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2. Quantum field theory
= Kadanoff-Baym dynamics



From weakly to strongly interacting systems

In-medium effects (on hadronic or partonic levels!) = changes of particle
properties in the hot and dense medium
Example: hadronic medium - vector mesons, strange mesons

QGP — ,dressing‘ of partons

Many-body theory:
Strong interaction =¥ large width = short life-time
=» broad spectral function = quantum object
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Dynamical description of strongly interacting systems

) Semi-classical on-shell BUU: applies for small collisional width, i.e. for a weakly
interacting systems of particles

How to describe strongly interacting systems?!

O Quantum field theory =
Kadanoff-Baym dynamics for resummed single-particle Green functions S< (= G°)

o—1 o< yoret < < adv 1962
SO:}: S:ry — E:}:z © Szy + Efcz © Szy ( )
Green functions S</ self-energies X: Integration over the intermediate spacetime
i5§y=n({¢+(y)d§(x)}) s;§t=3§y—S§y=S;y—Sjy — retarded S“O_i s—(af;a;+ Moz) boson
ISy, ={@(y)@*(x)h Sy =S5, —S;, =S5, - S5, —advanced =iy — M fermion
. . _ 4 )
iS5, =(TH{P(x)®"(y)}) —causal n =x1(bosons / fermions)

iS? =(T*{®(x)®*(y)}) —anticausal T*(T*®)—(anti—)time —ordering operator
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Heisenberg picture

[ Relativistic formulations of the many-body problem are described within
covariant field theory.

The fields themselves are distributions in space-time = = (£.x) =
from Schrddinger picture = Heisenberg picture:

O In the Heisenberg picture the time evolutions of the system is described by
time-dependent operators that are evolved with the help of the unitary time-evolution
operator U (t, t') which follows

zaUng ) _ H(t)U(t, t) (1)

Schrddinger operator of the system

Eqg. (1) has the formal solution:

[ (2)
t > T'[—i [, dz H(z)]"
—i '/to dz H(Z)D =) il | & «<—— Dyson series

|
n=0 mn.

Ult.ty) =T (exp

If H doesn‘t depend on time: ﬁ(t,to) _ pifi(i1y)

Y(x,t)=U(t,t, = 0)¥(x,t, = 0) 5



Time evolution operator in Heisenberg picture

 The time evolution of any operator O in the Heisenberg picture from time t, to t
IS given by

0,(t)=U"(t,t,) OU(t,t,)

; (3)
If H doesn‘t depend on time: U('t,t,)= e (1)

OH(t):eiH(t—ta)O e—iH(t—l‘o)

Schrddinger picture 2 Heisenberg picture:
‘P(x, t) lP(x, tO = O)
0 0,(t)=U"(t,t,) OU(t,t,)



Expectation value in Heisenberg picture

O If the initial state is given by some density matrix p, which may be a pure
or mixed state

Q then the time evolution of expectation value O(t) of the operator O in the
Heisenberg picture from time t, to t is given by

O(t) = (On(t)) = Tr (pOn(t)) = Tr (5 Ulte. t)O U(t. to) ) = Tr (5 UT(t. to) O U, t0) )

(4)

This implies that first the system is evolved from t, to t and then backward from
t to to. This may be expressed as a time integral along the Keldysh-Contour




Two-point functions on the Keldysh contour

Real-time (Keldysh-) Contour 4 +

. . . L, G 0
in the Heisenberg picture ,

A

L

Consider: Interacting field theory for spinless massive scalar bosons =
scalar field ¢(x)

O Green functions: elementary degrees of freedom x=(1,x), y=(1,y)
Causal: gGC(1 ) 3("++(1 y) = < ]‘:‘3({1{; 'IJ*’{’(@")J > t, and t, on upper part; t,>t,
Small: EG (1 },) — ECT__[- .'J) — (@(y)ﬂﬁ(&‘)) t, on upper; t, on lower part
Large: 7 (x,y) = iG"7(z,y) = (¢(x)d(y))  tconlower; t,on upper part

Anticausal: 1G"(x,y) G (z,y) = (T*(0(x)(y)) ) t,and t,on lower part; t,>t,

Tc¢ / T2 denote time ordering on the upper/lower branch of the real-time contour
_I_ _

(@, 7= (x,
In matrix notation: G(I?y} - i ( ;11:-((1{ Ei,)) (‘fa( U)) (5)



Green functions on contour

) Relation to the one-body density matrix p:

(6) X, X t) = —iG-(x,x; 1, t € G (x,x'it) = h dit—7') G- (x,x"; 7, 7')
P -

t=(r+7)/2
O Two-point functions F on the closed-time-path (CTP) generally can be
expressed by retarded (R) and advanced (A) components as
Note:
(7) FR{T__y} _ F’-"{;r: y} — F<(x. y) = F'}'::T_- y) — Fa(z, n only two Green functions

are independent!

FAr.y) =Fz,y)— F7(z,y) = F<(z,y) — F*(z.vy)
giving in particular the relation

(8) FR('T: H] - FHI::T: y:l - F.}(I: y:l - F{.{Ir y:'

Note that the advanced and retarded components of the Green functions contain
only spectral and no statistical information (see below)



Dyson-Schwinger equation on the contour

O Dyson-Schwinger equation (follows from Schrédinger eq.):

(9)
Gl y) = Gola,y) + Golw, ) Sz, )Gz, y)

Dyson-Schwinger equation on the closed-time-path reads in matrix form:

(Glen Glon ) ((Glow) Giten)) |
y) G G4 (x,

“\ Gy Giley

AG(.at) Golea) ) o Xhy) —Xt@hy) ) O G y) GR (YY)
. Y9 (2, o _y> (Ilr _yf) EG'(I’_. _y!) / !

Free propagator for Bose case: lllustration of the Dyson equation

(?0;1 = (0,05 + m?)
A = }+ = }+ + = 1+ + + + e
Cot Gy () = 8 —y) J& ‘ 3% } @:) ’ %D

(® means convolution integral over the closed time-path
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Towards the Kadanoff-Baym equations

For Bose case the free propagator is defined via the negative inverse
Klein-Gordon operator in space-time representation

: o 11
Gil = —(070" +m?) )
which is a solution of the Klein-Gordon equation in the following sense:
S—1 /A ¥
Gy M @ y) = 8(x — y)
1 [ G§(z.y) G§(x,y) - d(ro — yo) 0
Gor | 9yl 0 d0 ) — §(x — ‘ i 12
v ( Gg(x,y) Golz,y) x=) 0 —0(x0 — Yo) (12)
Free Green function Gg(x,y) = 5(x —y)op(T0 — 20)
= (2%, %)
with &, denoting the é-function on the closed time path (CTP). y = (’UO- y)

In (11) m denotes the bare mass of the scalar field.
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The Kadanoff-Baym equations

To derive the Kadanoff-Baym equations one multiplies Dyson-Schwinger eq. (10)
with 1) Gt and 2) with Gg,*?

This gives four equations for G<, G> (for propagation in x or in y) which can be
written in the form:

1) (10)*Goy 'l = propagation of Green functions in variable x (1)

—(0508 + m?)GRA(z,y) = 6(x — y) + DA (x, 2") © GRA(Z y)

[—(ﬁiﬁﬁ +m?)GS(z,y) = 5%z, 2") © G (' y) + 5z, 2") © GA(2, y)]
—(C)ﬁi’?ﬁ + ';*??.2) ;'}(:;1‘.? ) = ER(L ;1‘.!) O G (2, y) + E}(;I.‘, ;r.") O ;A(:;r’? Y)

2) (10)*Goy* =» propagation of Green functions in variable y
(similar to (11) - adjoint egs.)

= Kadanoff-Baym equations:
provide nonequilibrium time evolution of quantum system in terms
of 2-point Green functions

L. P. Kadanoff, G. Baym, ,Quantum Statistical Mechanics‘, Benjamin, 1962 12



Derivation of the selfenergy

Effective action 1-\ . Yu. lvanov, J. Knoll, D. Voskresensky, NPA657 (1999) 413

G) = I° + ; [In(l — GpGo &p X) + GpCG@pX] + DG

Resummed propagators with self-generated mean-field

I'? - free‘ part of action (kinetic + mass terms), G, - free propagator,
@p means convolution integral over the closed time-path

(15)

@®(G) is the ,interaction part‘ = sum of all connected nPI diagrams built up by the full G(x,y)

Used approximation: Two-particle irreducible (2PI) diagrams

[ Define selfenergy X by the variation of T [G]

Gy (16)
0T =0 :—EOG— AU ) s S Goz+c>c1>
— 21— Gy X - -
— L
*—Eo( '#5E+i("52+5®—£250+5@ == 26({1:25(—?’@)
B oG- 2 T ' '

\._.\,_/
= @

= The selfenergy X are obtained by opening of a propagator line in the
irreducible diagrams ®
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Example: scalar theory with self-interactions

@d* —theory: the interacting field theory for spinless massive scalar bosons
provides a ,theoretical laboratory‘ for testing approximation schemes

O Lagrangian density: (17)
1 1 . A d(x) —real scalar field
L(r) = Edftd’( x)olto(x) — 5?'”2@(41?)2 — 4—,@4(I) A —is a coupling constant

0 ®(G) : the sum of all closed 2PI diagrams built up by the full G(x,y):

d+1: d=dimension of space

®(G) up to 3-loop order; >o<
(d=3 or 2) + 1(=time)

~ 2nd order in A (i.e. 2PI) .. a
\/

. iA d4+1,. (¥ )’*2 d+1, d+1,, (7
b = 5 dtzr Gz, z)? — tf d y G(z,y)* (18)
p

From (16\):) self-energies are defined by the variation of ® w.r.t G(y,x):

N 7\ -
Mz::y) = YA I:> \ 7\
\E :/j

=» Cut a line and stretch:

14



2Pl self-energies in ®* - theory

S(z,y) = B(x) 5V (2 —y) + Oy(zo— o) T7(z,y) + Op(yo — zo) B=(2,y)

Local in space and time part: Nonlocal part: sunset

tadpole (19)
A , , A , . b

E‘E(Ij = §-i G (x, 1) Y2(z,y) = ) GZ(zr,y) GZ(z,y) G3(y,z) = s | ?E(I,yj]g

local ,potential‘ term (~A) interaction term (~ A?)

leads to the generation of an effective
mass for the field quanta

15



Kadanoff-Baym equations of motion for G<

1 _ ._'Er-;iu .2 {:% a) — EJ,. {:E . . '. )
) - [+ m] G(ay) 1) G7@.¥) potential term

tadpole diagram

r T
+ ftf?n [tf? [E7(z, 2) — Z%(z, 2) ] GZ(2,y)
: : = N
Interaction term < - ) y - &=/¢
- f‘izﬂ [Li z LE(r,z) [G7(2,y) — G=(2,9)], sunset diagram
i to
2) - [GL05+m?] G=(z,y) = X°(y) G=(z. ) d: dimension of space

p
+ [ dz by [G7 (z,2) — G<(z,2)] BZ(2,¥)
| L .

/ i ftﬁ- G3(z,2) [E(2,y) — T<(2,9) ],

Kadanoff-Baym equations include:

- the influence of the mean-field on the particle propagation generated by
the tadpole diagram

- as well as scattering processes as inherent in the sunset diagram.

16



KB equations for ®%-theory for homogeneous system

» do Wigner transformation of the Kadanoff-Baym equations:

Fxp = / d(x—y) eFrle ") F,,

For any function Fyy with X=(x+y)/2 — space-time coordinate, P —4-momentum

O Example: Solution of KB for the case of ®* —theory for homogeneous system

(no X dependence): = Wigner transformed KB:

P CG(p.tyta) = —[p2+m?+30(t)] G (p.ty.12)

ty
_ /(Zt’ (27 (p.ty, ) — S5(p.ty, 1) ] G=(p.t',ts)

to

to
N / dt' S5 (poti. ) [G7 (.t ts) — G= (.t ts)] -

0 Collision term
= —[pX+m?+X0(t)] G (p.tity) + I7(p.ti.ta),

Self-energies in two-time, momentum space (p; t; t,) representation:

=5 A pdp
ML) = E./(Zr.]d 1GHp,t, t),

A dir < )
Y(p.t.t') = oy (')T]e: o ]d( {qif]G( ) GF (q+1 p.tht).

\ff\.

d“ < < \
= ~% /9 q]d/O \d C} tt) G7(r.tt) G (p—a-r.t.t).
- -



KB equations for ®%-theory for homogeneous system

Collision term:
I (p.ty,ty) =

_|— dt" }\2 dd / (ld.r' CT)(( Ir. fJ) 'T>(r Ir. fJ} '1'<(( —|—]'_'— f"rf' ) C<( r! f— )
Jto 6 . (_:.) (Qﬁ)d q. 1, T (T, T, T r(q p.t.ty) G (p.t.1t

Ao dl o odir
paas / [ Gt 1) G(r.t, 1) G (qir—p.tit;) G (p.t'.t
. omi) By (q.t1.t") GH(r 1. t") G (q+r—p.tht;) G7(p.t'.1y)

d% _ _
T dt _/ / Gq.ty.t") GYr. 1. t") GA(q+r—p.thty) G=(p.t'. 1)
/to _.a'nf

A2 ordYq o odY _
1’ / / (q.t,.1") G(r.ty, ") Go(q+r—p. 1.1 < (p,t.ts).

I KB collision term apart from 2 < 2 processes also involves 1 < 3 processes
which are not allowed by energy conservation in an on-shell collision term for
massive particles!

N ~ e
T 2 o2 13
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Solutions of KB equations for ®* — theory for homogeneous

system

O Set initial conditions:

¥

i G*(p,p,=0,t=0,t=0) m

Example: set 4 different initial distributions DT, D1, D2, D3 that are all
characterized by the same energy density

= for large times (t-=>) all initial distributions should lead to the same
equilibrium final state

) 9, N _ _ _ 9y _
iG<(p.t =0,t=0) 2wpiG=(p,t =0, =0) =2n(p,t =0) +1
occupation density n
20——7T—+—T"—T7T T T T T T T T T T Wor—TTT T T T T T T T T
18 distribution DT |] distribution DT |
1 - = = distribution D1 |- 144 = = = distribution D1 |7
LT R A S distribution D2 | I A W distribution D2 | |
ia] e distribution D3 | 1'2'_ s distribution D3 |7
S 1.0 i
L |
T 08+ ]
a
£ 064 i
c -
0,4 4
0,2 i
0,0
L L L L L 71 1 1117 1T 17 17 1T 17 7717
42 10 -8 -6 -4 -2 0 2 4 & 8 10 12 42 10 -8 -6 -4 2 0 2 4 6 8 10 12
momentum p,_/m momentum p _/m

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92
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Solutions of KB equations for ®4 — theory

[ Time evolution of the Green's function iG=(p,; py; t; t) in momentum space for
the initial distribution D2 for A/m=18

d t-2>o0 equilibrium final state

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92
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Solutions of KB equations for ®4 — theory

 Time evolution of the occupation density n(p,; p,; t) in momentum space for
the initial distribution D2 for A/m=18

d t-2>o0 equilibrium final state

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92
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Boltzmann vs. Kadanoff-Baym dynamics

T
—— distribution DT
- - - distribution D1 |1
====== distribution D2

10 5 — —

The relaxation of the quadrupole moment
{1 for different coupling constants A/m

d Example: ®* —theory

104

[{e]

(p,,70.50)

Initial distribution D1, D2~ *

0.0+

du/m= 8

] 5/m =10

1) Consider quadrupole moment

3/m =12

quadrupole moment Q(t)/ m’

ddp 9 9 i . Am =14
~—a (e —py) N(p.t) :
(2m)
o~ 2T Kadanoff-Baym 1im=16
(_D)(IL) — dd- 51 | ------ Boltzmann 3
/ P \r(p {) distribution d2 :
- d ~ T 1 T T T T v T T T d T T
(2?‘-) 0 10 20 30 40 50 60
time tm
2) The relaxation rate of the T
quadrupole moment vs. coupling ° | i Kaenet saym ditibuton a2 )
constants A/m 8 1| 252 Botizmann disrouion )

7 -

Q(t) ~ exp (—FQE) o 6 ) e

5 = . : T —— i

4 4 -_._-_'_‘_____._-—-A/A i

1 KB: faster equilibration for larger ] At T ]
5 ] _

coupling constant
O Boltzmann: works well for small _
coupling (on-shell states) i 6 & 10 12 14 16 18 20 22

coupling constant %/ m

quadrupole damping (T /%) m (*10%)

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92



Advantages of Kadanoff-Baym dynamics vs Boltzmann

Kadanoff-Baym equations: Boltzmann equations

O propagate two-point Green functions 4 propagate phase space
G<(x,p)>A(x,p)*N(x,p) distribution function f(r,p,t)
in 8 dimensions x=(t,7) pP=(Po.p) In 6+1 dimensions

d G= carries information not only on the - \ivovtllésal\(’\llelilnfgrzgﬂl Csouslilelr?]g
occupation number Nyp, but also on - 5 on-{‘,hell A ro%cﬁ/ ’
the particle properties, interactions and PP

correlations via spectral function Ayp

O Applicable for strong coupling = strongly interaction system

O Includes memory effects (time integration) and off-shell transitions in
collision term

 Dynamically generates a broad spectral function for strong coupling
O KB can be solved exactly for model cases as ®* — theory

J KB can be solved in 15t order gradient expansion in terms of generalized
transport equations (in test particle ansatz) for realistic systems of HICs
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