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Motivation

A
im

describebasicpropertiesof nuclear
systemin termsof a realistic
nucleon-nucleoninteraction

realisticinteractionH
�

� meson-exchange(Bonn),
phenomenological(Argonne),� -PT

� reproducescatteringdataanddeuteron
properties

� featureshort-rangedrepulsionand
strongtensorforce

Many-Body State
��� �

�

4 mean-�eldcalculations(with e� ectiveinteractions)

�

��� H� e�

��� �
�

(Slaterdeterminant
��� �

�
)

describebulk properties(energies,radii) well
8 realistic interactionsinduce short-rangedcentral

andtensorcorrelations,Slaterdeterminantscannot
describethese

A
ns

at
z

userealisticinteractions

andincludecorrelationswith
unitarycorrelationoperatorC

�

in simplemany-bodystates
(shell-model,FMD)



�

���C
�

yH� C
�

��� �
�
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UnitaryTransformation

UnitaryTransformation

transformeigenvalueproblem

H�
��� 	̂ n

�
= En

��� 	̂ n
�

with theunitaryoperatorC
�

��� 	̂ n
�

= C
�

��� 	 n
�
; C

�
� 1 = C

�
y

into theequivalenteigenvalueproblem

Ĥ�
��� 	 n

�
= (C

�
yH� C

�
)
��� 	 n

�
= En

��� 	 n
�

“pre-diagonalization”

includetypical e� ects
commonto all states

NuclearSystem

thenuclearsystemhasdi� erentscales:

� long range(low momenta)– canbedescribedby
mean-�eld(Slaterdeterminant)

� short-range(high momenta)– cannotbe describedby
mean-�eld

ü includeshort-rangecorrelationsby unitary transformati-
on

unitarycorrelatoradmixes
componentsfrom outside

themodelspace
��� 	 n

�

doesnot projecton
modelspace
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TheUnitaryCorrelationOperator

Two-BodyCorrelations

ü two-bodygenerator

C
�

= e� iG
� ; G

�
=

X

i< j

g
�

i j

CorrelatorC
�

shouldconserve translational,
rotationalandGalilei invariance

clusterdecompositionprinciple
shouldbeful�lled

ClusterExpansion

correlatedoperatorsÂ� = C
�

yA� C
�

areno longerope-
ratorswith de�nite particlenumber

ü decomposecorrelatedoperatorinto irreducible
k-bodyoperators

Â� = Â�
[1] + Â�

[2] + � � �

Two-BodyApproximation

T̂�
C2 = T̂�

[1] + T̂�
[2] , V̂

�
C2 = V̂

�
[2]

8 correlationrangeshouldbesmallerthan
meandistanceof nucleons

Spin-IsospinDependence

nuclearinteractionstronglydependson spin and
isospin

v
�

=
X

S;T

v
� ST�� ST

ü di� erentcorrelationsin the respective chan-
nels

g
�

=
X

S;T

g
�

ST�� ST

ü correlatedinteractionin two-bodyspace

v̂
�

=
X

S;T

�
e

ig
�

ST v
� STe

� ig
�

ST �
�� ST

5



CentralandTensorCorrelations

C
�

= C
� 
 C

� r

p = pr + p


pr = 1
2

n
r
r

�
r
r p

�
+

�
p r

r

�
r
r

o
; p
 = 1

2r

n
l � r

r � r
r � l

o

CentralCorrelations

g
�

r = 1
2

�
pr s(r) + s(r)pr

	

ü probabilitydensityshiftedoutof therepulsive
core
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g
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 = #(r)
n

3
2(� 1�p
 )(� 2�r ) + 3

2(� 1�r )(� 2�p
 )
o

ü tensorforceadmixesotherangularmomenta
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CentralCorrelations

realisticinteractionshaveshort-rangerepulsion

ü probabilitydensityof nucleonsin the repul-
sivecorestronglysuppressed
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ü correlatorshiftsnucleonsoutof core

radialshift generatedby radialmomentumpr

g
�

r
r

)
1
2

�
pr s(r) + s(r)pr

	
; pr =

1
i

 
1
r

+
@
@r

!

CorrelationFunction

use correlation function R� (r) insteadof shift
functions(r)

� 1 =
Z R� (r)

r

d�
s(� )

; R� (r) � r � s(r)

CorrelatedWave function



X; r

��� c
� r

��� �
�

=
R� (r)

r

p
R0

� (r)



X; R� (r)r̂
��� �

�
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CentrallyCorrelatedInteraction
K

in
et

ic
E

ne
rg

y

t̂
�

[1] = t
�

t̂
�

[2] = c
�

y
r (t

� 1 + t
� 2)c

� r � (t
� 1 + t

� 2)

r
)

1
2

"
p2

r
1

2�̂ r (r)
+

1
2�̂ r (r)

p2
r

#

+
1

2�̂ 
 (r)
l2

r2

+
1
2�

 
7R00

+ (r)2

4R0
+(r)4 �

R000
+ (r)

2R0
+(r)3

!

P
ot

en
tia

l v̂
�

c r
) vc(R+(r))

v̂
�

b r
) vb(R+(r)) l �s

v̂
�

t r
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TensorCorrelations

ü tensorforceadmixeshigher
angularmomenta
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PerpendicularShift

ü correlatoralignsdensitywith spin

perpendicularshift generatedby s12(r ; p
 )

g
�



r

) #(r)s12(r ; p
 ); p = pr + p


s12(r ; p
 ) =
3
2

(� 1�p
 )(� 2�r ) +
3
2

(� 1�r )(� 2�p
 )

s12(r ; p
 )
��� (J � 1; 1)J

� ��� (J1)J
� ��� (J + 1; 1)J

�



(J � 1; 1)J
��� 0 0 � 3i

p
J(J + 1)



(J; 1)J

��� 0 0 0



(J + 1; 1)J
��� 3i

p
J(J + 1) 0 0

CorrelatedWave function



r

��� c
� 


��� ' ; (J; 1)J
�

= ' (r)
��� (J; 1)J

�



r

��� c
� 


��� ' ; (J� 1; 1)J
�

= cos
�
� (J)(r)

�
' (r)

��� (J� 1; 1)J
�

� sin
�
� (J)(r)

�
' (r)

��� (J� 1; 1)J
�

� (J)(r) = 3
p

J(J + 1)#(r)
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TensorCorrelatedInteraction
K

in
et

ic
E

ne
rg

y 

(J� 1; 1)J

��� c
�

y
r c
�

y

 t

� rc� 
 c
� r � t

� r

��� (J� 1; 1)J
� r

)
1
2

�
p2

r
1

2�̂ r (r)
+

1
2�̂ r (r)

p2
r

�
+

1
2�

�
� (J)0(R+(r))

�2
+ û(r)



(J� 1; 1)J

��� c
�

y
r c
�

y

 t

� 
 c
� 
 c

� r � t
� 


��� (J� 1; 1)J
� r

)

1
2�

�
cos2

�
� (J)(R+(r))

� (J� 1)(J� 1+1)
R+(r)2 + sin2�

� (J)(R+(r))
� (J� 1)(J� 1+1)

R+(r)2

�
�

1
2�

� (J� 1)(J� 1+1)
r2

�

P
ot

en
tia

l



(J� 1; 1)J

��� c
�

y
r c
�

y

 v

�
cc
� 
 c

� r

��� (J� 1; 1)J
� r

) vc(R+(r))



(J� 1; 1)J

��� c
�

y
r c
�

y

 v

�
bc
� 
 c

� r

��� (J� 1; 1)J
� r

) vb(R+(r))
�
cos2

�
� (J)(R+(r))

� 

(J� 1; 1)J

��� l� �s
�

��� (J� 1; 1)J
�

+ sin2�
� (J)(R+(r))

� 

(J� 1; 1)J

��� l� �s
�

��� (J� 1; 1)J
� �



(J� 1; 1)J

��� c
�

y
r c
�

y

 v

�
tc
� 
 c

� r

��� (J� 1; 1)J
� r

)

vt(R+(r))
�
cos2

�
� (J)(R+(r))

� 

(J� 1; 1)J

��� s
� 12(r̂ ; r̂ )

��� (J� 1; 1)J
�

� 2cos
�
� (J)(R+(r))

�
sin

�
� (J)(R+(r))

� 

(J� 1; 1)J

��� s
� 12(r̂ ; r̂ )

��� (J� 1; 1)J
�

+ sin2�
� (J)(R+(r))

� 

(J� 1; 1)J

��� s
� 12(r̂ ; r̂ )

��� (J� 1; 1)J
� �
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TensorCorrelatedInteraction

TensorCorrelatedOperators

ü Baker-Campbell-Hausdor�

c
�

y

 a

�
c
� 
 = e

ig
�


 a
�
e

� ig
�


 = eL
 a
�
; L
 =

�
g
�


 ; �
�
�

s12(l; l) = 3(� 1 � l)(� 2 � l) � (� 1 � � 2)l2 :

s̄12(p
 ; p
 ) = 2r2s12(p
 ; p
 ) + s12(l; l) �
1
2

s12(r̂ ; r̂ )

�
g
 ; p2

r
�
� = i

�
pr#0(r) + #0(r)pr

�
s12(r ; p
 )

�
g
 ;

�
g
 ; p2

r
�
�
�
� = � 2#0(r)2

"
(18+ 6l2)� 1 +

45
2

l �s+
3
2

s12(l; l)
#

�
g
 ;

�
g
 ;

�
g
 ; p2

r
�
�
�
�
�
� = 0

�
g
 ; � 1

�
� = 0

�
g
 ; s12(r̂ ; r̂ )

�
� = i#(r)

�
� 24� 1 � 18l �s+ 3 s12(r̂ ; r̂ )

�

�
g
 ; l �s

�
� = i#(r)

�
� s̄12(p
 ; p
 )

�

�
g
 ; l2

�
� = i#(r)

�
2 s̄12(p
 ; p
 )

�

�
g
 ; s12(l; l)

�
� = i#(r)

�
7 s̄12(p
 ; p
 )

�

�
g
 ; s̄12(p
 ; p
 )

�
� = i#(r)

�
(96l2 + 108)� 1 + (36l2 + 153)l �s+ 15s12(l; l)

�

ü evaluate eL
 in
truncatedopera-
tor space

ü use in HF or
FMD calculati-
ons
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Determinationof Correlator
determinationof R+(r) und#(r) by variationalprinciple

min
R+(r);#(r)



� ST

trial

���C
�

y
r C�

y

 H� C
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� r

��� � ST
trial

�

CentralCorrelations

0.0 0.5 1.0 1.5 2.0 2.5
0.00

0.05

0.10

0.15

0.20

0.25 AV18

PSfragreplacements

r [fm]

R
+
(r

)�
r

[fm
]

4He

const

1S0

ü correlatordependsonly weaklyon the
trial state

R+(r) � r

TensorCorrelations

0 1 2 3 4 5

0.02

0.04

0.06

0.08
AV18

PSfragreplacements

r [fm]

#d(r)

#(r)

ü limit therangeof thecorrelator

� � 


12



Many-Body Calculations

Many-BodyTrial States

ü Slaterdeterminantof harmonicoscillatorstates
��� 4He

�
=

��� (1s)4 �

��� 16O
�

=
��� (1s)4(1p)12 �

��� 40Ca
�

=
��� (1s)4(1p)12(2s)4(1d)20 �

Talmi Transformation

ü harmonicoscillatorallowsseparationof relativeandcm motion



n1l1m1� 1� 1; n2l2m2� 2� 2

��� ĥ
�

[2]
��� n0

1l01m0
1� 0

1� 0
1; n0

2l02m0
2� 0

2� 0
2

�
=

X

nn0

jmll0s
tmt

X

mlm0
l

msm0
s

X

NLM

*
n1l1m1

n2l2m2

�������

NLM
nlml

+*
n0

1l01m0
1

n0
2l02m0

2

�������

NLM
n0l0m0

l

+
C

 1
2

1
2

� 1 � 2

������
t

mt

!
C

 1
2

1
2

� 0
1 � 0

2

������
t

mt

!

� C
 1

2
1
2

� 1 � 2

������
s

ms

!
C

 1
2

1
2

� 0
1 � 0

2

������
s

m0
s

!
C

 
l s

ml ms

������
j

m

!
C

 
l0 s
m0

l m0
s

������
j

m

!



n(ls) j; t
��� ĥ
�

[2]
��� n0(l0s) j; t

�
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Many-Body Calculations
tw
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bo
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de
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andtensor
correlationsare
essentialfor
binding
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Many-BodyCalculations– BenchmarkAV8'

BindingEnergy
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ü extremelysimpletrial state,only oneSlaterdeterminant
ü big cancelationsbetweenkineticandpotentialenergy,

thereforebindingenergy verysensitive

ref: PRC64(2001)044001
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Many-Body Calculations– ArgonneV18 andBonn-A
A
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16O 40Ca
VMC: PRC46(1992)46
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BHF: Prog. Part. Nucl. Phys 45
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Interactionin MomentumSpace
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BonnA Interactionin MomentumSpace
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NucleonMomentumDistributions

BonnA
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ü correlationsinducehigh-momentumcomponents
ü contributionsof tensorcorrelationsverybig
ü di� erentcorrelatorrangesrelevantespeciallyat thefermi surface
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No-CoreShellModel – MTV andATS3M
preliminary
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Ma

ref: PRC52(1995)2885

� useOXBASH shellmodelcode
� calculationsfrom 0 to 6~
 possible
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No-CoreShellModel– AV8'
preliminary

ArgonneV8' - 4He
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oscillatorparameter
 = 1
Ma

� useOXBASH shell-modelcode
� calculationsfrom 0 to 6~
 possible

ü energy bene�tsmorefrom enlargedmodel-spacefor short-rangedcorrelator
ü bindingenergy dependslessonoscillatorparameterfor largermodelspaces
ü radii increasewith enlargedmodel-spaces
ü convergenceshouldbetestedwith largermodel-spaces

21



FMD Calculations

Fermionic

singleSlaterdeterminant

��� Q
�

= A
�

� ��� q1
�


 � � � 

��� qA

��
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ü Ĥ�
C2 – correlatedinteractionin two-bodyap-

proximation

ü Ĥ�
correction – adjustedon doubly magicnuclei

(compensatesfor missingthree-bodycontri-
butions of the correlatedinteractionand ge-
nuinethree-bodyforces)
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FMD Matrix Elements
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FMD NuclearChart
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SelectedNuclei
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SummaryandOutlook
S

um
m

ar
y

ü unitarycorrelationoperatorcandescribeshort-rangecentraland
tensorcorrelations

ü unitarycorrelatorprovidescommonlow-momentuminteraction

ü correlatedinteractioncanbeusedin many-bodymethods
(HF, shellmodel,FMD)

ü otherobservablescanbecorrelatedaswell

8 long rangeof tensorcorrelationshasto beaddressed

Feldmeier, Ne� , Roth,Schnack,NPA632(1998)61
Ne� , Feldmeier, NPA (acceptedfor publication),nucl-th/020713

MS = 1

MS = 0

O
ut

lo
ok

ü usecorrelatedinteraction– with short-rangedtensorcorrelator
in shellmodelcalculationswith con�gurationmixing

ü use correlatedinteractionwith long-rangedtensorcorrelator
andthree-bodycontributions(approximations)in simplemany-
bodystates(HF, FMD)

8 genuinethree-bodyforces are neededin addition for a suc-
cessfuldescriptionof nuclei
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