) in mid-rapidity
acceptance (|y| < 0.5) for most central heavy ion collisions at
various di↵erent beam energies. We show default UrQMD
result (black band) with UrQMD hybrid model results using
a crossover EoS (orange band). The band depict the uncer-
tainty from using either parameter Set I or II (see text). The
UrQMD results are compared to thermal model fits (dashed
lines) and Multifragmentation results (red line with circles).
Data from di↵erent experiments is shown as open symbols.
[27, 28, 34–41]

B. Production of light nuclei via hot coalescence

and multi-fragmentation

Usually, as described above, coalescence is done in the
freeze-out stage of the reaction by projecting individual
nucleon pairs or triples/quadruples on a cluster ground
state. However, this is not the only possibility to realize
the coalescence process. In [25] a di↵erent approach was
suggested, namely ”hot coalescence” followed by multi-
fragmentation. Such an approach is especially important
at low beam energies where also intermediate mass clus-
ters are produced. The idea behind ”hot coalescence” is
that one coalesces the nucleons to larger fragments and

not directly to the ground states. These intermediate
mass fragments still have thermal excitation energy (this
is why we call it ”hot coalescence”) and decay via a mul-
tifragmentation process producing the observable light
clusters, like deuterons, tritons and helium. The detailed
implementation and discussion of this process is provided
in [25].

C. Production of light nuclei in the thermal model

In the thermal model approach the light clusters are
usually incorporated into the partition function as ex-
plicit degrees of freedom and their abundances are given
by the Boltzmann distribution function, depending only
on the temperature and baryochemical potential [1, 26].
Under the assumption that the temperatures and chem-
ical potentials for the light clusters are the same as
for the nucleons, the thermal model gives an essentially
parameter-free prediction of the cluster abundances for
a given system, which in many cases is in a very good
agreement with the experiment [27, 28]. One can also
show that certain ratios of primordial yields, like tp/d2,
become essentially independent of the temperature and
baryochemical potential and reflect only the spin- and
isospin-degeneracies. For the final yields, however, the
situation is somewhat more involved since one has to
take into account feeddown contributions from decays of
baryon resonances [29] and excited nuclei [30].

Here we will confront our coalescence results with the
thermal model baseline, which we take from Ref. [31].
The calculations, performed within the Thermal-FIST
package [32], utilize the chemical freeze-out curve from
Ref. [33] to fix the temperature and chemical poten-
tial at given collision energy. We optionally incorporate
the feeddown contributions from known excited nuclear
states, which mainly has the e↵ect of enhancing the yields
of tritons and 3He relative to deuterons and nucleons.

III. RESULTS

First, the ratios of triton to deuteron and deuteron to
proton for the mid-rapidity region of central Au+Au re-
action is shown in figure 3 over a very broad range of
beam energies. We confront di↵erent models with the
available experimental data: The black solid line cor-
responds to the cascade version of the UrQMD model
plus coalescence and the orange line depicts the UrQMD
hydro-hybrid model plus coalescence. While for the
deuteron production only one dataset is used and thus
only one line is obtained, the triton production is es-
timated with parameters sets I and II which then re-
sult in the grey and orange bands in the upper panel.
The light and dark grey dashed lines are the results for
the thermal model fits, where in the dark grey line the
feed-down from excited nuclei to the triton and deuteron
yields is taken into account. The red line with squares

Hillmann et al, e-Print: 2109.05972 [hep-ph]
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TABLE I: Yields (dN/dy at midrapidity) of p, d, 3He and 3H as well as the yield ratio 3H/3He measured in Pb+Pb collisions
at SPS energies [47] together with the derived yield ratio Op-d-t. The units for E and

√
sNN are AGeV and GeV, respectively.

E
√
sNN centrality p d 3He 3H/3He 3H Op-d-t

20 6.3 0− 7% 46.1±2.1 2.094±0.168 3.58(±0.43) × 10−2 1.22±0.10 4.37(±0.64) × 10−2 0.459±0.014

30 7.6 0− 7% 42.1±2.0 1.379±0.111 1.89(±0.23) × 10−2 1.18±0.11 2.23(±0.34) × 10−2 0.494±0.020

40 8.8 0− 7% 41.3±1.1 1.065±0.086 1.28(±0.15) × 10−2 1.16±0.15 1.48(±0.26) × 10−2 0.541±0.022

80 12.3 0− 7% 30.1±1.0 0.543±0.044 3.90(±0.50) × 10−3 1.15±0.19 4.49(±0.94) × 10−3 0.458±0.038

158 17.3 0− 12% 23.9±1.0 0.279±0.023 1.50(±0.20) × 10−3 1.05±0.15 1.58(±0.31) × 10−3 0.484±0.037

TABLE II: Collision energy dependence of neutron relative density fluctuation ∆n for α =-0.2, -0.1, 0, 0.1 and 0.2. The units
for E and

√
sNN are AGeV and GeV, respectively.

E
√
sNN centrality ∆n (α = −0.2) ∆n (α = −0.1) ∆n (α = 0) ∆n (α = 0.1) ∆n (α = 0.2)

20 6.3 0− 7% 0.485±0.037 0.526±0.039 0.583±0.048 0.669±0.064 0.816±0.099

30 7.6 0− 7% 0.566±0.044 0.623±0.053 0.704±0.068 0.833±0.096 1.093±0.177

40 8.8 0− 7% 0.667±0.046 0.746±0.057 0.864±0.076 1.071±0.118 1.620±0.322

80 12.3 0− 7% 0.482±0.090 0.523±0.106 0.579±0.130 0.662±0.171 0.807±0.262

158 17.3 0− 12% 0.542±0.084 0.594±0.101 0.668±0.127 0.782±0.175 1.002±0.345

freeze-out. To take into account density fluctuations of
nucleons, we express the neutron and proton density in
the emission source as

n(!r) =
1

V

∫

n(!r)d!r + δn(!r) = 〈n〉+ δn(!r), (6)

np(!r) =
1

V

∫

np(!r)d!r + δnp(!r) = 〈np〉+ δnp(!r), (7)

where 〈·〉 denotes the average value over space and
δn(!r) (δnp(!r)) with 〈δn〉 = 0 (〈δnp〉 = 0) denotes the
fluctuation of neutron (proton) density from its average
value 〈n〉 (〈np〉). We can then approximately rewrite
Eqs. (4) and (5) as

Nd =
3

21/2

(

2π

m0Teff

)3/2 ∫

d!r n(!r)np(!r)

=
3

21/2

(

2π

m0Teff

)3/2

(Np〈n〉+ V 〈δnδnp〉), (8)

and

N3H =
33/2

4

(

2π

m0Teff

)3 ∫

d!r n(!r)2np(!r)

=
33/2

4

(

2π

m0Teff

)3
[

(〈n〉2 + 〈(δn)2〉)Np

+2V 〈n〉〈δnδnp〉+ V 〈(δn)2δnp〉
]

. (9)

Assuming δnp(!r) = c(!r)δn(!r), where the function c(!r)
can be positive or negative, we can then express the cor-
relation between δn(!r) and δnp(!r) as

〈δnδnp〉 =
1

V

∫

d!rδn(!r)δnp(!r)

=
1

V

∫

d!r c(!r)(δn(!r))2. (10)

The above equation can also be written as

〈δnδnp〉 = α
〈np〉
〈n〉

〈(δn)2〉, (11)

with α being the correlation coefficient and 〈np〉
〈n〉 account-

ing for the isospin asymmetry of the emission source. In
the case that the neutron and proton density fluctuations
are completely correlated, we then have α = 1. By ne-
glecting the term 〈(δn)2δnp〉 in Eq. (9), we can rewrite
Eqs. (8) and (9) as

Nd =
3

21/2

(

2π

m0Teff

)3/2

Np〈n〉(1 + α∆n), (12)

N3H =
33/2

4

(

2π

m0Teff

)3

Np〈n〉2[1 + (1 + 2α)∆n],

(13)

where ∆n = 〈(δn)2〉/〈n〉2 is a dimensionless quantity
that characterizes the relative density fluctuation of neu-
trons.
Besides depending on ∆n, both d and 3H yields also

depend on Teff, Np and 〈n〉. The density fluctuation in
the emission source can be probed from the following
yield ratio:

Op-d-t =
N3HNp

N2
d

= g
1 + (1 + 2α)∆n

(1 + α∆n)2
, (14)

with g = 4/9×(3/4)3/2 ≈ 0.29. The Op-d-t is constructed
in such a way that many effects, such as those due to Teff,
Np, 〈n〉, volume and isospin asymmetry of the emission
source, cancel out. Experimentally, one can thus extract
∆n in relativistic heavy-ion collisions by measuring the

Sun et al, Phys.Lett.B 774 (2017) 103-107
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yield ratioOp-d-t. When α∆n is much smaller than unity,
the correction from α in Eq. (14) is second-order, and
Op-d-t can be approximated as

Op-d-t ≈ g(1 +∆n). (15)

In this case, Op-d-t has a very simple linear dependence on
∆n. We would like to point out that one may also choose
other light nuclei such as 3He and 4He to extract the
nucleon density fluctuation at kinetic freeze-out. In these
cases, however, information on the isospin at freeze-out
is needed and also the higher-order density fluctuations
may be involved. For example, the yields of 3He and 4He
are given, respectively, by

N3He =
33/2

4

(

2π

m0Teff

)3

Nn〈np〉2 (1 +∆np + 2α∆n) ,

(16)

N4He =
1

2

(

2π

m0Teff

)9/2

Np〈np〉〈n〉2

×
[

1 + (1 + 4α)∆n+∆np +
〈(δnδnp)2〉
〈n〉2〈np〉2

]

, (17)

which further depend on the proton average density 〈np〉,
its relative density fluctuation ∆np = 〈(δnp)2〉/〈np〉2
and higher-order fluctuations. In Eq. (17), terms like
〈(δn)2δnp〉 and 〈(δnp)2δn〉 are neglected.
Eqs. (12)-(17) show that large density fluctuations can

affect the yields of light nuclei in relativistic heavy-ion
collisions and lead to an A dependence different from
〈n〉A that is expected from the statistical model [55]. Ex-
isting experimental data from the Alternating Gradient
Synchrotron (AGS) at

√
sNN = 4.8 GeV have shown

a striking exponential behavior with a penalty factor of
about 50 per additional nucleon to the produced nuclear
cluster up to A = 7 [55]. Similarly, such a regular expo-
nential behavior is seen at RHIC energies for A ≤ 4 [56].
These results have thus ruled out large nucleon density
fluctuations at kinetic freeze-out in heavy-ion collisions
at AGS and RHIC top energies.
However, recently published results on light nuclei pro-

duction in central Pb+Pb collisions at SPS energies [47]
show a quite different behavior. This can be seen from
the collision energy dependence of Op-d-t and ∆n. Ta-
ble I summarizes the yields (dN/dy at midrapidity) of p,
d, 3He and 3H as well as the yield ratio 3H/3He measured
in central Pb+Pb collisions at 20 AGeV (0− 7% central-
ity), 30 AGeV (0 − 7% centrality), 40 AGeV (0 − 7%
centrality), 80 AGeV (0− 7% centrality), and 158 AGeV
(0 − 12% centrality) by the NA49 Collaboration [47].
In obtaining the yield of 3H, we have used the relation
3H=3He×3H/3He. The derived Op-d-t is also shown in
Table I with errors estimated by assuming they are dom-
inated by correlated systematic errors as a result of sim-
ilar detector acceptance and phase-space extrapolation.
It is seen from Table I that the energy dependence of

Op-d-t shows a possible non-monotonic behavior with its
largest value at

√
sNN = 8.8 GeV. However, it should

be pointed out that the evidence for the non-monotonic
behavior may not be statistically significant due to the
sufficiently large uncertainty. Indeed, the value of Op-d-t

at
√
sNN = 8.8 GeV deviates by only about 2.5σ from a

χ2 fit of Op-d-t at
√
sNN =6.3 GeV, 7.6 GeV, 12.3 GeV

and 17.3 GeV by the constant 0.471± 0.018.
Equation (14) shows that for a fixed value of Op-d-t,

the extracted value for ∆n depends on the value of α.
We note that Eq. (14) has no solution when α is larger
than ∼ 0.23 at

√
sNN = 8.8 GeV. This feature sug-

gests that a perfect or strong correlation between neu-
tron and proton density fluctuations at kinetic freeze-out
(i.e., α = 1 or α > 0.23) cannot appear in collisions at√
sNN = 8.8 GeV. Similar features are also seen at other

four collision energies, although the maximum values of
α are larger, i.e., 0.32 for 6.3 GeV, 0.28 for 7.6 GeV,
0.32 for 12.3 GeV and 0.29 for 17.3 GeV. Table II shows
the extracted values of ∆n for α = −0.2, −0.1, 0, 0.1
and 0.2 at different collisions energies. For all these val-
ues of α, a similar non-monotonic behavior is seen in the
dependence of ∆n on the collision energy with a peak
at

√
sNN = 8.8 GeV. Also, the obtained value of ∆n

is much larger than that due to the event-by-event sta-
tistical fluctuation in the neutron multiplicity, which is
expected to be inversely proportional to its mean value
and is thus only about a few per cent.

FIG. 1: Collision energy dependence of the neutron relative
density fluctuation ∆n in central Pb+Pb collisions at SPS
energies based on data from Ref. [47]. Results for α = −0.2,
−0.1, 0, 0.1 and 0.2 are shown by various dotted lines.

To see more clearly the collision energy dependence of
∆n, we plot in Fig. 1 the extracted ∆n as a function of√
sNN for α = −0.2, −0.1, 0, 0.1 and 0.2. The extracted

∆n is seen to increase with increasing value of α, and
the increase is faster for larger value of Op-d-t. It is in-
teresting to see that the peak at

√
sNN = 8.8 GeV seems

to always exist for all values of α considered here. Esti-
mating the statistical significance of the non-monotonic
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and 17.3 GeV by the constant 0.471± 0.018.
Equation (14) shows that for a fixed value of Op-d-t,

the extracted value for ∆n depends on the value of α.
We note that Eq. (14) has no solution when α is larger
than ∼ 0.23 at

√
sNN = 8.8 GeV. This feature sug-

gests that a perfect or strong correlation between neu-
tron and proton density fluctuations at kinetic freeze-out
(i.e., α = 1 or α > 0.23) cannot appear in collisions at√
sNN = 8.8 GeV. Similar features are also seen at other

four collision energies, although the maximum values of
α are larger, i.e., 0.32 for 6.3 GeV, 0.28 for 7.6 GeV,
0.32 for 12.3 GeV and 0.29 for 17.3 GeV. Table II shows
the extracted values of ∆n for α = −0.2, −0.1, 0, 0.1
and 0.2 at different collisions energies. For all these val-
ues of α, a similar non-monotonic behavior is seen in the
dependence of ∆n on the collision energy with a peak
at

√
sNN = 8.8 GeV. Also, the obtained value of ∆n

is much larger than that due to the event-by-event sta-
tistical fluctuation in the neutron multiplicity, which is
expected to be inversely proportional to its mean value
and is thus only about a few per cent.

FIG. 1: Collision energy dependence of the neutron relative
density fluctuation ∆n in central Pb+Pb collisions at SPS
energies based on data from Ref. [47]. Results for α = −0.2,
−0.1, 0, 0.1 and 0.2 are shown by various dotted lines.

To see more clearly the collision energy dependence of
∆n, we plot in Fig. 1 the extracted ∆n as a function of√
sNN for α = −0.2, −0.1, 0, 0.1 and 0.2. The extracted

∆n is seen to increase with increasing value of α, and
the increase is faster for larger value of Op-d-t. It is in-
teresting to see that the peak at

√
sNN = 8.8 GeV seems

to always exist for all values of α considered here. Esti-
mating the statistical significance of the non-monotonic

g=0.29, a=p-n correlation

4 Jie Zhao (for the STAR collaboration)

Fig. 4. Energy dependence of the coalescence parameter, B2 (left), and the neutron
density fluctuation, �n (right), from Au+Au collisions at RHIC [18,20].

Fig. 5. Rcp of the K0
s , ⇤, ⌅, �, ⌦ in Au+Au collisions at

p
sNN = 7.7 - 39 GeV [21].

of the hypertriton binding energy and mass di↵erence between hypertriton and
antihypertriton. The STAR data [24] provide the first test of the CPT symme-
try in the light hypernuclei sector. No deviation from the exact symmetry is
observed.

5 Medium e↵ects and dynamics

Lifetimes of long-lived resonances are comparable to the typical lifetime of the
QGP fireball created in heavy-ion collisions. Resonances can thus be used to
study the properties and evolution of the hot and dense QGP medium. The
K⇤0 and � mesons have di↵erent hadronic cross sections and lifetimes. The
comparison of �/K� and K⇤0/K� ratios in Fig. 6 indicate strong medium e↵ects
at RHIC and LHC [5,25].

Dileptons are penetrating probe to heavy-ion collisions [26]. Recent measure-
ments show a strong enhancement in the very low pT region. The results point
to additional physics contributions, for example contributions from photon in-
teractions in the magnetic field trapped in the QGP [27].
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FIG. 4. [Color online] Double ratio of tritons and protons over deuterons in mid-rapidity acceptance (|y| < 0.5) for most central
heavy ion collisions at various di↵erent beam energies. We show results for both paramters sets I and II. The default UrQMD
result are depicted as black line with the UrQMD hybrid model results as orange line with squares. The UrQMD results are
also compared to thermal model fits (dashed lines) and Multifragmentation results (red line with circles). Data from di↵erent
experiments is shown as open symbols.

depicts the results from the multifragmentation calcula-
tion presented in [25]. The various model simulations
are compared with experimentally measured ratios from
di↵erent experiments, shown as open symbols.

One can make several interesting observations:

1. The UrQMD cascade and hybrid model give essen-
tially identical results in the beam energy region
between 2 < Elab < 40A GeV 2. This is a clear
indication, that the final ratios mainly depend on
the local density at kinetic freeze-out.

2. For beam energies above Elab > 1A GeV, the
UrQMD coalescence approach and the thermal
model (without feed down) give very similar results
for both ratios, where the largest di↵erences occur
for the highest (LHC) energy as well as at low beam
energies.

3. All models shown here do note describe well the
deuteron to proton ratio measured by the FOPI
Collaboration at the lowest beam energies. While
it can be argued that these energies might be out-
side the application range of both the coalescence

2
We have checked that both models give the same results down to

beam energies of Elab = 2A GeV. The low beam energy results

are simply not shown for better readability of the figures.

and thermal model, it also observed that the mul-
tifragmentation approach, which seems to be the
most reasonable approach for such low beam ener-
gies, also has problems describing the FOPI data.

4. There appears to be a tension between the triton to
deuteron ratio observed by the STAR experiment
and the preliminary ratio presented by the ALICE
experiment. No model is able to simultaneously
describe these two sets of data.3

Since the d/p and t/d ratios depend strongly on the
net baryon density and therefore the baryo-chemical po-
tential of the system, the ratios vary over several orders
of magnitude as function of beam energy, which makes
a proper comparison and interpretation (apart from the
strong µB dependence) di�cult.

To remove the trivial µB dependence one can choose a
ratio which cancels the explicit dependence on the chem-
ical potential, for example the double ratio t · p/d2. Here
t, p and d stand for the event averaged multiplicities of
the triton, proton and deuterons at mid-rapidity, respec-
tively. This ratio has also been suggested to be sensitive
to the neutron number fluctuations in heavy ion colli-
sions [2]. However, in terms of a coalescence picture this

3
Di↵erences in the treatment of feed-down corrections have been

suggested as a possible source of this di↵erence [11, 42]. For a

further discussion, we refer to [31] and references therein.

Canceling µB: B3/(B2)2 ratios
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None of the models provide a full description of the data
- However coalescence + multi-fragmentation seem to work below LHC energies
- Models dont see suggested density fluctuation peak!
Hillmann et al, e-Print: 2109.05972 [hep-ph]

https://arxiv.org/abs/2109.05972
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Can we distinguish thermal emission from coalescence? 
à Anisotropic Flow

Simplified picture:

Position-space anisotropy 
à Momentum-space anisotropy

Real picture:
Complicated state, 
mean free paths,…

by MADAI.us

+ + + +
⋯

=v2 v5v4v3

Fourier expansion of the radial distribution! à vn

v1 +

Adopted from H. Elfner
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• discovery of “magical factors” 
of 2 and 3 in measurements of
spectra and the elliptic flow of
mesons and baryonsat RHIC 
(Fries et al, 2003)

• Predicted v2 scaling in case of
coalescence

Can we distinguish thermal emission from coalescence?
àScaling

NCQ scaling at high energies RHIC data

STRONG 2020 - Crete

à Check scaling to prove coalescence
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Since the maximal values of v2 will be of the order of 0.1,
we can neglect the quadratic and cubic terms and arrive
at the following simple scaling law, which connects the
elliptic flow of hadrons vh2 to those of the partons v2:

vh2 (PT ) = n v2

(

1

n
PT

)

(89)

with n being the number of valence quarks and anti-
quarks contained in hadron h. This scaling law was in-
deed already found to hold in STAR data on the elliptic
flow of Λ and K0

s down to transverse momenta of about
500 MeV/c [16]. This is a very strong support for the
recombination picture. Apparently a part of the uncer-
tainty in the recombination mechanism at low PT , in-
troduced by the violation of energy conservation, cancels
after taking the ratios in Eqs. (83,84). The recombina-
tion formalism seems to give valid results for v2 down to
transverse momenta of several hundred MeV/c.
We combine the contributions to the anisotropic flow

from recombination and fragmentation by using the rel-
ative weight r(PT ) for the recombination process

v2(PT ) = r(PT )v2,R(PT )+(1− r(PT )) v2,F(PT ). (90)

r(PT ) is defined as the ratio of the recombination contri-
bution to the spectrum and the total yield.

r(PT ) =
dNR/d2PT

(dNR/d2PT + dNF/d2PT )
. (91)

F. The statistical thermal model

In this subsection we give a brief account of the sta-
tistical model following variant I of [42]. For further de-
tails we refer the reader to the comprehensive literature
[42, 43, 44, 58].
The hadron spectrum at is supposed to emerge from a

hypersurface Π and has the form

E
dNh

d3P
=

∫

Π

dσR
P · v(R)

(2π)3
Gh(R;P ). (92)

We use the same parametrization for the four velocity
v(R) as in (64). The hypersurface Π is determined by
the condition

√
v2 = τSM = const. The hadronic phase-

space distribution functions are given by

Gh(R;P ) =
ChfSM(r)

e−(P ·v−µBBh−µsSh−µIIh)/TSM ± 1
, (93)

for bosons and fermions respectively. r = τSM sinh ηT
is the radial coordinate and fSM(r) = Θ(r0 − r) is a
radial profile function providing a cylindrical shape. Ch

is the degeneracy factor and Bh, Sh and Ih are baryon
number, strangeness and third component of the isospin
for hadron species h.
Equation (92) can be evaluated analogous to (66). We

note that in the limit PT → ∞ Eqs. (69,70) are equivalent

to (92) if the same hypersurface and the same tempera-
ture and chemical potentials are used. This is an indi-
cation that recombination from a thermal parton phase
is the underlying microscopic picture of hadron produc-
tion in a statistical model. While we will not elaborate
on this in more detail, we will quote some results of the
statistical model for hadron ratios and compare with our
calculation.
The geometric parameters are fixed to be τSM = 7.66

fm and r0 = 6.69 fm for for most central collisions at
RHIC in Ref. [42]. Particle ratios at mid rapidity in a
boost-invariant model are not influenced by the expan-
sion of the system [42], thus we can use the parameters
which are determined by particle ratios from the entire
phase space. We follow [43] and set TSM = 177 MeV,
µB = 29 MeV, µS = 10 MeV and µI = −0.5 MeV.

G. Note on the parameters in our model.

We want to give a brief summary of all the parameters
for the parton phase. Essentially we have three degrees of
freedom for central collisions. Theses are the energy loss
given by ε0〈L〉, the slope of the exponential part given by
temperature T and radial flow velocity vT and the nor-
malization of the recombination spectrum by the volume
τAT . In addition there are the parton fugacities. After
fixing 〈L〉, T and τ to physical or at least reasonable val-
ues, we retain ε0, vT and ρ0 as true parameters that were
determined by fitting to the final data given by PHENIX
for the inclusive π0 spectrum [52]. This is in contrast to
our previous study where the parameters of the parton
spectrum were fixed by the peliminary charged hadron
spectrum [10].
The light quark fugacity was set to 1 in accordance

with the measured p/π0 ratio and the fugacities for an-
tiquarks and strange quarks were obtained from other
ratios. The ratio of fugacities γū/γu = 0.9 can be trans-
lated into a baryon chemical potential µB = 27 MeV. For
other impact parameters, the simple geometric scaling of
the volume and the number of collisions with b and a
reasonable ansatz for ε(b) describe the data up to b = 10
fm. Only for very peripheral collision there is the need
to introduce the new parameter γ(b).

V. NUMERICAL RESULTS

In this section we are going to discuss our numerical
results on hadron production.

A. Hadron spectra

In Fig. 2 we show our results for hadron production
from fragmentation and recombination for impact pa-
rameter b = 0 in central Au+Au collision at

√
s = 200

GeV. We compare to available experimental data from

Fries et al, Phys.Rev. C68 (2003)
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FIG. 17: v2 for charged hadrons. Again we show the con-
tributions from different mechanisms as in Fig. 15. Data are
preliminary and taken from the STAR collaboration.
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FIG. 18: The anisotropy v2/n for pions (bottom) and protons
(top) as a function of transverse momentum pT /n using the
scaling law (89) with n = 2 for pions and n = 3 for protons.
Data points are pions and protons from PHENIX using the
same scaling law.

a violation of this scaling law at higher values, coming
from perturbative QCD.

In this publication we have only considered sin-
gle hadron production and neglected correlations in
the hadron emission pattern. The yield of secondary
hadrons, when triggering on a leading hadron, is a
promising quantity to provide more information about
the underlying hadronization mechanism.

With fragmentation and energy loss alone, no con-
sistent explanation involving all hadron species can be
given. In contrast we are able to describe most avail-
able RHIC data on spectra, ratios, nuclear suppression
and elliptic flow of hadrons, including their impact pa-
rameter dependence, for transverse momenta above 1–2
GeV/c – for v2 even down to very low PT – consistently
with a very small number of globally adjusted parame-
ters. As input for the recombination process we use a
dense phase of partons with temperature T = 175 MeV
and radial flow velocity vT = 0.55c at hadronization time
5 fm. All RHIC data shown in this work are consistent
with the existence of such a phase.
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Can we distinguish thermal emission from coalescence?
à Scaling

UrQMD 6

FIG. 11. [Color online] Triangular flow of free protons and
deuterons in Au+Au collisions as a function of transverse mo-
mentum for the backward rapidity �0.45 < y < �0.35 at a
fixed-target beam energy of 1.23 AGeV. The lines indicate the
UrQMD calculations (b = 6� 9 fm).

FIG. 12. [Color online] 4th flow of free protons and deuterons
in Au+Au collisions as a function of transverse momentum for
the backward rapidity |y| < 0.1 at a fixed-target beam energy
of 1.23 AGeV. The lines indicate the UrQMD calculations
(b = 6� 9 fm).

all transverse momentum windows. One can observe a
v3 6= 0 with respect to the reaction plane which is very
similar for both particles and shows a strong rapidity de-
pendence.

Figure 11 shows the triangular flow of protons and
deuterons as a function of transverse momentum for the
backward-rapidity bin �0.45 < y < �0.35 in Au+Au col-
lisions (b = 6�9 fm) at a beam energy of 1.23 AGeV. The
lines denote the UrQMD calculations. Both protons and
deuterons show a strong increase of v3 going to higher
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d, �0.05 < y < 0.05

FIG. 13. [Color online] Elliptic flow of protons (solid line) and
deuterons (dashed line) in Au+Au collisions as a function of
transverse momentum and for |y| < 0.05 scaled with the mass
number A at a fixed-target beam energy of 1.23 AGeV. The
lines indicate the UrQMD calculations (b = 6� 9 fm).

pT . Surprisingly v3 at HADES energy is on the same
order as at RHIC energies [59]. It is interesting to note
that protons and deuterons show the same magnitude of
v3.

D. 4th order flow

For the fist time a prediction of the 4th order flow
(quadrangular flow) with respect to the reaction plane
is given for Au+Au reactions at 1.23 A GeV. Figure
12 shows the 4th order flow of protons and deuterons
as a function of transverse momentum for mid-rapidity
�0.1 < y < 0.1 in Au+Au collisions (b = 6 � 9 fm)
at a beam energy of 1.23 A GeV. The lines denote the
UrQMD calculations. Both protons and deuterons show
a strong dependence on transverse momentum.

IV. SCALING AND CORRELATION ANALYSIS

A. Mass number scaling

The scaling of elliptic flow with the number of con-
stituents has long been established with quark recombi-
nation models at RHIC energies [60]. For the coalescence
of nucleons into deuterons the same scaling is present in
terms of the baryon number. This results in the expecta-
tion that vd2

�
pdT

�
= 2vp2

�
1
2pdT

�
. Thus v2/A as function of

(pT /A), with A being the baryon number, should yield
the same curves for protons and deuterons, if deuterons
are formed by coalescence. Taking the data of Fig. 7 and
8 we show the scaled flow of protons and deuterons for
Au+Au collisions (20%-30% centrality) at a beam energy

HADES data

STRONG 2020 - Crete

à Scaling is observed

Taken from
 Behruz

Kardan, arXiv:1809.07821 
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Higher order 
flow

• Also higher order flow 
works very well.

• Indication that 
correlations are 
propagated correctly

• Suggests “hard” 
(or momentum 
dependend) 
equation of state

STRONG 2020 - Crete

UrQMD: P. Hillmann, J. Steinheimer, M. Bleicher,   J.Phys. G45 (2018) 
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Can we distinguish thermal emission from coalescence?
à Fluctuations

Au+Au at 2 AGeV
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FIG. 1. Model parameter B for Model A (black squares) and
resulting proton (in blue) and deuteron (in red) multiplicities
as function of energy. The resulting deuteron multiplicity is
compared to the thermal fit (red line) input to our model.
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FIG. 2. Fluctuation of the deuteron number for Au+Au col-
lisions at 2.6 GeV beam energy in comparison to the Pois-
son distribution. The parameters of the distributions are for
Model A: σ2/〈nd〉 = 1.609, Sσ = 2.218, κσ2 = 6.915; Model
B: σ2/〈nd〉 = 1.308, Sσ = 1.616, κσ2 = 3.422.

one clearly observes that coalescence leads to skewed dis-
tributions with a shift to higher values, as expected from
the non-linear formation probability. The scaled higher
moments: the variance σ2/〈nd〉, the skewness Sσ and
the kurtosis κσ2 all differ significantly from the Poisson
expectation of unity. The departure from Poissonian dis-
tribution is larger if proton and neutron number fluc-
tuate together (Model A), but also independent proton
and neutron fluctuations (Model B) lead to clearly non-
Poissonian shape.
Next we explore the energy dependence of the moments

of the deuteron distribution and compare to the Poisson
expectations. Figures 3 and 4 show the scaled mo-
ments σ2/〈nd〉, Sσ, and κσ2 as functions of collision en-
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FIG. 3. The energy dependence of the moments σ2/〈nd〉, sσ,
and kσ2 of the deuteron distribution obtained from Model A
compared to the Poisson expectation
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FIG. 4. The energy dependence of the moments σ2/〈nd〉,
sσ, and kσ2 of the deuteron distribution in the coalescence
model assuming indepenedent proton and neutron fluctua-
tions (Model B) compared to the Poisson expectation.

ergy for Models A and B, respectively. We observe a
clear deviation from the Poisson expectation for all the
higher moments. The deviation is very strong at low
energies, where both coalescence parameter B and the
mean proton and neutron numbers are large, which re-
sults in sizeable fluctuations of the mean of Poissonian
deuteron number distribution given by eq. (1) or eq. (5).
This leads to even larger fluctuations of the deuteron
number. The effect could be possibly observed for ener-
gies up to about 5 GeV in all the moments and even up
to higher energies in kurtosis only.

Removing the correlation between initial proton and
neutron fluctuations clearly weakens the effect, as can
be seen in Fig. 4. The scaled moments attain approxi-
mately one half of the values obtained for neutron num-
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as function of energy. The resulting deuteron multiplicity is
compared to the thermal fit (red line) input to our model.
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one clearly observes that coalescence leads to skewed dis-
tributions with a shift to higher values, as expected from
the non-linear formation probability. The scaled higher
moments: the variance σ2/〈nd〉, the skewness Sσ and
the kurtosis κσ2 all differ significantly from the Poisson
expectation of unity. The departure from Poissonian dis-
tribution is larger if proton and neutron number fluc-
tuate together (Model A), but also independent proton
and neutron fluctuations (Model B) lead to clearly non-
Poissonian shape.
Next we explore the energy dependence of the moments

of the deuteron distribution and compare to the Poisson
expectations. Figures 3 and 4 show the scaled mo-
ments σ2/〈nd〉, Sσ, and κσ2 as functions of collision en-
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sσ, and kσ2 of the deuteron distribution in the coalescence
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ergy for Models A and B, respectively. We observe a
clear deviation from the Poisson expectation for all the
higher moments. The deviation is very strong at low
energies, where both coalescence parameter B and the
mean proton and neutron numbers are large, which re-
sults in sizeable fluctuations of the mean of Poissonian
deuteron number distribution given by eq. (1) or eq. (5).
This leads to even larger fluctuations of the deuteron
number. The effect could be possibly observed for ener-
gies up to about 5 GeV in all the moments and even up
to higher energies in kurtosis only.

Removing the correlation between initial proton and
neutron fluctuations clearly weakens the effect, as can
be seen in Fig. 4. The scaled moments attain approxi-
mately one half of the values obtained for neutron num-
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Thermal emission would result 
in Poisson fluctuations
à Coalescence leads to 

wider (non-poisson) distributions

Deviations from Poisson strongest at 
low energies (largest yield of deuterons)
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Anti-deuterons
Does coalescence also work for 

more exotic states?
Energy dependence of deuterons 

and anti-deuterons
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• Surprisingly good description of 
anti-deuteron yield

• Same parameters!!

Consistent picture over the 
whole energy range
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Hyper and multi-strange matter
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tral heavy ion collisions. Here we assume that the coa-
lescence criterion used to form the composite particles
includes the proximity of nucleons both in the momen-
tum and coordinate space. The coordinate coalescence
parameters are determined by the relation rC = !/pC,
with the same values of pC as were used in [78]. As a
first approximationwe use the same coalescence param-
eters for both conventional fragments and hyperfrag-
ments. An example of the calculated invariant yields
of the fragments produced in the central Au + Au col-
lisions at projectile momentum 11.5A GeV is shown
in Fig. 1. One can understand that at this energy the
coalescence model reproduces qualitatively the experi-
mental data for conventional fragments. The fragments
yields fit very close to exponential dependence with a
penalty factor of approximately 50 for each nucleon
added in agreement with the data. Due to the fact that
the same coalescence parameters were used a similar
penalty factor is obtained for hyperfragments, which is
supplemented by additional suppression if the neutron
is replaced by a Λ.
For the following results we fixed the coalescence pa-
rameters as described, with a fit to the data at 11.5A
GeV, and assume that they do not change with beam en-
ergy. This allows us to predict cluster production over a
wide range of experimental setups.

4. Results

Figures 2 and 3 show our results for the mid rapidity
yields (|y| < 0.5) of di-baryons and hypernuclei as a
function of the beam energy Elab. In our calculations we
considered most central (b < 3.4 fm) Pb+Pb/Au+Au
collisions at Elab = 1 - 160A GeV. In addition, figure
2 shows the Λ yield (black lines and squares) for the
two different models compared to data [75, 76, 77]. In
these figures, the UrQMD hybrid model calculations
are shown as lines, while the DCM Coalescence results
are depicted as symbols. A striking feature of our
comparison is that, above Elab ∼ 10A GeV, both
computations for most (hyper-)nuclei and di-baryons
agree very well. At lower energies the strange cluster
production is suppressed in the transport model due
to the non-equilibrium of strangeness. In the thermal
calculations restrictions of energy and momentum
conservation, resulting in a phase space reduction for
produced strange particles, strongly decreases strange
particle yields [57, 58, 59]. This behavior was also
observed in a core-corona implementation in the hybrid
model [79].

Figure 2: Yields per event of different di-baryons in the mid rapidity
region (|y| < 0.5) of most central collisions of Pb+Pb/Au+Au. Shown
are the results from the thermal production in the UrQMD hybrid
model (lines) as compared to coalescence results with the DCMmodel
(symbols). The small bars on the right hand axis denote results on di-
baryon yields from a previous RQMD calculation at √sNN = 200
GeV [74]. In addition, the black lines and symbols depict results for
the production rate of Λ’s from both models, compared to data (grey
crosses) from [75, 76, 77].

An instructive result is that the yields of most hyper-
nuclei have a maximum (or saturation) around 10–20
A GeV of beam energy. Therefore, the investigation of
hypernuclei can be effectively pursued at these energies.
On the other hand, the dependence of their yields up to
energies of ∼200 A GeV can help to clarify the mecha-
nisms of hypernuclei production.
Noticeably the yields for di-baryons inlcuding Ξ

hyperons differ strongly with respect to the model
applied, for the double Ξ state the difference is as
large as one order of magnitude. The reason for this
discrepancy can be understood considering that the
DCM model produces considerably, by a factor of
5 times, less Ξ’s than the UrQMD hybrid model,
therefore also the dibaryon formation is strongly
suppressed (note that the experimental Ξ yield is quite
well reproduced by the UrQMD-hybridmodel [80, 79]).

Di-baryon production rates have also been calculated
in a coalescence approach using the RQMD model for√sNN = 200 GeV collisions of Au nuclei [74]. To re-

4

Figure 3: Yields per event of different (hyper-)nuclei in the mid ra-
pidity region (|y| < 0.5) of most central collisions of Pb+Pb/Au+Au.
Shown are the results from the thermal production in the UrQMD hy-
brid model (lines) as compared to coalescence results with the DCM
model (symbols).

late our calculations to these results, they are indicated
as the colored bars on the right axis of figure 2. The
RQMDmodel used was in particular tuned to reproduce
multi strange particle yields (such as the Ξ) and the re-
sults are therefore close to the ones obtained with our
thermal/hydrodynamic approach.
Figures 4 and 5 show the integrated (4π) yields for

all considered clusters as a function of beam energy. As
with the midrapidity results there is a remarkable agree-
ment between both approaches. However, the integrated
yields of non-strange nuclei at high energies are system-
atically larger in the coalescence approach, although the
mid-rapidity yield was smaller. This observation can be
explained when the rapidity distribution of the nuclei is
considered. In the coalescence approach the probability
to produce a nucleus increases with rapidity and in par-
ticular in the fragmentation region, where the nucleons
have small relative transverse momenta and can easily
coalesce.
In addition we point out that the coalescence results

depend on the parameters of the model. As mentioned,
in the presented results the parameter pC for Λ’s was
taken equal to the one of the nucleon’s. However, the
hyperon-hyperon and hyperon-nucleon interactions are

Figure 4: Full acceptance yields per event of different di-baryons cre-
ated in most central collisions of Pb+Pb/Au+Au. Shown are the re-
sults from the thermal production in the UrQMD hybrid model (lines)
as compared to coalescence results with the DCM model (symbols).

not very well known and we expect that these parame-
ters may be different for clusters containing Λ’s or even
Ξ’s. In table 2 we demonstrate how the yields of strange
dibaryon nuclei depend on the momentum parameter
pC . As discussed previously, we have accordingly re-
stricted the rC parameter, however, by imposing an em-
pirical limitation related to the nuclear force properties
that rC can not be larger than 4 fm. One can see, we
expect a very large variation of the yields depending on
the parameters. For instance, the probability of a bound
Λ–nucleon state may decrease by many orders, if we as-
sume a small pC corresponding to a low binding energy
of this state. Usually the parameters are fixed by com-
parison with experiment. Nevertheless, ratios of hyper-

pC= 5 20 50 90
ΛN 4.4 ·10−4 2.7 ·10−2 3.0 ·10−1 2.1
ΛΛ 3.0·10−5 1.2·10−3 6.6·10−3 5.6·10−2
ΞN < 10−6 1.0·10−3 1.1·10−2 1.0·10−1
ΞΛ < 10−6 7.4·10−5 5.8·10−4 1.0 ·10−2
ΞΞ < 10−6 < 10−6 3.8·10−4 7.2·10−4

Table 2: Dependence of yield of strange dibaryons (per one event) on
momentum coalescence parameter (pC in units of [MeV/c]), in central
(b < 3.5 fm) Au+Au collisions at 20A GeV

5

Hybrid model (lines) vs. coalescence (symbols)
See also Bastian, Blaschke, Roepke, et al, Eur.Phys.J. A52 (2016)
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Spectator hypermatter: A new road to hypernuclei
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FIG. 3: The same DCM calculations with symbol notations as in Fig. 2, but in the X–Z plane. The
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FIG. 6: Probability for formation of conventional and strange spectator residuals (top panels),

and their mean mass numbers (bottom panels) versus the number of captured Λ hyperons (H),

calculated with DCM and UrQMD model for p + Au and Au + Au collisions with energy of 2

GeV per nucleon (left panels), and 20 GeV per nucleon (right panels). The reactions and energies

are noted in the figure by different histograms.

24

Significant amount of multi-hyper fragments
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Summary

• Coalescence works very
well over a broad energy
regime

• Results are similar to the
obtained from thermal 
models and hybrid models

• True process is difficult to
distinguish:

à fluctuations and flow
scaling can help

• Predictions for
hypermatter show that
FAIR and NICA are ideally
positioned to explore this
new kind of matter.
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