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.-N-. Heavy-ion accelerators

"Relativistic-Heavy-lon-Collider - RHIC - STAR detector at RHIC
(Brookhaven): Au+Au at 21.3 ATeV o s

Magnet “Tracker

L Forward Time Projection Chamber

®|Large Hadron Collider - LHC - (CERN):
Pb+Pb at 574 A TeV

" Future facilities:
FAIR (GSI), NICA (Dubna)




.'N'. HIC experiments
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Heavy-ion collisins

Low energy A+A collision: velocity vis small
v
High energy A+A collision: velocity v is large
v
—_— e

= Lorentz contraction of nuclei



Special relativity

Lorentz transformation:

Consider the space-time point
=inagiven frame S: (t,x,y,z)

R 4 = and in a (moving) frame S*:  (t',x’,y’,z")
X x¢
L, 1) S moves with a constant velocity v along z-axis
S S . Space-time Lorentz transformation S&->S¢:
— > S= S’ S'= S
§ x'= X X=X
y,/ ¥ . _
1 y =Y y=Yy
= Z'=y(z—0vt) z=y(z'+0t
Lorentz factor:| 7 1—p?2 , 7( ) 7( , )
v t'=y(t—vz) t=y(t'+ov7)
[ Consider the 4-momentum:

" in the (moving) frame S¢: p'=(E’', p'")=(E’, p'x , p'y , plz )

Lorentz transformation
for 4-momentum S€=2>S¢:

’ [

px= px’ py_py t=7(t'+iz')

C2

v, =|v|=v




Special relativity

2) S¢ moves with a constant velocity v in arbitary
direction relative to S

p,=(p'v)/v p,=(pv)lv

Lorentz transformation for 4-momentum S&—-2>S¢:

f)=f>||+pl I5= ||+ﬁL
pL=(py, pPy,.0) P, =(pPy,P,.0)
., _Ppo_(po) . P _(po)
by = o by = o o?
=y — = 16 =
pJ_=pJ_ p=pz_+pJ_

v

y+1
E'=y[E-(po)]




Reference frames for collision processes

[ Collision process a+b in the laboratory frame (LS):

_ [ p,=0
pb=0,Eb=mb pa: pb‘
~ target b
4-momenta p, =(E,.p,), p,=(m,,0)
[ Collision process a+b in the center-of-mass frame (CMS): o o
ﬁ; + f’; =0 Pa . Py
4-momenta p, = (E.,p,), P, =(E,;p,)
. P, + P [
Relative velocity of CMS and LS: v = Pa® Py = Pa
Ea+Ebﬁ=0 E,+m,
Lorentz transformation for 4-momentum CMS€¢-2LS:
M m, o _E,—(po) | Bt (B0) g _E.+(P0
= = b = a —
" J1-0? o J1-0? V1-0? V1-0?
5 m, o 5 = p,—E.D B, = p, + E,0 B = p,+E,0
’ 1-v? ) 1-v? D1 ’ 1-v°
b, =P,




Reference frames for A+A

Fermi-motion of nuclons

Vv \" in the initial nuclei (V=0)
—_— «—

Reference frame for A+A:
N+N center-of-mass frame!

Fermi-distribution of nucleons

> Z A
/ i' e %—92/ PF -
Vio CMS 1+2
4/ \2' / Vi




Kinematical variables

Rapidit —iln 1+0,
apidity Y=o 14

Since 6=i —> y=£|n[E+pz}=lln[E+p”]

E 2 |E-p,| 2 |E-p,
Rapidity is additive under Lorentz transformation: I
y=y +4y o

y rapidity in Lab frame = y* in cms + Ay relative rapidity of cms vs. Lab

= M, sinh
Transverse mass: M, =./p2 +m?> IF—:)” N lc;sh(( y))
= Wi y
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Rapidity distributions in HIC
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Kinematical variables

0
Pseudo-rapidity n=—In ltan (5)]

0 is the angle between the particle three-momentum 6790 /

and the positive direction of the beam axis

1 +
2 \|p|-m p|

m<L|pl=E=x|p|l=n=y

[
-

N=0.88

0=45°

oo10erT|=2.44
f=0%2 » 'I"l:"::"'::I

Au+ Au vsax =200 GeV

1000 - = CLVisc, Ty, =100 MeV
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Transverse momentum distributions in A+A

Transverse momentum distribution Lorentz invariant transverse
A 14N , mass distribution
p.l.. m.l. dm.,.
I > P-l- S mJ-

ly|<0.1

E 0-5% central collisions

p, fit ranges:

n: 0.5-1.3 GeVic

T A, K: 0.25-1.4 GeV/c

e, O Al B p (P): 0.4-1.3 GeV/c

AP curves: BW fits” 703

’”’I””I"”I”’H';-.J‘"w

@& AUHAU27GeV  (d) T "y

R B R
Au+Au 39 Gev  (e) 3

B

12



Mandelstam variables for 2->2 scattering

t

. Definitions of the Lorentz invariants (s,t,u) for a+tb->1+2:

4-vectors

S=(p.+py) =m;+my+2(p,-p,)
=(p1+p2)2=mf+m§+2(p1op2)

5 u ™ ———=(E,+E, )’ —(P,+ P, )’ =(E,+E;)’
o P =0

N — 2 2
>=m; +m; +2mE,

Lab. frame

t=(p.,— P )’ =(P,— P,)°
— > =m?+m?—2E,E, +2p,p, cos I,

>=m;+m:—-2m_E,

Lab. frame

Uu=(p,—pP,) =(p,—P1)°
———>=m2+m;-2E,E, +2p,p,cos9,,

>=m;+m?—-2m,E,

Lab. frame
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Invariant variables for 2->2 scattering

There are two independent variables and s,t,u are related by:

S+t+u=(pa+pb)2+(pa—101)2+(10b—101)2
=p.+ P+ P (Pt P—p) =

P2 t

s+t+u=m’+m +m;+m’

Kinematical limits:

S2 max((ma +m,)*,(m, +m, )2) <—= ,Thereshold energy*

m2+m?-2E,E,-2p,p, <t<mZ?+m’-2E_E, +2p,p,
(cos 3., = —1) (cos &, = 1)

m2+m?-2E,E,-2p,p,<u<m’+m?-2E,E,+2p,p,
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222 Ccross section

Differential cross section a+b=>1+2:

/vﬁ1

p2 I:

CMS : F =4p. /s
Lab.frame : F =4m_p,

Two-body phase space:

do =

20w, do

|Mit|2 — squared matrix element

— flux :

F =4,(p.p,)> —mZm;

do,

_d’p,d’p, o4

1
=2E, 2E, o (Pa+Pb—P1—pz)W

d°®p=dp= p°dpdR = EpdEd«,

E°=p°’+m?*

el
= d(E*)=d(p*)

— 2EdE

dQ =dcos9de

= 2 pdp —>dp=%dE
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Two-body phase space

% 1,E>0
5(p,p*—m?)= [d*ps(p*-m?)P(E) e(E)={O,E<O

O'—o8

1 % . .
—E IdE5( E?) =» Invariant under Lorentz transformation!
0

substitute in two-body phase space:

d?3 1
do, = pljd p.5(p =mz) O(E,)5* (Pt P = P~ P) 5

1 d’p,
o —m;
= G 22 0Pt P p ) i)
3
d°p_ 1 e dE,de="PrdEdo
2E, 2E, 2

(Invariant under Lorentz transformation)

I Further considerations require to choose a reference frame!

3 32
d°P o _qe2d’2
E 2F

16



Lorentz invariants

3

d’p
E

Show that

= ppoTdyd¢

1) d°p= p*dpd coséde =dp,“dpdp = p,dp dpde
2

p,=M_sinh(y)
E =M, cosh(y)

2) Use that —> dp,= M, cosh(y)dy = Edy

3)thus, d°p= p;dp;Edyde

d°p
E

= p,dp,dyde (Invariant under Lorentz transformation)

T T
STAR ]
0-5% Au+Au 14.5 GeV |

. 3 3 3
Invariant spectra: |pd N ___ d'N d>N

d3p  prdprdyde mpdmrdyde

B 02

TT

-
<

d’c d’c

d3p ) ppoTdyd¢ E'"'0.'5'"IHG;\IN;:)IHSHHJ

(d®NY(2rp_dp_dy)[(GeV/ci?

-
o
[
T
*

Invariant cross section: E
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Two-body phase space

— %

Let‘s choose the center-of-mass system (cms): P, + P, = p, + P, =0

rja 19* pb

pl S=(pa+pb)2=(pl+p2)2
=(E,+E, ) —(P.+P, ) =(E,+E;)’
H_/

— % =0 in cns

Consider

S((Pa+pPy—p ) —m3)

=5((p.+P,)° —2p, - (P, + P, )+m;—mJ)
incms: =8(s—2E,;(E_+E; )+m?—m?)

=5(s—2E/s+m2—-m?2)

. <2 \/l(s,mz,mz)
’ — E _m2 — 1 2
P, \/ 1 1 >Js

Kinematical function:

A, Y7, 27)= (O =y = 2° ) —4y°2°
= (O =(y+2)° X(x=(y=2)°)

18



Two-body phase space

1 d° p1 B
do, = (27)° 2E, S((PatPy—p) —m;)

1 pldE d2” S(s+m?—m2—-2E;/s)

T (27z)

Use that .
e .5(f(x))dx=|f,(1x )|5(x—x0), f(x,)=0
' 5(ax )dx = ——
y |a|

« « 1
Thus, I dE; S(s+m2—m2—2EJs)=—

2/s
@ 1 pld_(g 1

d®, = (27 )° 2 2+/s
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Two-body cross section in CMS

Differential cross section:

4
do = (27)
F

In the cms:

Cross section reads:

1

P,

“T(2n)

J

42p; S

*

2
M| de2

1 1 ..
do, = de
T ry ads
2 (27:) N
M., | d®, = ~< P de2
F
1 o 2 .
do = 1M [T de2
7=y s
p, =
p; =

\/ﬂ.(s mZ,m.)

2/s

\//1(5 mZ,m?5)

2/s
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Two-body cross section in terms of invariants

Let‘s express the cross section in terms of Lorentz invariants (s,t), where

t=(pa_p1)2=m§+m12_2(p1’pa)

— * — *

in the cms: (p1°pﬂr)=E;EI_pa°p1=E;

E; - p,-p, cosd

t=m2+m;-2E.E; +2p,-p,cosI

L*=2p;-pz — dcosS*=$
d cos 9 2p, - P,
42 =dcosFdp =— _dp°
2 Pa - P1
1 o 2 . 1 o 2 dt .
do = ]; | dQ2 = i i Td
o (272_)2 42pas If‘ (272_)2 42pas‘ If‘ 2pa. pl ¢
2w
If the matrix element doesn‘t depend of ¢ : Id(o* =2
0
o L Lim | o JAGsmimg)
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Decay rate A>1+2

Decay rate A>1+2

4
2w, [ da,

P, F-flux: F=2m,

_>l
ﬁA /
()\ dl_' -
|Mit|2 — squared matrix element

d@ _d3pld3p254

1
12 = 2E, 2E, (pA_pl_pZ)W

d®p ¢ Iy
- =_!dEd3p 5( p”p”—m2)=__[od4p5(P2—m2)9(E)
4@, = L P p,5( p2 —m2)O(E, )5 (pa—pr— P,) ot s
2E, (27)°
dp, 1 dp, 1
B 2511 (27)° S((Pa—p.) —my)= 2E11 (27)° S(mu+m;—2(p,-p,)—m;)

Futher considerations require to choose a reference frame!
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Decay rate A>1+2

Rest frame of A = center-of-mass system 1+2 :

P P By =P, + P, =0
EA=O Pa=(EL.Pa) = (m,0)
in cms 1+2
(pA.p1)=2E;EI=2mAEI
1 pl . 2
do,, = dE,dQ2°6(m2 +m? —-2m E; —m?)
(27 )°
1 pl dg 1 — 1 . pl dg*
(27z') 2 2m, (2zx) 2m,
4
ar = E\m, [dw,, = CZ |y, [ 2
F 2m , (27)°
Decay rate: *
2 Py *
dr =——|M,| —%-de
32 m
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Dalitz decay A>1+2+3

[oN Decay rate for Dalitz decay A>1+2+3
b (2m)* |\, |2
O —— _p’z dl"= = ‘Mif‘ d¢13
Ps F—flux: F=2m,

|Mit|2 — squared matrix element

3 3 3
d¢13=d pld pzd Ps3 4(

1
2E, 2E, 2E35 pA_pl_pZ_pB)W

Introduce a new variable P= P, + P, 5 % B,
A
\m

by 8-function: [ d*p&*(p —(p,+p.))

Thus, A>1+2+3 is treated as A>R,+3
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Dalitz decay A=>1+2+3

Py , , .
ddD, ., = 1 2 35 _ _ B
P %152 © (27)° 2E, 2E, 2E; (pA Pa— P 103)
A og xd4p54(p —(p1+p2))
\ i
p3 d4p=d8122—Ep, SlZE(p1+p2)2=p2

(27)° 2E 2E,

1 d3p1d3p2 4
X{(Zﬂ')e 2E1 2E2 5 (p pl pZ)

1 d3pd?
d¢13(pA,pl,pz,p3)=(27r)3dslz{ b p354(pA—p—p3)}

dD . (Pa. P P2 Ps)=(27)°ds,, - dD,(pa, P, P )AD,L(P. P, P, )

=» 3-body phase space is replaced by the product of 2-body phase space factors
by introducing an ,intermediate state‘: A= 1+2+3 2 R,+3
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Inclusive reactions

Multiparticle production a+b = 1+2+3+...+n

1

TN o '

exclusive reaction inclusive reaction

n

27 2
Cross section a+tb=>1+2+...+n (1+X): do = ( F) ‘M if‘ do,

Lab. frame

flux:F=4\/(106110,0)2—mafms$>IOZA/g ' >M, P,

n-body phase space:

d(p:[ndzEp] (- Z‘”J(( )
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