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•Expectations based on Pisarski, Wilczek, PRD 29 (1984) 

The QCD phase diagram



Overview
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•The lattice setup

•Taylor Expansion Approach

•The equation of state 

•The chiral crossover line

•Fluctuations of conserved charges at ALICE 

•Fluctuations of conserved charges at RHIC 

•The radius of convergence and the critical point 

•Summary  
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Lattice QCD
• introduce a (3+1)-dim. grid with Euclidean signature and periodic boundary 

conditions (anti-periodic in time), typically 106-108 grid points

➡SU(3) valued link variables
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�(x), �̄(x)

{lattice spacing

quarks gluons

a
<latexit sha1_base64="hVvKhINm+zEUEzdoOR0Ueokf1Ro="></latexit><latexit sha1_base64="BrlUU3MC6F1mD01QYecZjF2WkQ0="></latexit><latexit sha1_base64="BrlUU3MC6F1mD01QYecZjF2WkQ0="></latexit><latexit sha1_base64="5YMepqdeopjsTQkDF8D0R++1qbw="></latexit>

Consequences: 
• Need to take continuum limit 

vlabalbl of all calculations 
• momentum cutoff is introduced 

as 
• observables are given in units of     

la, use physical quantity as input 
to set the scale  

a ! 0
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K.G. Wilson, PRD 10 (1974) 
M. Creutz PRD 21 (1980)
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N⌧a
<latexit sha1_base64="jmCEljAVQoTuxHzXPOq2PvF1z/0="></latexit><latexit sha1_base64="ULNaIbYhvWian9/rrGI8lE9dR88="></latexit><latexit sha1_base64="ULNaIbYhvWian9/rrGI8lE9dR88="></latexit><latexit sha1_base64="CMY3W8n9pZ7PgN0QQf5FMO3BI7k="></latexit>

V = (aN�)
3

<latexit sha1_base64="wjxTtFKTA3HmtxR9JwCyiIsWczc="></latexit><latexit sha1_base64="wjxTtFKTA3HmtxR9JwCyiIsWczc="></latexit><latexit sha1_base64="wjxTtFKTA3HmtxR9JwCyiIsWczc="></latexit><latexit sha1_base64="gqj/Yw4Ha2KuLW4A5eA6HuOzXUc="></latexit>



Lattice QCD
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• The QCD partition function as path integral: 

� 106 lattice points, 
� 108 degrees of freedom

Monte Carlo integration: 

Z(T, V, µ) =
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. . .

Fermion matrix: large space matrix, band 
structure due to nearest neighbor interaction, 
engineered to reduce discretization effects 
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Lattice setup
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Fig. 2. (Left) Root mean squared pion mass (MRMS
⇡ ) as a function of lattice spacing a. RMS

M⇡ is defined as the rooted sum of the mass squared of 16 pseudo scalar states divided by 4. The
lattice cuto↵ e↵ects are smaller with smaller MRMS

⇡ . (Right) Ratio of quark contribution to the
pressure, obtained from lattice QCD calculations in the infinite temperature, ideal gas limit, to the
pressure of an ideal quark gas in the continuum (Pideal) as a function of N⌧ . P/Pideal approaches
unity in the continuum limit.

reducing these residual mass e↵ects is one of the important improvement steps in
calculations with DWF.57 Overlap fermions on the other hand preserve exact chiral
symmetry on a 4-dimensional lattice by obeying the Ginsparg-Wilson relation at
non-zero lattice spacing.58

Numerical calculations with Domain Wall as well as overlap fermions are quite
time consuming. However, with increasing speed of super-computers calculations
with physical light quark masses become feasible and chiral fermions have been used
recently also for QCD thermodynamics studies.59–62 In particular in the analysis of
subtle aspects of the QCD transition related to the temperature dependence of the
axial anomaly, calculations with fermions obeying exact chiral symmetry already at
non-zero values of the cut-o↵ are mandatory.

3. QCD phase diagram at high temperature

Our thinking about the phase structure of strong-interaction matter centers around
two very basic concepts in strong interaction physics – confinement and chiral sym-
metry breaking. The former expresses the fact that only colorless states, baryons
and mesons, can exist in the vacuum and are observed experimentally. This gave
rise to the concept of a linearly rising, confining potential exhibited between quarks
and anti-quarks,

Vqq̄(r) = �↵(r)

r
+ �r , (23)

with � being the string tension and ↵(r) the running coupling of QCD.
Chiral symmetry breaking, on the other hand is a mandatory feature of strong

interactions needed to explain the appearance of a light, almost massless, particle

• We use (2+1)-flavor of HISQ fermions at physical 
quark masses in the range 135 MeV  T  175 MeV

• Our lattice sizes are               , with                   and   N3
� ⇥ N⌧ N� = 4N⌧

N⌧ = 6, 8, 12, 16

T =
1

N⌧a
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improved dispersion relationimproved taste symmetry breaking

HISQ properties:

⇠ N⌧ = 8 (at T = Tc)
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Sign pro
blem!

Lattice observables

• Equilibrium thermodynamic behavior is determined by the partition function of the 
system

p(T, V, ~µ) =
T

V
lnZ(T, V, ~µ) (thermal EoS)

• Thermodynamic expectation values are calculated numerically by means of Monte 
Carlo methods (with importance sampling) at ~µ ⌘ 0

positive-definite weight function at           ,~µ ⌘ 0

at                                     becomes complex|~µ| > 0 : det(M)

•Studie derivatives of          at lnZ
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~µ ⌘ 0

@ lnZ
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=
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Tr[M�1]

↵
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Baryon number density 
@ lnZ

@µB
=

⌦
Tr[M�1M 0]

↵
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Chiral condensate

Order-parameter of 
spontaneous chiral 
symmetry breaking 

Baryon number fluctuations 

M 0 :=
@M

@µ
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hOi =
1

Z

Z �Y

x,⌫

dU
x,⌫

� O detM(U, ~m, ~µ) e��SG(U)

| {z }
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Fluctuations of conserved charges 
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�p(T, µB)

T 4
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p(T, µB) � p(T, 0)
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LO:

pressure correction due to non-vanishing baryon chemical potential: 

variance of baryon 
number fluctuation

Equation of State at  

�9

µB > 0
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�p(T, µB)

T 4
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p(T, µB) � p(T, 0)
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pressure correction due to non-vanishing baryon chemical potential: 

NLO: kurtosis x variance

Equation of State at  µB > 0
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pressure correction due to non-vanishing baryon chemical potential: 

Equation of State at  µB > 0
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baryon number

Equation of State at  µB > 0
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up to µB ' 2T results for the pressure at low temperature are well described by a Taylor series truncated at NNLO,
while at higher temperature NNLO corrections are small even at µB ' 3T . This also is the case for nB/T 3, although
the NNLO correction is large at low temperatures and, at present, does not allow for a detailed quantitative analysis
of the baryon-number density in this temperature range.

It also is obvious that the Taylor series for the pressure and nB/T 3 in the temperature range up to T ' 180 MeV
are sensitive to the negative contributions of the 6th order expansion coe�cient. The occurrence of a dip in the sixth
order expansion coe�cient of the pressure has been expected to show up on the basis of general scaling arguments for
higher order derivatives of the QCD pressure in the vicinity of the chiral phase transition [24]. It may, however, also
reflect the influence of a singularity on the imaginary chemical potential axis [25] (Roberge-Weiss critical point [26])
on Taylor series of bulk thermodynamic observables in QCD. Even with improved statistics it thus is expected that
the wiggles, that start to show up in the expansion of pressure and net baryon-number density above µB/T ' 2 (see
Fig. 4) and reflect the change of sign in the sixth order expansion coe�cient, will persist. Getting the magnitude of
the dip in �B

6

/�B
2

at T ' 160 MeV under control in future calculations thus is of importance for the understanding
of this non-perturbative regime of the QCD equation of state in the high temperature phase close to the transition
region. This also indicates that higher order corrections need to be calculated in order to control the equation of state
in this temperature regime.
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Figure 4. The µB-dependent contribution to the pressure (left) and the baryon-number density (right) in the case of vanishing
electric charge and strangeness chemicals potential for several values of the baryon chemical potential in units of temperature.
The di↵erent bands show results including Taylor series results upto the order indicated.

B. Net strangeness and net electric charge densities

For vanishing strangeness and electric charge chemical potentials the corresponding net strangeness (nS) and net
electric charge (nQ) densities are nonetheless non-zero because the carriers of these quantum numbers also carry
baryon number. The ratios of number densities are given by
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In a hadron resonance gas the ratios nS/nB and nQ/nB are independent of the baryon chemical potential and,
irrespective of the value of µ̂B , these ratios approach �1 and 0, respectively, in the T ! 1 limit. One thus may
expect that these ratios only show a mild dependence on µ̂B , which indeed is apparent from the results of the NNLO
expansions shown in Fig. 5.

For µQ = µS = 0 non-vanishing electric charge and strangeness densities only arise due to a non-zero baryon-
chemical potential. In the low temperature HRG phase nQ and nS thus only receive contributions from charged
baryons or strange baryons, respectively. The ratios nQ/nB and nS/nB thus are sensitive to the particle content in
a hadron resonance gas and a comparison with PDG-HRG and QM-HRG is particularly sensitive to the di↵erences
in the baryon content in these two models. It is apparent from Fig. 5 that at low temperatures the QM-HRG model
provides a better description of the lattice QCD results than the PDG-HRG model.

➡ Sixth order contributions are small 
for µB/T < 2
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Figure 14. Left: Second order curvature coe�cients of lines of constant pressure, energy density and entropy density versus
temperature in (2+1)-flavor QCD (bands) and in a HRG model (lines). Right: same as on the left, but for fourth order
coe�cients. The darker lines in the center of the error bands show the interpolating fits discussed in subsection VB. For 
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Figure 15. Left: Lines of constant pressure, energy density and entropy density versus temperature in (2+1)-flavor QCD for
three di↵erent initial sets of values fixed at µB = 0 and T0 = 145 MeV, 155 MeV and 165 MeV, respectively (see Table II). Data
points show freeze-out temperatures determined by the STAR Collaboration in the BES at RHIC (squares) [39] and the ALICE
Collaboration at the LHC (triangle) [40]. The circles denote hadronization temperatures obtained by comparing experimental
data on particle yields with a hadronization model calculation [41]. Also shown are two lines representing the current spread
in determinations of the µB-dependence of the QCD crossover transition line (see text). Right: Net baryon-number density on
the lines of constant physics for three values of the energy density at µB = 0. Other thermodynamic parameters characterizing
these lines are summarized in Table II.

In the interval around Tc, i.e. T 2 [145 MeV, 165 MeV] we find,

0.0064  P
2

 0.0101 , 0.0087  ✏
2

 0.012 , 0.0074  s
2

 0.011 . (50)

Apparently, at O(µ2

B), lines of constant pressure and constant energy or entropy densities agree quite well and they
also agree, within currently large errors, with the curvature of the transition line in (2+1)-flavor QCD. The coe�cient
of the quartic correction for the contour lines turns out to be about two orders of magnitude smaller than the leading
order coe�cients. This, of course, reflects the small contribution of the NLO corrections to the µB-dependent part
of pressure and energy density. For all fourth order coe�cients we find |f

4

|  0.00024 in the temperature interval

around Tc. For µB/T  2 the contribution arising from f
4

only leads to modifications of Tf (µB) that stays within

the error band arising from the uncertainty in f
2

.
The resulting lines of constant physics in the T -µB plane are shown in Fig. 15 (left) for three values of the temper-

ature, T = 145 MeV, 155 MeV and 165 MeV. These correspond to constant energy densities ✏ = 0.203(27) GeV/fm3,
0.346(41) GeV/fm3 and 0.556(57) GeV/fm3, which roughly correspond to the energy density of cold nuclear matter, a
hard sphere gas of nucleons at dense packing and the interior of a nucleus, respectively. Values of other bulk thermo-
dynamic observables characterizing these LCPs are summarized in Table II. The corresponding net baryon-number
densities on these LCPs are shown in Fig. 15 (right). It is apparent from Fig. 15 (left) that LCPs for constant pressure,
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Figure 15. Left: Lines of constant pressure, energy density and entropy density versus temperature in (2+1)-flavor QCD for
three di↵erent initial sets of values fixed at µB = 0 and T0 = 145 MeV, 155 MeV and 165 MeV, respectively (see Table II). Data
points show freeze-out temperatures determined by the STAR Collaboration in the BES at RHIC (squares) [39] and the ALICE
Collaboration at the LHC (triangle) [40]. The circles denote hadronization temperatures obtained by comparing experimental
data on particle yields with a hadronization model calculation [41]. Also shown are two lines representing the current spread
in determinations of the µB-dependence of the QCD crossover transition line (see text). Right: Net baryon-number density on
the lines of constant physics for three values of the energy density at µB = 0. Other thermodynamic parameters characterizing
these lines are summarized in Table II.
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Apparently, at O(µ2

B), lines of constant pressure and constant energy or entropy densities agree quite well and they
also agree, within currently large errors, with the curvature of the transition line in (2+1)-flavor QCD. The coe�cient
of the quartic correction for the contour lines turns out to be about two orders of magnitude smaller than the leading
order coe�cients. This, of course, reflects the small contribution of the NLO corrections to the µB-dependent part
of pressure and energy density. For all fourth order coe�cients we find |f
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The resulting lines of constant physics in the T -µB plane are shown in Fig. 15 (left) for three values of the temper-

ature, T = 145 MeV, 155 MeV and 165 MeV. These correspond to constant energy densities ✏ = 0.203(27) GeV/fm3,
0.346(41) GeV/fm3 and 0.556(57) GeV/fm3, which roughly correspond to the energy density of cold nuclear matter, a
hard sphere gas of nucleons at dense packing and the interior of a nucleus, respectively. Values of other bulk thermo-
dynamic observables characterizing these LCPs are summarized in Table II. The corresponding net baryon-number
densities on these LCPs are shown in Fig. 15 (right). It is apparent from Fig. 15 (left) that LCPs for constant pressure,
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(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-
cretization errors are of the type a2 / 1/N2

⌧ . Extrapola-
tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all the observables used for
the determination of pseudo-critical temperatures as de-
fined in Eq. (7) for lattices with N⌧=6, 8, 12, and 16.
The results of the temperature interpolations, obtained
following the procedure described in Sec. 3, are shown by
the corresponding solid bands. Using the interpolated re-
sults, and applying the definitions in Eq. (7), we obtained
5 values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C⌃

2 and
C�

2 for N⌧=16, we only show results for the other 3 def-
initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
Coincidence of di↵erent pseudo-critical temperatures for
physical quark masses may accidentally arise due to the
presence of non-singular and/or sub-leading corrections to
scaling.

4.2. Non-zero chemical potentials: B,Q,S,I
2 and B,Q,S,I

4

Now, we present continuum-extrapolated results for
the expansion coe�cients X

2 and X
4 , defined by Eq. (8),

of Tc(µX) for all conserved charges X = B,S,Q, I. In all
cases, extrapolations to the continuum were carried out
using results for N⌧=6, 8, and 12. We discuss an example
in detail, viz., B

2 and B
4 at µQ=µS=0. When Tc(µB)

is defined as the temperature where �(T, µB) peaks at a
given µB , the corresponding B

2 and B
4 can be obtained

4
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Figure 3: Top-left: Second-order Taylor-coe�cient C�
2 (T ), defined in Eq. (4), of the disconnected chiral susceptibility �(T, µB , µQ = µS = 0).

Top-middle: Fourth-order Taylor-coe�cient C�
4 (T ) of �(T, µB , µQ = µS = 0). Top-right: Order-by-order corrections in µ2n

B to �(T, µB =

300 MeV, nS = 0, nQ = 0.4nB) for N⌧=8 lattices. Bottom-left: Second-order Taylor-coe�cient C⌃
2 (T ) of the chiral order parameter

⌃(T, µB , µQ = µS = 0). Bottom-middle: Fourth-order Taylor-coe�cient C⌃
4 (T ) of ⌃(T, µB , µQ = µS = 0). Bottom-right: Second- (B

2 )
and fourth-order (B

4 ) Taylor coe�cients, defined in Eq. (8), of the pseudo-critical temperature Tc(µB , µQ = µS = 0) obtained from
�(T, µB , µQ = µS = 0).

using Eq. (10). The zeroth-, C�
0 (T ), second-, C

�
2 (T ), and

the fourth-order, C�
4 (T ), expansion coe�cients of �(T, µB)

in µB/T (with µQ=µS=0) are shown in Fig. 1 (middle),
Fig. 3 (top-left) and Fig. 3 (top-middle), respectively. The
interpolations in T are shown by the corresponding solid
bands. Having determined Tc(0), B

2 and, subsequently,
B
4 were obtained using the T -interpolations of C�

0,2,4. Sim-

ilarly, B
2 and B

4 were computed also from the inflection
point of ⌃(T, µB) in T , for a given µB , using the expan-
sion coe�cients C⌃

0,2,4, which are shown in Fig. 1 (left),
Fig. 3 (bottom-left) and Fig. 3 (bottom-middle), respec-
tively. Fig. 3 (bottom-right) exemplifies the very mild de-
pendence of X

2 and X
4 on lattice spacing.

We also carried out similar computations to determine
continuum-extrapolated X

2 and X
4 corresponding to (i)

Tc(µS) at µB=µQ=0, (ii) Tc(µQ) at µB=µS=0, and (iii)
Tc(µI) at µB=µS=0; the values are listed in Tab. 1. In
all the cases, for both X

2 and X
4 , the results obtained

using two di↵erent definitions of Tc(µX), given in Eq. (9),
gave the same result within our errors. In each case, we
took unweighted averages of continuum-extrapolated re-
sults corresponding to both definitions for Tc(µX), and
added the respective statistical errors in quadrature to ar-
rive at the final values for X

2 and X
4 ; these final results

also are listed in the third row of Tab. 1. In all cases, X
4

were found to be zero within errors, with central values
about an order of magnitude smaller than the correspond-
ing X

2 . Also, Q,I
2 were found to be about a factor 2 larger

compared to B,S
2 .

4.3. Heavy-ion collisions: B
2,4 for nS = 0, nQ = 0.4nB

In this case, i.e., for the thermal condition resembling
the chemical freeze-out stage of heavy-ion collision exper-
iments, we introduce the notations B,f

n as the Taylor co-
e�cients of the corresponding pseudo-critical temperature
T f
c (µB).
The formalism for Taylor expanding an observable in

µB/T , with the constraints nS = 0 and nQ = 0.4nB , was
introduced in Ref. [31] and has been applied to various
cases [24, 32, 33]. With these constraints, µS and µQ

are no longer arbitrary, but become functions of T and
µB . Following Ref. [31], µS(T, µB)/T = s1(T )µB/T +
s3(µB/T )3 and µQ(T, µB)/T = q1(T )µB/T + q3(µB/T )3

were Taylor-expanded in µB/T . Expanding nB,Q,S in pow-

ers of µi
Bµ

j
Qµ

k
S (i+ j+ k  3), substituting expansions for

µQ,S(T, µB) in expansions of nB,Q,S , and imposing the
constraints nS = 0 and nQ = 0.4nB order-by-order in µB ,
expressions for s1,3(T ) and q1,3(T ) were obtained in terms
of the Taylor coe�cients of the pressure. Explicit expres-
sions for s1,3(T ) and q1,3(T ) can be found in Ref. [24]. By
Taylor expanding ⌃(T, µB , µQ, µS) (�(T, µB , µQ, µS)) in

powers of µi
Bµ

j
Qµ

k
S (i+ j+k  4), and plugging in the ex-

pansions for µQ,S(T, µB), we obtained the expansions for
⌃(T, µB) (�(T, µB)) up to O(µ4

B). As before, by invoking

Eq. (9), expressions were obtained for B,f
2,4 .

Continuum-extrapolated results for B,f
2 and B,f

4 are

given in Tab. 1. B,f
2 came out to be same as B

2 and S
2

within errors, and B,f
4 was found to be consistent with

zero. On our N⌧=8 lattices, where we analyzed half a

5
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B
2 B

4 S
2 S

4 Q
2 Q

4 I
2 I

4 B,f
2 B,f

4

⌃ 0.015(4) -0.001(3) 0.018(3) 0.001(3) 0.027(4) 0.004(5) 0.023(3) 0.004(4) 0.012(2) 0.000(2)
� 0.016(5) 0.002(6) 0.015(4) 0.007(5) 0.031(4) 0.011(9) 0.028(3) 0.006(6) 0.012(3) 0.000(4)
Average 0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7) 0.012(4) 0.000(4)

Table 1: Continuum-extrapolated values of second- (X
2 ) and fourth-order (X

4 ) Taylor coe�cients, defined in Eq. (8), of pseudo-critical
temperature Tc(µX=B,Q,S,I) obtained from the chiral order parameter ⌃(T, µX) and the disconnected chiral susceptibility �(T, µX). Also

listed are the continuum-extrapolated values of B,f
2 and B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e., µQ(T, µB) and µS(T, µB) fixed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the first two rows.

million gauge configurations at all T , we also computed
µ6
B corrections to the chiral observables. The order-by-

order µB corrections to � are shown in Fig. 3 (top-right)
at µB=300 MeV and for nS = 0, nQ = 0.4nB . In the
vicinity of T f

c (µB), di↵erence between µ4
B and µ2

B correc-
tions are clearly significant; but µ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B ex-

pansion of T f
c (µB) is controlled till µB . 2Tc(0). The

phase boundary of QCD for nS = 0, nQ = 0.4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
✏(T, µB) = ✏(Tc(0), 0) = 0.42(6) GeV/fm3 [24], and the
line of constant entropy density s(T, µB) = s(Tc(0), 0) =
3.7(5) fm�3 [24].

5. Discussions and summary

The value of Tc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Our present value of Tc(0) also is compatible
with the chiral pseudo-critical temperatures reported by
other groups [35, 36]. It is pertinent to note that all our
calculations were carried out within a finite-size box of
about 5 fm3 in the vicinity of Tc(0); finite-size corrections
might increase the value of Tc(0) by an amount commen-
surate to our present error on that quantity [37]. B

2 de-
termined in the present work is about a factor 2 larger
than that reported previously in Ref. [38]. Our present
value of B

2 also is about a factor 2 larger than the B
2

estimated using the curvature of the chiral critical tem-
perature along the light quark chemical potential direc-
tions [19], but is consistent, within errors, with the same
reported in Ref. [39]. In contrast to Ref. [19], Ref. [39]
used the much improved HISQ discretization. This clearly
suggests that the discrepancy between the present result
and that estimated from Ref. [19] arises mostly due to the
use of improved HISQ discretization in the present study.
On the other hand, B

2 reported in this work is, within er-
rors, compatible with those obtained in more recent works
of Refs. [36, 40–42], obtained from analytic continuations
from purely imaginary µB . It is also similar with that ob-
tained in Ref. [22] from Taylor expansion of chiral order
parameter for µB > 0, µQ=0 and µS=µB/3, in contrast
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Figure 4: The phase boundary of 2 + 1 flavor QCD, with the con-
straints nS = 0 and nQ = 0.4nB , is compared with the line of

constant energy density ✏ = 0.42(6) GeV/fm3 and the line of con-
stant entropy density s = 3.7(5) fm�3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from rela-
tivistic heavy-ion collision experiments [5, 34].

to our choice of µB > 0 and µQ=µS=0. Our value of

B,f
2 is quite similar to that reported in Ref. [43], deter-

mined from analytic continuations from purely imaginary
µ. Moreover, the phase boundary in the T -µI plane that
can be obtained using our I

2,4 is quite similar to that
determined in Ref. [44] from lattice QCD computations
performed directly at µI > 0, µB=µS=0.

In summary, using state-of-the-art lattice QCD compu-
tations we have determined pseudo-critical temperatures,
Tc(µX) = Tc(0)[1 � X

2 (µX/Tc(0))2 � X
4 (µX/Tc(0))4], of

QCD chiral crossover for 6 di↵erent scenarios: (i) Tc(0)
for µB = µQ = µS = 0; (ii) B

2,4 for µB > 0, µQ=µS=0;

(iii) S
2,4 for µS > 0, µB=µQ=0; (iv) Q

2,4 for µQ > 0,

µB=µS=0; (v) I
2,4 for µI > 0, µB=µS=0; (vi) B,f

2,4 for
thermal conditions resembling that at the chemical freeze-
out of relativistic heavy-ion collision experiments, viz, for
µB > 0, nS = 0, nQ = 0.4nB . We have found

Tc(0) = (156.5± 1.5) MeV , (11)

and the values of X
2,4 are listed in Tab. 1. The QCD

phase boundary relevant for relativistic heavy-ion collision
experiments have been summarized in Fig. 4. For µB .
300 MeV, the chemical freeze-out takes place close to the
QCD chiral crossover, which, in turn, seems to happen
along lines of constant energy density of 0.42(6) GeV/fm3

and a constant entropy density of 3.7(5) fm�3.
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4
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Table 1: Continuum-extrapolated values of second- (X
2 ) and fourth-order (X

4 ) Taylor coe�cients, defined in Eq. (8), of pseudo-critical
temperature Tc(µX=B,Q,S,I) obtained from the chiral order parameter ⌃(T, µX) and the disconnected chiral susceptibility �(T, µX). Also

listed are the continuum-extrapolated values of B,f
2 and B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e., µQ(T, µB) and µS(T, µB) fixed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the first two rows.

million gauge configurations at all T , we also computed
µ6
B corrections to the chiral observables. The order-by-

order µB corrections to � are shown in Fig. 3 (top-right)
at µB=300 MeV and for nS = 0, nQ = 0.4nB . In the
vicinity of T f

c (µB), di↵erence between µ4
B and µ2

B correc-
tions are clearly significant; but µ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B ex-

pansion of T f
c (µB) is controlled till µB . 2Tc(0). The

phase boundary of QCD for nS = 0, nQ = 0.4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
✏(T, µB) = ✏(Tc(0), 0) = 0.42(6) GeV/fm3 [24], and the
line of constant entropy density s(T, µB) = s(Tc(0), 0) =
3.7(5) fm�3 [24].

5. Discussions and summary

The value of Tc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Our present value of Tc(0) also is compatible
with the chiral pseudo-critical temperatures reported by
other groups [35, 36]. It is pertinent to note that all our
calculations were carried out within a finite-size box of
about 5 fm3 in the vicinity of Tc(0); finite-size corrections
might increase the value of Tc(0) by an amount commen-
surate to our present error on that quantity [37]. B

2 de-
termined in the present work is about a factor 2 larger
than that reported previously in Ref. [38]. Our present
value of B

2 also is about a factor 2 larger than the B
2

estimated using the curvature of the chiral critical tem-
perature along the light quark chemical potential direc-
tions [19], but is consistent, within errors, with the same
reported in Ref. [39]. In contrast to Ref. [19], Ref. [39]
used the much improved HISQ discretization. This clearly
suggests that the discrepancy between the present result
and that estimated from Ref. [19] arises mostly due to the
use of improved HISQ discretization in the present study.
On the other hand, B

2 reported in this work is, within er-
rors, compatible with those obtained in more recent works
of Refs. [36, 40–42], obtained from analytic continuations
from purely imaginary µB . It is also similar with that ob-
tained in Ref. [22] from Taylor expansion of chiral order
parameter for µB > 0, µQ=0 and µS=µB/3, in contrast

135

140

145

150

155

160

165

170

175

0 50 100 150 200 250 300 350 400

Tc [MeV]

µB [MeV]

nS = 0, nQ

nB
= 0.4

crossover line: O(µ4
B)

constant: ✏
s

freeze-out: STAR

ALICE
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constant energy density ✏ = 0.42(6) GeV/fm3 and the line of con-
stant entropy density s = 3.7(5) fm�3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from rela-
tivistic heavy-ion collision experiments [5, 34].

to our choice of µB > 0 and µQ=µS=0. Our value of

B,f
2 is quite similar to that reported in Ref. [43], deter-

mined from analytic continuations from purely imaginary
µ. Moreover, the phase boundary in the T -µI plane that
can be obtained using our I

2,4 is quite similar to that
determined in Ref. [44] from lattice QCD computations
performed directly at µI > 0, µB=µS=0.

In summary, using state-of-the-art lattice QCD compu-
tations we have determined pseudo-critical temperatures,
Tc(µX) = Tc(0)[1 � X

2 (µX/Tc(0))2 � X
4 (µX/Tc(0))4], of

QCD chiral crossover for 6 di↵erent scenarios: (i) Tc(0)
for µB = µQ = µS = 0; (ii) B

2,4 for µB > 0, µQ=µS=0;

(iii) S
2,4 for µS > 0, µB=µQ=0; (iv) Q

2,4 for µQ > 0,

µB=µS=0; (v) I
2,4 for µI > 0, µB=µS=0; (vi) B,f

2,4 for
thermal conditions resembling that at the chemical freeze-
out of relativistic heavy-ion collision experiments, viz, for
µB > 0, nS = 0, nQ = 0.4nB . We have found

Tc(0) = (156.5± 1.5) MeV , (11)

and the values of X
2,4 are listed in Tab. 1. The QCD

phase boundary relevant for relativistic heavy-ion collision
experiments have been summarized in Fig. 4. For µB .
300 MeV, the chemical freeze-out takes place close to the
QCD chiral crossover, which, in turn, seems to happen
along lines of constant energy density of 0.42(6) GeV/fm3

and a constant entropy density of 3.7(5) fm�3.

6

The crossover line

Tc(µX )

T0
= 1 − κX

2

(

µX

T0

)2

− κX
4

(

µX

T0

)4

+O(µ6
X )
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X = B B
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nQ/nB=0.4

S I Q

HotQCD preliminary
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κ4
X
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Bonati 2018:
X = B, µS = 0

κ2 = 0.0145(25)

➡ Slight dependence on the type of 
conserved charge

➡ Agreement with the lines of constant 
physics
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• 2nd order fluctuations: BQ and BS correlations   
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At ALICE: freeze-out temperature          
== chiral crossover temperature 

Tf0 = 156.5(1.5) MeV
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➡Evidence for not yet observed hadrons?
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• Continuum results for all 2nd order observables  
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22ndnd order cumulants: fluctuations and correlations order cumulants: fluctuations and correlations
two constraints: only 4 out of 6two constraints: only 4 out of 6

22ndnd
 order observables are independent order observables are independent

– continuum extrapolated results for all 2nd order cumulants in (2+1)-flavor QCD➡Only 4 out of 6 observables are independent

Fluctuations of conserved charges at LHC



• Some 4th order fluctuations

Fluctuations of conserved charges at LHC
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The effective degrees of freedom
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THERMODYNAMICS OF STRONG-INTERACTION MATTER FROM LATTICE QCD 21

phase.15,16 The thermal expectation value of the renormalized Polyakov loop

L
ren

(T ) = e�c(g2
)N

⌧ · 1

V Nc

X

~x

*
Tr

N

⌧Y

x0=1

U
(x0,x̃),ˆ0

+
, (36)

is not invariant under the Z(Nc) center symmetry. The Polyakov loop can be in-
terpreted as the free energy di↵erence, F1(T ), of a thermal system with and with-
out an infinitely heavy static quark anti-quark pair separated by infinite distance,
L
ren

(T ) = exp(�F1(T )/2T ). The renormalization constant c(g2) can be fixed94 by
demanding that in the short distance limit the heavy quark free energy coincides,
up to a trivial additive constant, with the Coulombic short distance behavior of the
zero temperature heavy quark potential defined in Eq. 23. In the confined phase
F1(T ) = 1, as a static quark and anti-quark pair cannot be separated by infinite
distance in this phase. Thus in the Z(Nc) symmetric confined phase L

ren

(T ) = 0.
On the other hand, in the spontaneously Z(Nc) broken deconfined phase a static
quark anti-quark pair can be separated by infinite distance due to the presence of
color screening and L

ren

(T ) 6= 0. Thus, for a pure SU(Nc) gauge theory, i.e. in the
limit ml ! 1, the Polyakov loop serves as the order parameter for the deconfine-
ment transition.95 However, since the mere presence of quarks explicitly breaks the
Z(Nc) center symmetry, the Polyakov loop does not serve as an order parameter
for QCD with realistic light quarks. Furthermore, since the Polyakov loop is not
related to a derivative of the QCD partition function with respect to the thermal
or the symmetry breaking field, its change or fluctuation across the QCD transition
may not capture the true singularities of the QCD partition function in any limit.
Thus, a deconfining temperature defined from the change of the Polyakov loop may
not reflect the pseudo-critical properties of QCD with realistic light quark masses.
As shown in Fig. 7 (left), the change of the Polyakov loop within the chiral crossover
region, Tc = 154(9) MeV, is rather gradual and smooth.
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Fig. 7. (Left) The renormalized Polyakov loop in (2+1)-flavor QCD.96 (Right) Appearance of the
fractionally charged degrees of freedom in the chiral crossover region Tc = 154(9) MeV (shaded
region) for the light as well as the strange quark. The black points show results obtained using
the stout action97 and the other points have been obtained using the HISQ action.98

• cumulants are sensitive to effective charges: compare cumulants from non-
perturbative (lattice) QCD calculations to other scenarios such as an uncorrelated 
gas of hadrons (HRG) or perturbative QCD
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FIG. 3. Baryon-strangeness (top) and electric charge-
strangeness correlations (bottom), properly scaled by the
strangeness fluctuations and powers of the fractional bary-
onic and electric charges [see Eq. (9)]. In the non-interacting
massless quark gas all these observables are unity (shown by
the lines at high temperatures). The shaded regions indicate
the range of perturbative estimates (see text) for all these
observables obtained using one-loop re-summed HTL calcu-
lations [16]. The LQCD results for the N⌧ = 6 and 8 lattices
are shown by the open and filled symbols respectively.

ing quasi-quarks even down to temperatures very close197

to Tc. However, our results involving correlations of198

strangeness with higher power of baryon number and199

electric charge clearly indicate that such a description200

in terms of weakly interacting quasi-quarks can only be201

valid for temperatures T & 2Tc. While the HTL per-202

turbative expansion for ratios involving one derivative of203

the baryonic/electric charges (i.e. �11
XS/�

S
2 and �13

XS/�
S
4 ,204

X = B,Q) start di↵ering from the non-interacting quark205

gas limit at O(↵3
s ln↵s) [18], the same for those involving206

higher derivatives of the baryonic/electric charges (i.e.207

�22
XS/�

S
4 and �31

XS/�
S
4 , X = B,Q) starts at O(↵3/2

s ) [16],208

↵s being the strong coupling constant. Thus, the en-209

hancement of the higher order electric charge/baryon-210

strangeness correlations are probably expected within211

the regime of validity of the weak coupling expansion.212

For temperatures beyond the validity of the weak cou-213

pling expansion, it would be interesting to see whether214

such enhancements indicate a strongly coupled QGP [19]215

without quasi-particles or it signals the presence of col-216

ored bound states [8] and/or density dependent massive217

quasi-particles [20].218

Conclusions.— The LQCD results presented in this pa-219

per show that till the chiral crossover temperature Tc the220

quantum numbers associated with the sDoF are consis-221

tent with those of an uncorrelated gas of hadrons. Fur-222

thermore, up to Tc the partial pressures of the strange223

mesons and baryons are separately in agreement with224

those obtained from the uncorrelated hadron gas using225

vacuum masses of the strange hadrons. Such a hadronic226

description of the sDoF breaks down immediately after227

the chiral crossover region. Moreover, the behavior of228

the sDoF around Tc is quite similar to that involving229

the light up and down quarks. Altogether, these results230

suggest that the deconfinement of strangeness seemingly231

takes place at the chiral crossover temperature. On the232

other hand, our LQCD results involving correlations of233

strangeness with higher powers of baryonic and electric234

charges for T > Tc provide unambiguous evidence that235

the sDoF in the QGP are compatible with the weakly236

interacting quark gas only for T & 2Tc. For the interme-237

diate temperatures, Tc . T . 2Tc, strangeness is non-238

trivially correlated with the baryonic and electric charges239

indicating that the QGP in this temperature regime re-240

mains strongly interacting.241

Although the results presented here were not obtained242

in the limit of zero lattice spacing, the e↵ects of contin-243

uum extrapolations are known to be quite small for our244

particular lattice discretization scheme, especially in the245

strangeness sector [5]. This is also borne out in the very246

mild lattice spacing dependence of our LQCD results go-247

ing from the N⌧ = 6 to the N⌧ = 8 lattices. Thus we248

expect that the continuum extrapolated results will not249

alter the physical picture presented in this paper.250
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The products of the moments, Sσ and κσ2, are sensitive to the correlation length of the hot and
dense medium created in the collisions and are related to the ratios of baryon number susceptibili-
ties of corresponding orders. The products of moments are found to have values significantly below
the Skellam expectation and close to expectations based on independent proton and anti-proton
production. The measurements are compared to a transport model calculation to understand the
effect of acceptance and baryon number conservation, and also to a hadron resonance gas model.

PACS numbers: 25.75.Gz,12.38.Mh,21.65.Qr,25.75.-q,25.75.Nq

The Beam Energy Scan (BES) program at the Rela-
tivistic Heavy-Ion Collider (RHIC) facility aims at study-
ing in detail the QCD phase structure. This enables
us to map the phase diagram, temperature (T ) versus
baryonic chemical potential (µB), of strong interactions.
Important advancements have been made towards the
understanding of the QCD phase structure at small µB.
Theoretically, it has been found that at high tempera-
tures, there occurs a cross-over transition from hadronic
matter to a de-confined state of quarks and gluons at
µB = 0 MeV [1]. Experimental data from RHIC and
the Large Hadron Collider have provided evidence of the
formation of QCD matter with quark and gluon degrees
of freedom [2]. Several studies have been done to esti-
mate the quark-hadron transition temperature at µB =
0 [3]. Interesting features of the QCD phase structure are
expected to appear at larger µB [4]. These include the
QCD critical point (CP) [5, 6] and a first order phase
boundary between quark-gluon and hadronic phases [7].

Previous studies of net-proton multiplicity distribu-
tions suggest that the possible CP region is unlikely to
be below µB = 200 MeV [8]. The versatility of the RHIC
machine has permitted the center of mass energy (

√
sNN)

to be varied below the injection energy (
√
sNN = 19.6

GeV), thereby providing the possibility to scan the QCD
phase diagram above µB ∼ 250 MeV. The µB value is
observed to increase with decreasing

√
sNN [9]. The goal

of the BES program at RHIC is to look for the experi-
mental signatures of a first order phase transition and the
critical point by colliding Au ions at various

√
sNN [10].

Non-monotonic variations of observables related to the
moments of the distributions of conserved quantities such
as net-baryon, net-charge, and net-strangeness [11] num-
ber with

√
sNN are believed to be good signatures of a

phase transition and a CP. The moments are related to
the correlation length (ξ) of the system [12]. The sig-
natures of phase transition or CP are detectable if they
survive the evolution of the system [13]. Finite size and
time effects in heavy-ion collisions put constraints on the
significance of the desired signals. A theoretical calcula-
tion suggests a non-equilibrium ξ ≈ 2-3 fm for heavy-ion
collisions [14]. Hence, it is proposed to study the higher
moments (like skewness, S =

〈

(δN)3
〉

/σ3 and kurtosis,
κ = [

〈

(δN)4
〉

/σ4] – 3 with δN = N – ⟨N⟩) of distri-
butions of conserved quantities due to a stronger depen-
dence on ξ [12]. Both the magnitude and the sign of
the moments [15], which quantify the shape of the mul-

tiplicity distributions, are important for understanding
phase transition and CP effects. Further, products of
the moments can be related to susceptibilities associated
with the conserved numbers. The product κσ2 of the
net-baryon number distribution is related to the ratio of

fourth order (χ(4)
B ) to second order (χ(2)

B ) baryon number

susceptibilities [16, 17]. The ratio χ(4)
B /χ(2)

B is expected
to deviate from unity near the CP. It has different values
for the hadronic and partonic phases [17].
This Letter reports measurements of the energy de-

pendence of higher moments of the net-proton multiplic-
ity (Np − Np̄ = ∆Np) distributions from Au+Au col-
lisions. The aim is to search for signatures of the CP
over a broad range of µB in the QCD phase diagram.
Theoretical calculations have shown that ∆Np fluctu-
ations reflect the singularity of the charge and baryon
number susceptibility, as expected at the CP [18]. The
measurements presented here are within a finite accep-
tance range and only use the protons among the pro-
duced baryons. Refs. [19, 20] discuss the advantages
of using net-baryon measurements and effects of accep-
tance on which the measurements depend intrinsically
(e.g. conservation laws and other finite statistical fluc-
tuations dominate near full and small acceptance respec-
tively).
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FIG. 1: (Color online) ∆Np multiplicity distributions in
Au+Au collisions at various

√
sNN for 0-5%, 30-40% and 70-

80% collision centralities at midrapidity. The statistical errors
are small and within the symbol size. The lines are the cor-
responding Skellam distributions. The distributions are not
corrected for the finite centrality width effect and Np(Np̄) re-
construction efficiency.

The data presented in the paper were obtained using

• STAR has measured the event-by-
event fluctuations of the net-proton 
number.    

• STAR found non-Gaussian 
fluctuations (none-vanishing 
skewness and kurtosis).     

Xiaofeng Luo  16 / 23         Critical Point and Onset of Deconfinement Conference 2014, Bielefeld, Germany 

Acceptance Study (I): pT �

! K�σ2: the energy dependence tends to be more pronounced 
with wider pT acceptance, relative to published results. 

! S�σ: the values are smaller for wider pT acceptance.��

X. Luo, CPOD’14

• Indication for a critical point? 

• Can the data be explained by 
equilibrium thermodynamics?

p
sNN GeV

STAR, PRL 112 (2014)
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• How can we compare STAR data to the lattice results without using a model 
dependent parametrization of the freeze-out line?

  

F. Karsch,   BEST meeting  2017 F. Karsch,   BEST meeting  2017 7

  Cumulant ratios of conserved net-charge fluctuations Cumulant ratios of conserved net-charge fluctuations 

kurtosis*variance:

X. Luo (STAR Collaboration),
PoS CPOD2014 (2014) 019

0.71.223

kurtosis*variance:

skewness*variance    :1/2

* not shown

slope of

at

* 

RP
31

RP
42

➡ Consider only ratios of cumulants to eliminate the freeze-out volume. 
➡ Eliminate also       in favor of the ratio                            . µB
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F. Karsch,   BEST meeting  2017 F. Karsch,   BEST meeting  2017 11

Conserved charge fluctuations and freeze-outConserved charge fluctuations and freeze-out
            mean, variance, mean, variance, skewnessskewness  and kurtosisand kurtosis

in a NLO Taylor expansion
are closely relatedare closely related

A. Bazavov et al. (HotQCD Collaboration),A. Bazavov et al. (HotQCD Collaboration),
in preparationin preparation

Bazavov et al., Phys. Rev. D96 (2017) 074510.
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• How can we compare STAR data to the lattice results without using a model 
dependent parametrization of the freeze-out line?
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  Cumulant ratios of conserved net-charge fluctuations Cumulant ratios of conserved net-charge fluctuations 

kurtosis*variance:

X. Luo (STAR Collaboration),
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0.71.223

kurtosis*variance:

skewness*variance    :1/2

* not shown

slope of
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* 
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➡ Consider only ratios of cumulants to eliminate the freeze-out volume. 
➡ Eliminate also       in favor of the ratio                            . µB
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Conserved charge fluctuations and freeze-outConserved charge fluctuations and freeze-out
            mean, variance, mean, variance, skewnessskewness  and kurtosisand kurtosis

in a NLO Taylor expansion
are closely relatedare closely related

A. Bazavov et al. (HotQCD Collaboration),A. Bazavov et al. (HotQCD Collaboration),
in preparationin preparation

Comparison works astonishingly well, 
even though many effects need to be 
understood better. 

Bazavov et al., Phys. Rev. D96 (2017) 074510.
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STAR data for net-proton number fluctuations

• How can we compare STAR data to the lattice results without using a model 
dependent parametrization of the freeze-out line?

  

F. Karsch,   BEST meeting  2017 F. Karsch,   BEST meeting  2017 7

  Cumulant ratios of conserved net-charge fluctuations Cumulant ratios of conserved net-charge fluctuations 

kurtosis*variance:

X. Luo (STAR Collaboration),
PoS CPOD2014 (2014) 019

0.71.223

kurtosis*variance:

skewness*variance    :1/2

* not shown

slope of

at

* 
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➡ Consider only ratios of cumulants to eliminate the freeze-out volume. 
➡ Eliminate also       in favor of the ratio                            . µB
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Conserved charge fluctuations and freeze-outConserved charge fluctuations and freeze-out
            mean, variance, mean, variance, skewnessskewness  and kurtosisand kurtosis

in a NLO Taylor expansion
are closely relatedare closely related

A. Bazavov et al. (HotQCD Collaboration),A. Bazavov et al. (HotQCD Collaboration),
in preparationin preparation

Bazavov et al., Phys. Rev. D96 (2017) 074510.

need to understand:

• non-equilibrium effects
[Berdnikov, Rajagopal, hep-ph/9912274] 

[Mukherjee et al., arXiv:1506.00645, 
arXiv:1605.09341] 

• proton vs. baryon number distributions
[Kitazawa et al. arXiv:1205.3292, 
arXiv:1303.3338] 

• acceptance and pt-cuts
[Bzdak, Koch, arXiv:1206.4286]

• rapidity dependence

[Garg et al., arXiv:1304.7133]

[Karsch, Morita, Redlich, arXiv:1508.02614]

[Lin, Stephanov, arXiv:1512.09125]

[Bzdak, Koch, arXiv:1707.02640]
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Fluctuations and critical behavior
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Baryon-number fluctuations! along Tc(µB)
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σ2
B

and χdisc show no indication that crossover gets stronger

• Consider baryon number fluctuations and fluctuations of the chiral condensate along 
the crossover line   

➡ No sign of critical fluctuations / critical point  
➡ No sign that crossover gets stronger

Will a critical point ever be seen by a Taylor expansion? 

Theoretical Method: estimate the radius of convergence from successive expansion 
coefficient. So far, not conclusive.

P. Steinbrecher, QM 2018, [1807.05607]
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Figure 16. Estimators for the radius of convergence of the Taylor series for net baryon-number fluctuations, �B
2 (T, µB), in the

case of vanishing electric charge and strangeness chemical potentials obtained on lattices with temporal extent N⌧ = 8. Shown
are lower bounds for the estimator r�4 obtained in this work (squares) and results for this estimator obtained from calculations
with an imaginary chemical potential (triangles) [15]. Also shown are estimates for the location of the critical point obtained
from calculations with unimproved staggered fermions using a reweighting technique [50] and Taylor expansions [51]. In both
cases results have been rescaled using Tc = 154 MeV.

susceptibility are again simply related to that of the pressure,

�B
2

(T, µB) =
1X

n=0

1

(2n)!
�B
2n+2

µ̂2n
B . (52)

From this one obtains estimators for the radius of convergence of the pressure and susceptibility series,

rP
2n =

����
(2n+ 2)(2n+ 1)�B
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����
1/2

, r�
2n =

����
2n(2n� 1)�B
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2n+2

����
1/2

. (53)

Both estimators converge to the true radius of convergence in the limit n ! 1. In order for this to correspond to a
singularity at real values of µ̂B , all expansion coe�cients should asymptotically stay positive.

Obviously, the estimators rP
2n and r�

2n are proportional to each other, rP
2n =

p
(2n+ 2)(2n+ 1)/[2n(2n� 1)]r�

2n.
The di↵erence between these to estimators may be taken as a systematic error for any estimate of the radius of
convergence obtained from a truncated Taylor series. In the hadron resonance gas limit one finds for estimators
involving sixth order cumulants, rP

4

= 1.58r�
4

. In the following we restrict our discussion to an analysis of r�
2n, which

at finite n leads to the smaller estimator for the radius of convergence. This seems to be appropriate in the present
situation where we only can construct two independent estimators from ratios of three distinct susceptibilities. We
thus may hope to identify regions in the QCD phase diagram at small values of µ̂B which are unlikely locations for a
possible critical point.

An immediate consequence of the definitions given in Eq. 53 is that the ratios of generalized susceptibilities need
to grow asymptotically like |�B

n+2

/�B
n | ⇠ n2 in order to arrive in the limit n ! 1 at a finite value for the radius

of convergence. At least for large values of n one thus needs to find large deviations from the hadron resonance
gas results |�B

n+2

/�B
n |HRG = 1. As is obvious from the results presented in the previous sections, in particular

from Fig. 3, the analysis of up to sixth order Taylor expansion coe�cients does not provide any hints for such large
deviations. The ratio �B

4

/�B
2

turns out to be less than unity in the entire temperature range explored so far, i.e.
for T � 135 MeV or T/Tc > 0.87(6). Below the crossover temperature, T ⇠ 155 MeV, the sixth order expansion
coe�cients also are consistent with HRG model results. They still have large errors. However, using the upper value
of the error for �B

6

/�B
4

provides a lower limit for the value of the estimator r�
4

. For temperatures in the interval
135 MeV  T  155 MeV (or equivalently 0.87(5)  T/Tc  1) we currently obtain a lower limit on r�

4

from the
estimate �B

6

/�B
4

' �B
6

/�B
2

< 3. This converts into the bound r�
4

� 2, which is consistent with our observation that
the Taylor series of all thermodynamic observables discussed in the previous sections is well behaved up to µB = 2T .
A more detailed analysis, using the current errors on �B

6

/�B
4

at five temperature values below and in the crossover
region of the transition at µB = 0, is shown in Fig. 16. This shows that the bound arising from r�

4

is actually more
stringent at temperatures closer to Tc, where �

6

starts to become small and eventually tends to become negative.
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are lower bounds for the estimator r�4 obtained in this work (squares) and results for this estimator obtained from calculations
with an imaginary chemical potential (triangles) [15]. Also shown are estimates for the location of the critical point obtained
from calculations with unimproved staggered fermions using a reweighting technique [50] and Taylor expansions [51]. In both
cases results have been rescaled using Tc = 154 MeV.
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singularity at real values of µ̂B , all expansion coe�cients should asymptotically stay positive.
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2n, which

at finite n leads to the smaller estimator for the radius of convergence. This seems to be appropriate in the present
situation where we only can construct two independent estimators from ratios of three distinct susceptibilities. We
thus may hope to identify regions in the QCD phase diagram at small values of µ̂B which are unlikely locations for a
possible critical point.

An immediate consequence of the definitions given in Eq. 53 is that the ratios of generalized susceptibilities need
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gas results |�B
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n |HRG = 1. As is obvious from the results presented in the previous sections, in particular

from Fig. 3, the analysis of up to sixth order Taylor expansion coe�cients does not provide any hints for such large
deviations. The ratio �B
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turns out to be less than unity in the entire temperature range explored so far, i.e.
for T � 135 MeV or T/Tc > 0.87(6). Below the crossover temperature, T ⇠ 155 MeV, the sixth order expansion
coe�cients also are consistent with HRG model results. They still have large errors. However, using the upper value
of the error for �B
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. For temperatures in the interval
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case of vanishing electric charge and strangeness chemical potentials obtained on lattices with temporal extent N⌧ = 8. Shown
are lower bounds for the estimator r�4 obtained in this work (squares) and results for this estimator obtained from calculations
with an imaginary chemical potential (triangles) [15]. Also shown are estimates for the location of the critical point obtained
from calculations with unimproved staggered fermions using a reweighting technique [50] and Taylor expansions [51]. In both
cases results have been rescaled using Tc = 154 MeV.
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Both estimators converge to the true radius of convergence in the limit n ! 1. In order for this to correspond to a
singularity at real values of µ̂B , all expansion coe�cients should asymptotically stay positive.
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2n are proportional to each other, rP
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(2n+ 2)(2n+ 1)/[2n(2n� 1)]r�
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The di↵erence between these to estimators may be taken as a systematic error for any estimate of the radius of
convergence obtained from a truncated Taylor series. In the hadron resonance gas limit one finds for estimators
involving sixth order cumulants, rP
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= 1.58r�
4

. In the following we restrict our discussion to an analysis of r�
2n, which

at finite n leads to the smaller estimator for the radius of convergence. This seems to be appropriate in the present
situation where we only can construct two independent estimators from ratios of three distinct susceptibilities. We
thus may hope to identify regions in the QCD phase diagram at small values of µ̂B which are unlikely locations for a
possible critical point.

An immediate consequence of the definitions given in Eq. 53 is that the ratios of generalized susceptibilities need
to grow asymptotically like |�B
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n | ⇠ n2 in order to arrive in the limit n ! 1 at a finite value for the radius

of convergence. At least for large values of n one thus needs to find large deviations from the hadron resonance
gas results |�B

n+2
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n |HRG = 1. As is obvious from the results presented in the previous sections, in particular

from Fig. 3, the analysis of up to sixth order Taylor expansion coe�cients does not provide any hints for such large
deviations. The ratio �B
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turns out to be less than unity in the entire temperature range explored so far, i.e.
for T � 135 MeV or T/Tc > 0.87(6). Below the crossover temperature, T ⇠ 155 MeV, the sixth order expansion
coe�cients also are consistent with HRG model results. They still have large errors. However, using the upper value
of the error for �B
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provides a lower limit for the value of the estimator r�
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. For temperatures in the interval
135 MeV  T  155 MeV (or equivalently 0.87(5)  T/Tc  1) we currently obtain a lower limit on r�
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from the
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< 3. This converts into the bound r�
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� 2, which is consistent with our observation that
the Taylor series of all thermodynamic observables discussed in the previous sections is well behaved up to µB = 2T .
A more detailed analysis, using the current errors on �B
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at five temperature values below and in the crossover
region of the transition at µB = 0, is shown in Fig. 16. This shows that the bound arising from r�
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Figure 16. Estimators for the radius of convergence of the Taylor series for net baryon-number fluctuations, �B
2 (T, µB), in the

case of vanishing electric charge and strangeness chemical potentials obtained on lattices with temporal extent N⌧ = 8. Shown
are lower bounds for the estimator r�4 obtained in this work (squares) and results for this estimator obtained from calculations
with an imaginary chemical potential (triangles) [15]. Also shown are estimates for the location of the critical point obtained
from calculations with unimproved staggered fermions using a reweighting technique [50] and Taylor expansions [51]. In both
cases results have been rescaled using Tc = 154 MeV.
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Both estimators converge to the true radius of convergence in the limit n ! 1. In order for this to correspond to a
singularity at real values of µ̂B , all expansion coe�cients should asymptotically stay positive.
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. In the following we restrict our discussion to an analysis of r�
2n, which

at finite n leads to the smaller estimator for the radius of convergence. This seems to be appropriate in the present
situation where we only can construct two independent estimators from ratios of three distinct susceptibilities. We
thus may hope to identify regions in the QCD phase diagram at small values of µ̂B which are unlikely locations for a
possible critical point.

An immediate consequence of the definitions given in Eq. 53 is that the ratios of generalized susceptibilities need
to grow asymptotically like |�B
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gas results |�B
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from Fig. 3, the analysis of up to sixth order Taylor expansion coe�cients does not provide any hints for such large
deviations. The ratio �B

4

/�B
2

turns out to be less than unity in the entire temperature range explored so far, i.e.
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coe�cients also are consistent with HRG model results. They still have large errors. However, using the upper value
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with an imaginary chemical potential (triangles) [15]. Also shown are estimates for the location of the critical point obtained
from calculations with unimproved staggered fermions using a reweighting technique [50] and Taylor expansions [51]. In both
cases results have been rescaled using Tc = 154 MeV.
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Both estimators converge to the true radius of convergence in the limit n ! 1. In order for this to correspond to a
singularity at real values of µ̂B , all expansion coe�cients should asymptotically stay positive.

Obviously, the estimators rP
2n and r�

2n are proportional to each other, rP
2n =

p
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involving sixth order cumulants, rP
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. In the following we restrict our discussion to an analysis of r�
2n, which

at finite n leads to the smaller estimator for the radius of convergence. This seems to be appropriate in the present
situation where we only can construct two independent estimators from ratios of three distinct susceptibilities. We
thus may hope to identify regions in the QCD phase diagram at small values of µ̂B which are unlikely locations for a
possible critical point.

An immediate consequence of the definitions given in Eq. 53 is that the ratios of generalized susceptibilities need
to grow asymptotically like |�B
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gas results |�B
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n |HRG = 1. As is obvious from the results presented in the previous sections, in particular

from Fig. 3, the analysis of up to sixth order Taylor expansion coe�cients does not provide any hints for such large
deviations. The ratio �B

4

/�B
2

turns out to be less than unity in the entire temperature range explored so far, i.e.
for T � 135 MeV or T/Tc > 0.87(6). Below the crossover temperature, T ⇠ 155 MeV, the sixth order expansion
coe�cients also are consistent with HRG model results. They still have large errors. However, using the upper value
of the error for �B

6

/�B
4

provides a lower limit for the value of the estimator r�
4

. For temperatures in the interval
135 MeV  T  155 MeV (or equivalently 0.87(5)  T/Tc  1) we currently obtain a lower limit on r�

4

from the
estimate �B

6

/�B
4

' �B
6

/�B
2

< 3. This converts into the bound r�
4

� 2, which is consistent with our observation that
the Taylor series of all thermodynamic observables discussed in the previous sections is well behaved up to µB = 2T .
A more detailed analysis, using the current errors on �B

6

/�B
4

at five temperature values below and in the crossover
region of the transition at µB = 0, is shown in Fig. 16. This shows that the bound arising from r�

4

is actually more
stringent at temperatures closer to Tc, where �

6

starts to become small and eventually tends to become negative.

possible definitions of estimators:

true radius of convergence: 
⇢(T ) = lim

n!1
rP2n(T ) = lim

n!1
r�2n(T )

• The radius of convergence only corresponds to a critical point if all expansion coefficients 
are positive 

• HRG: all ratios                      are unity. �B
2n/�

B
2n+2

p(T, µB) � p(T, 0)

T 4
=

�B
2

2!

✓
µB

T

◆2

+
�B

4

4!

✓
µB

T

◆4

+
�B

6

6!

✓
µB

T

◆6

+ · · ·
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Critical behavior and higher order cumulants Critical behavior and higher order cumulants 

– expected from structure
   of O(N) scaling fields 

many 8th order cumulants turn negative for

FK et al., arXiv:1009.5211

lines are drawn to guide the eye lines are drawn to guide the eye 
(sorry – it still looks messy)(sorry – it still looks messy)

• All expansion coefficients need to be positive (for           ) n > nc
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– expected from structure
   of O(N) scaling fields 

many 8th order cumulants turn negative for

FK et al., arXiv:1009.5211
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Critical behavior and higher order cumulants Critical behavior and higher order cumulants 

many 8th order cumulants turn negative for

plausible scenario:

➡ Temperature of CEP is 
likely below 140 MeV

➡            likely above 400 
MeV
µCEP

B
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• All expansion coefficients need to be positive (for           ) n > nc



Summary 
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➡New precise transition temperature:                             .  
➡Equation of state (phase diagram) accessible to 
➡ Curvature of the crossover line is small ….

Tpc = 156.5 ± 1.5 MeV
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µB/T < 2
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➡No indication for critical point, limit: µCEP
B > 400MeV
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➡At Tc: Higher order cumulants show large deviations from (non-interacting) HRG  

κ2 = 0.012(2)
κ4 = 0.000(2)

Tc(µB)

T0
= 1 � 2

✓
µB

T0

◆2

� 4

✓
µB

T0

◆4

+ O(µ6
B)
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➡Above Tc: quark number cumulants provide evidence for liberated quark degrees 
of freedom.


