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1. Introduction

Neutrinos are the most elusive fundamental particles in the
Standard Model of particle physics. They have no electric charge
and tiny masses (not yet known experimentally), and only inter-
act with other particles via the weak force. Despite the weakly-
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evolution and the matter composition of different physical sys-
tems such as core-collapse supernovae (CCSNe), neutron star (NS)
mergers, and the early Universe. Added to their elusiveness, ter-
restrial based experiments and astrophysical observations revealed
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that neutrinos are capable of undergoing a phenomenon known as
flavor transition, by virtue of which they oscillate between e, wu,
and t flavors, due to the mixing of their flavor and mass quantum
eigenstates [1]. Associated with these properties comes a set of
parameters: the masses of different mass eigenstates and their or-
dering, as well as the mixing angles and the CP-violating phase(s)
in the neutrino mixing matrix. Most of these parameters have
been measured precisely in recent years [1] while the ongoing and
planned experiments are expected to shed more light on the re-
maining ones.

Recent theoretical studies revealed that neutrinos behave differ-
ently when surrounded by dense matter. Apart from the Mikheyev-
Smirnov-Wolfenstein (MSW) [2,3] mechanism in which neutrinos
experience resonant flavor transition due to their neutral and
charged current interactions with matter, they can also undergo
forward scattering among themselves via neutral current inter-
actions resulting in processes such as veVe = VyxVx [4,5], where
Vx(Vx) represent v, (v,) or v¢(v;) neutrinos, leading to the col-
lective conversion of neutrino flavors; see Ref. [6] for a recent
review and references therein. The conversion rates associated
with this mechanism can be as fast as wco o Ggny,, where Gr is
the Fermi constant and n,, is the local number density of v.. For
typical neutrino densities (103° — 103> cm~3) around the neutrino
emission surfaces of CCSNe and coalescing NSs, the correspond-
ing weon ~ © (cm™1) greatly exceeds the vacuum oscillation rate
Wyac = |Am?|/2E ~ km~!, where Am? is the mass-squared dif-
ference of the relevant neutrino mass eigenstates and E is the
neutrino energy. Various analytical and numerical studies have
been carried out to understand the behavior of these “fast” neu-
trino flavor conversions [7-29]. Besides, several studies on systems
such as the NS merger and CCSNe [17,30-40] have inferred that
the fast conversions may occur in the most dense regions of them
and can potentially affect the dynamics and the nucleosynthesis of
these systems.

Because of the highly non-linear structure of the neutrino-
neutrino effective interaction Hamiltonian, it is impossible to have
a complete analytical solution for the neutrino flavor evolution in
environments dense in neutrinos. However, it is possible to lin-
earize the system of equations and carry out the normal mode
analysis [8,10,13,41]. Such analyses show that dense neutrino sys-
tem supports collective flavor runaway modes when certain crite-
ria are satisfied. Although the linear analysis helps us understand
the behavior of fast oscillations to some extent, the assumption
that the correlations between different flavors are much smaller
compared to the self correlation put a very stringent constraint on
the applicability of this method. Thus, to study the neutrino os-
cillations in dense environments to full extent, several numerical
simulations have been carried out in recent years. Refs. [15,20,22]
studied the neutrino system in a one-dimensional (1D) box in the
z-direction with periodic boundaries and translational symmetry in
the x and y directions using numerical methods which evolves di-
rectly neutrino correlations in discretized grids. Ref. [25] used the
spectral method to solve the same set of equation in 1D. Mean-
while, the authors of Ref. [27] adopted the particle-in-cell method
and have recently performed simulations for systems with higher
spatial dimensions, including both 2D and 3D cases. A study which
compares in detail simulation outcome from these groups will be
published soon [42].

The intention of this article is to systematically discuss the
computational aspects of COSEv (Collective Oscillation Simula-
tion Engine for Neutrinos), the code base developed for simulating
the collective neutrino flavor conversions and used in Ref. [22].
COSEV is written completely in C++ to ensure the high perfor-
mance. At present, it provides two advanced numerical methods
for solving the neutrino flavor evolution equations. The first one
uses the 4th order finite-difference (central) scheme (FD) sup-
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ported by third-order Kreiss-Oliger (KO3) numerical dissipation
to treat the advection effectively. The second method adopts the
finite-volume (FV) formalism. In this scheme, the flux reconstruc-
tion is implemented using the 7th order weighted essentially non-
oscillatory (WENO) scheme. For both cases, we have used the 4th
order Runge-Kutta method (RK4) for time integration. We shall
provide implementation details of both methods in the following
sections. In-depth analysis of the physics of the simulation results
and their comparison with previous numerical studies for some
bench-mark cases was reported in Ref. [22].

This article is organized as follows. In section 2, we briefly
discuss the equations governing the neutrino flavor evolution.
Section 3 is dedicated to detailed descriptions of the numerical
schemes used in COSEv. In section 4, we summarize the results
from the advection tests which provide some insights into the
numerical error accumulation behavior of both FD and FV imple-
mentations. We also carry out tests when the vacuum oscillation
is present and compare the results with the analytical solutions.
In section 5, we present the results from the simulations when
collective neutrino flavor transitions occur. We provide the com-
putational performance comparison in section 6. Discussion and
conclusions follow in section 7. Throughout this paper we set
h=c=1 to adopt the natural units.

2. Theoretical setup

We considered a simplified set of quantum kinetic equations to
describe the transport of neutrinos in a physical system [43,44].
First, we assume for simplicity a two flavor neutrino system in
which the single particle flavor state can be represented by a
2 x 1 column vector (ve, V)T, where v, represents the electron
type neutrino and vy represent the w type or t type neutrino or
an appropriate linear combination of them. Then, we use a 2 x 2
complex valued (Hermitian) density matrix o(t,x,v) [0(t, X, V)]
to represent the quantum statistical phase-space distribution of
(anti-)neutrinos in our system. The diagonal elements of p, la-
belled as Qe (t, %, v) and oxx(t,x,v) are related to the number
densities of e and x type neutrinos respectively for a given ve-
locity mode v. The off-diagonal component g.x(t,x, v) is related
to the correlation between them. The same definition applies to
the antineutrino density matrix ¢. For this first version of COSEv,
we choose to ignore other potential correlations such as spin co-
herence and the neutrino-antineutrino correlators [43,44], as well
as the momentum-changing collisions of neutrinos [45-48]. We
also assume that the system has a perfect translational symmetry
in both x and y directions and axial symmetry about the z-axis
such that the density matrices depend only on t, z and the z
component of the velocity v,. Then, the space-time evolution of
o(t,z,v;) and Q(t,z,v,) are determined by the following equa-
tions in 1+1+1(time+space+velocity) dimensions.

3 3 )
5@(& Z,vz) + vz&.g(t, z,v;) =—i[H(t, z,v;), 0(t, z, V)],
(1a)

9 _ 9 _ = _

ge(t, Z,vy) + VZEQ(L z,vz) = —i[H(t,z, V), 0(t, z, v7)],
(1b)

where the square bracket ([, ]) stands for the commutation opera-

tion. The explicit form for o (for neutrinos) and ¢ (anti-neutrinos)
are given by,

Oce  Qex - Oce Qex
t = t =| 2 2 . 2
o(t,z,vz) [sz Qxx], 0(t,z,vz) |:Q;3kx Qxx] (2)
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The Hamiltonian H (and H) in general have contributions stem-
ming from the vacuum oscillations (Hy,c), neutrino-matter forward
scattering (Hp,) and neutrino-neutrino forward scattering (H,, ). In
the numerical setup we omit the neutrino-matter forward scatter-
ing contribution as it can be removed, assuming Hy, is space-time
independent over the scales determined by H,,, by making ap-
propriate transformations of the density matrices [49,50]." In that
case the Hamiltonian relevant for our present discussion takes fol-
lowing form in the flavor basis,

1
H(t,z,v,) = Hvac+,U«de/z(1 — Vv
21
x [o(t, z,v}) —ad*(t, z, V)],
1
H(t, z,v;) = I:Ivac_,u/dv/z(l - VzV/z)
1
x [0*(t, z, v}) — ad(t, z, V)],

(3a)

(3b)

where

- Wyac | — €OS 260yac
Hvac = Hvac = |:

sin 26yac
2 sin 26yac

€0S 26yac

is the vacuum mixing Hamiltonian with 6y, the mixing angle.
The quantity pu = ﬁGane represents the effective strength of

H,,, where ng}lj denotes the number density of 8 flavor neutri-
nos. o = (nge /nge) is the initial neutrino-antineutrino asymmetry
parameter. Note here that the quantities o and ¢ are normalized
with respect to the initial number densities of v, and v, respec-
tively.

In literature, another equivalent way of describing the dynam-
ics of the collective neutrino flavor evolution is via the so-called

polarization vectors, P, defined by

p=(PoI+P-0)/2, (4)

where ¢ are the Pauli matrices. For cases where the number
densities of neutrinos and antineutrinos are conserved per phase-
space volume, both Py and the length of the polarization vector

IPl=\/Yi, P? are constants of motion. Due to its ease of imple-

mentation and also keeping potential future extensions in mind,
COSEV is implemented in terms of the density matrix formalism.
We make use of the conserved quantities while testing simulation
(see Sec. 5).

3. Numerical implementation

In this section we focus on the numerical implementation of
COSEV which solves the partial differential equations (PDEs) (1a)
and (1b) when supplemented with the Hamiltonian in Eq. (3). The
idea in both FD and FV implementations is to divide the spatial
domain which extends from zy to z; into N, grid points and carry
out the time integration using RK4 from an initial time tp to a
final time ty in steps of At. Then the size of each cell Az=(z; —
20)/N; is related to At through At = CcpL(Az/max(|v,|)), where
Ccrr is the Courant-Friedrichs-Lewy number. Since the interaction
Hamiltonian is velocity dependent and v, takes values from —1 to
1, the velocity space is also divided into Ny, discrete points such
that the neutrino beams with v, values ranging between v; and

1 This amounts to the redefinition of the frames in the flavor space. Note that
under such a transformation, the vacuum Hamiltonian becomes an effective one
(Hyac — Hf,gfc). For simplicity, we omit the superscript “eff” hereafter.

Computer Physics Communications 283 (2023) 108588

vj+ Av, for some 0 < j < Ny,, are treated as a single beam with
v, value vj 4+ Av;/2. Then the contribution to the Hamiltonian
from the velocity integrals in the Egs. (3a) and (3b) are carried out
using simple Riemann sum.

3.1. Finite difference method

The numerical technique used to solve hyperbolic PDEs in this
work is based on the “method of lines” (See Sec. 6.7 of Ref. [51]
for instance) where the spatial and temporal discretizations are
treated conceptually in a separated style. We discretized the advec-
tion term with the 4th order central finite difference scheme. The
resulting equations become ordinary differential equations (ODEs)
of time and can be solved as the initial-value problem via the
explicit, 4th order Runge-Kutta method. For the integration over
velocities in the right hand side, the standard trapezoid rule of
second-order accuracy is used with the fixed-width, vertex-center
grid points over velocities in [—1, 1]. We have also used the basic
Simpson’s rule of fourth-order accuracy and obtained similar re-
sults. The framework of “method of lines” allows us to treat the
advection term with other high order methods such as the WENO
scheme, which will be discussed in the next section.

To suppress the high-frequency instability arising from the FD
approximation of equations (see Sec. 5), we add Kriess-Oliger dis-
sipation on the right hand side of each evolving variables u, i.e.,
letting d;u — 9;u + Qu. The general form of the 2r-order Kreiss-
Oliger dissipation can be expressed as

Q = ko (=1)'h¥ (D) (D) /27, (5)

where D, are one-sided FD operators for d/dx, defined by D =
(uy1 —up)/h and D_ = (ug — u—_1)/h. With this convention, the
central FD of 9%/3x*> can be written as D, D_ = (uyq — 2ug +
u_1)/h?. A sufficiently large dissipation strength &y, can suppress
the instability without destroying the convergence of a symmet-
ric hyperbolic system of equations, as discussed in [51] via the
Fourier-based analysis. In our work, we have used r =2 for most
numerical experiments.

3.2. Finite volume method

Unlike the FD method where the values on the grids points are
evolved, the FV scheme evolves the cell-averaged values. Let us
consider the following simple one dimensional hyperbolic equa-
tion,

du(t, 2) n af(u(t,2))
at ¥z

where u(t, z) represents the quantity that we want to evolve, and
f(u(t,z)) is the associated flux function. Given the values of the
functions u and f at the grid points and assuming we can appro-
priately interpolate them to a required order of accuracy, we have

dﬁi(t) _ L[
dt Az

In the above expression we have used the definition A;(t) =

(1/Az2) fi‘ff/zz dzA(t,z) for some function A(t,z). The upper and
lower limits of the integral denoted by i & 1/2 are the represen-
tatives of z; = (Az/2), with z; being the coordinate of the ith grid
point. The PDE in Eq. (6) now becomes an ODE in t, which can be
solved, given the values on the right hand side of Eq. (7), using any
standard ODE solver. Then the problem is down to reconstructing
the flux values at the cell boundaries i & 1/2 to a required order
of accuracy. For reconstructing the flux values fi11/,, the FV im-
plementation of COSEV uses WENO scheme [52-54] such that the

0, (6)

fiv12(0) = fic12(0]. (7)
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fluxes are 7-th order accurate for a smooth function while they are
at least 4-th order accurate for functions with discontinuities. The
discussion below closely follows Refs. [52,53].

Given the cell averaged values of the flux function f(z) at n
contiguous locations with a uniform separation of Az, we can
construct a polynomial f(”) of degree n — 1 such that the recon-
struction of the function f(z) is n-th order accurate. That is,

fa)=F"+o0(zh. (8)

This allows us to write down the n-th order approximation of
Eq. (7) as
N — K Ji-1z2] + 082 9)
dt i = Az i+1/2 i—1/2 .

We have omitted the superscript n in Eq. (9). It can be shown
that, given the cell averaged values of the function f; at each cell

of the stencil, values of the function at i £1/2 can be expressed as
a linear combination of the values of f;,

n—1

fisia =Y _crifiorij;

j=0

(10a)

n—1
fic1i2 = Zer,jfi—r-t-j,

j=0

(10b)

with the following definition of the coefficients ¢;; (see Ref. [53]
for instance),

Zl Ol;ﬁm =0, r—q+1
r.j= Z - i : (11)

m=j+1 l 0,l£m

where r is the shift parameter that can be thought as the measure
of the left-shift of the stencil under consideration from the point i.
Since we are reconstructing the values of f at the exact locations
i£1/2, the relation ¢; j = c;_q j holds true. Note here that the def-
inition of ¢; ; in the Eq. (11) is valid only for a grid with uniform
cell size Az.

The n-th order WENO scheme considers a stencil S containing
n grid points in order to approximate the value of flux at i +1/2.
Then this stencil S is divided into smaller sub-stencils of order k
such that n =2k — 1. The purpose of this decomposition is that, the
reconstructed values at the given location are n-th order accurate
for smooth functions and at least k-th order accurate if there exists
a discontinuity. Each sub-stencil of length k can then be labelled
using the shift parameter r (see Fig. A.13). As a result, we have

(Tl)
111/2—Zd frzil/z (12)

In order to treat the discontinuities appropriately while making
the above linear combination [Eq. (12)], WENO uses the weighted
averaging of the coefficients d,. The weight factor for the contribu-
tion of the sub-stencil r is estimated with respect to a smoothness
index (SI;), which as the name implies, measures the smoothness
of the sub-stencil r. In our implementation, we have used the re-
sults from Refs. [55] and [56] to compute the SI.. Given the values
of SI;, we replace d; in Eq. (12) with the corresponding weighted
coefficients,

@) + (k)
fiil/zzz frli]/Z’ (13)

where w =3, w; and
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dr
(Sl + €)%
The ¢ in Eq. (14) is to avoid the possibility of the denominator
becoming zero. A typical value of & can be ~ 1076. The explicit
forms of the quantities f™, f® d, and SI. for 7th order WENO
are provided in the Appendix A. Note that, when S; has disconti-
nuity SI. becomes large resulting in smaller value of w; which as
we can see from the Eq. (13) reduces the contribution of f

r,it1/2
F(@n)
to firy)o-

(14)

wr =

4. Tests for advection and vacuum oscillations

Before discussing collective neutrino oscillations in the next
section, we use this section to discuss the results of some pre-
liminary tests carried out with COSEv when H,, is turned off. In
Sec. 4.1 we illustrate the results only with pure advection and in
Sec. 4.2 we discuss the results when vacuum oscillation term is
turned on. In both cases we will show that the simulation results
match very well with what expected theoretically. Also, to quantify
the numerical error, we define the quantity

Ey= /%/dze(z)z, (15)

where L is the length of spatial domain and €(z) = fgxact(z) —
fsim(z) with subscripts gxact and sjm denoting results from simu-
lations and from the analytical solutions. In the following discus-
sions we use FD and FV as the abbreviations for the fourth order
finite-difference method with third order KO dissipation and fi-
nite volume method with seventh order WENO flux reconstruction
schemes, respectively. Note that we adopt the periodic boundary
condition in z for all the simulations discussed later.

4.1. Advection

To test the numerical implementation of the advection term,
we set the right hand side of the Eq. (1) to zero. The resulting PDE
has the solution of the form f(z — v(t — tp)) for an initial pro-
file f(z,tg) when the advection velocity is set to v. To illustrate
the behavior of the advection implementations, we consider two
different initial profiles f(z,tp): a unit Gaussian to represent con-
tinuous profiles and a boxcar profile of unit height representing
profiles with discontinuities.

Fig. 1 shows the results of the advection tests with the Gaus-
sian profile of unit amplitude initially centered at z = 0. We have
chosen N, = 2000, Ccpr = 0.2 and v = 0.5 mode. The panel (a)
shows the exact solution and the results from both FV and FD at
the end of the simulation at t = 600 while panel (b) shows the
corresponding errors. Here we see that both implementations of
the advection are capable of producing the expected profile with
errors at the order of ©(10~8). The panel (c) demonstrates the er-
ror accumulation behavior of FD and FV. It is evident that even
though the magnitudes of the errors remain small, FD accumulates
the errors faster compared to FV. The fact that the error remains
almost constant in FV reflects the conservative nature of the FV
scheme.

In panels (a) and (b) of Fig. 2, we show the E; errors and the
corresponding numerical order of convergence (see Appendix C for
more details) respectively for different values of N,. Blue colored
lines are used to indicate the results from FV while red colored
lines (dotted and solid lines for results with and without Kriess-
Oliger dissipation respectively) are used for FD. As can be observed
from Fig. 2, the errors in FD and FV reduce with increasing value
of N,. The panel (b) shows that both implementations asymptoti-
cally reach the expected order of accuracy (7 for 7th order WENO
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Fig. 1. Results of the advection tests for a traveling Gaussion packet initially centered at z=0 with velocity v, = 0.5. Panel (a): numerical solutions obtained with FV and FD
schemes as well as the exact solution at t = 600. Panel (b): the spatial distribution of the error €(z) at the same t =600 as in panel (a). Panel (c): the error indicator E,
(see text for definition) obtained with FV and FD at different times during the evolution. (For interpretation of the colors in the figure(s), the reader is referred to the web

version of this article.)
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Fig. 2. E; [panel (a)] at t=600 and the corresponding convergence rate [panel (b)] from advection tests for different values of N,. Blue and red lines are used to represent
the results obtained with FV and FD schemes, respectively. The dotted and solid red lines distinguish the results with and without the Kriess-Oliger dissipation. The light
dot-dashed blue and red lines in panel (b) represent the theoretical asymptotic values for the order of convergence.
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Fig. 3. Results of advection tests with a box centered initially at z=0 with v, = 0.5. Panel (a)-(c) show the same quantities as in Fig. 1.

and 4 for 4th order FD for a smooth function). Note that the nu-
merical accuracy gets reduced when we include the KO dissipation
for FD (for the tests we have used KO3 with exg = 0.1). However,
this sacrifice in the numerical accuracy is compensated by the nu-
merical stability as will be illustrated in the section 5.

Next, we demonstrate the nature of the COSEv implementation
when some part of the domain contains discontinuity. For this pur-
pose, we have chosen an initial box car profile,

1 for —100 <z <100,

z,t=0)= .
I ) 0 otherwise.

(16)

The results obtained are shown in Fig. 3. The sub-panel (a)
shows the comparison of the results from FD and FV with the exact
solution. The sub-panel (b) shows the nature of error accumula-
tion of both FD and FV. Unlike the Gaussian profile, the maximum
values of the error are ~ 0.5 throughout the evolution for both

cases. This is pertained to the slight increase in the width at the
base and a slight decrease in the width at the top of the profile
obtained from the simulation compared to the exact one. Further-
more, the FD scheme produces small oscillation errors across the
discontinuities due to the Gibbs phenomenon [51]. When increas-
ing the resolution, we find that the maximum value of the errors
in both FD and FV across the discontinuities remains unchanged.
However, the E; error can be reduced with larger N;.

We additionally compute the Fourier transformed spectra for
all cases discussed above. In Fig. 4, panel (a) compares the dis-
crete Fourier spectrum of the exact solution with the same of the
simulation result for an initial Gaussian profile. Similarly panel (b)
illustrates those for an initial box profile. As evident from the fig-
ure, the simulations produce nearly identical Fourier spectrum as
the exact one when the Gaussian profile is used. For cases with
the box profile, the Fourier spectra at the low frequencies compare
well with the exact one for both the FD and FV schemes. Both
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Fig. 4. Comparison of the discrete Fourier spectrum of the solutions obtained using FD and FV simulations with that of the exact solutions at t = 600. Panel (a): cases with
initial Gaussian profile shown in Fig. 1. Panel (b): cases with initial box car profile shown in Fig. 3.
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Fig. 5. Results from the vacuum oscillation tests (see text for details). Panel (a): comparison between the simulation and the exact solutions for gee. Panel (b): the error
accumulation behavior for simulations with FD and FV schemes. Panel (c)-(e): the time evolution of the quantities (0ee), Re[(0ex)] and Im[(Qex)].

implementations clearly suppress the high frequency part of the
Fourier spectrum due to the slight deviation from perfect discon-
tinuities at the edges of the box. Moreover, the FD scheme here
shows further suppression of the high |k| power when compared
to the FV scheme, as a result of the KO dissipation discussed in
the section 3.1. A comparison of the advection test results with
and without the KO dissipation for FD is shown in Appendix B.

4.2. Vacuum oscillations

The second set of tests that we do for COSEV is to consider the
cases including both the advection and the vacuum oscillations of
neutrinos. Since the vacuum Hamiltonian Hy,c is independent of
o, this allows us to obtain an analytical solution for the space-
time evolution of o(t, z). For a pure initial state consisting of only
electron neutrinos, the analytical solution of the components of
density matrix under the action of Hy,. takes the following form,

Oce(t, 2) =063 (z — V(t — to))

) .2, Wvac (17a)
x [1 — sin? 20yc)sin (S5 (¢ - fo))] ,
Oxx(t,2) :Qé?e(z —v(t —to)) b
17
x [sinz(zevac)sinz(w;ac (t — to))], (170)

Re[Qex(t, 2)] = — 0 (z — v(t — tg))

. L, (17¢)
X [sm(ze\,ac)cos(ze\,ac)sm (

Wyac

2

t-t0)].

Im[Qex(t, 2)] =0e2(z — v(t — t0))
1 (17d)
X 5 [sin(26yac)sin(wyac(t — to))],

where QZ%(Z) is the value of the of density matrix components at
t =to for the matrix component ab. Note that here we are only
interested in testing if the simulation results match with the ex-
act solutions given in the Eqs. (17). For this purpose, we consider
a wave packet of pure electron neutrinos with a Gaussian pro-
file initially centered at z = 0. The entire wave packet travels with
v, = 0.5 in the z-direction. We set wysc to 0.1 and 6Oy;c to 37 de-
grees and choose N, =2000 and Ccp, =0.2.

Fig. 5 shows the results from vacuum oscillation tests. Panel (a)
plots the spatial profiles of ge. obtained from simulations with FD
and FV on top of the analytical solution. Panel (b) shows the tem-
poral evolution of the E, error associated with the same for both
FD and FV. Similar to earlier results from the advection tests, E;
remains at the level of @(10~8) for both FD and FV schemes. Once
again, the error grows faster in the FD case than FV. The enve-
lope of the error for the latter remains almost constant, also due
to the conservative nature of the FV scheme. The oscillatory be-
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Fig. 6. Evolution of the components of the polarization vector with v, =0.99 for the fiducial case discussed in the sub-section 5 using N, = 2000, N,, =100 and Ccr. =0.2.

The diagonal dotted lines are used to indicate the light cone.

havior of the error accumulation shown in the figure is related
to the oscillatory behavior of (gee)(t): when (gee)(t) approaches
possible minimum value (0.076 for our choice of vacuum oscilla-
tion parameters), the profile ge.(z,t) becomes smoother, resulting
in relatively lower truncation error compared to the profile when
(0ee)(t) = 1. Note that, here we have used the notation (Qgp)(t)
to indicate [ Qgp(z, t)dz/fgé%(z)dz. For clarity, we show (Qe)(t),
Re[(0ex) (t)] and Im[{gex)(t)] respectively in panels (c), (d) and (e).
With this definition, what is shown in panel (c) corresponds to the
time evolution of the survival probability of neutrinos. Once again,
the results obtained here clearly match the exact solution well.

5. Collective oscillations

In the previous two sections, we have performed tests for ad-
vection and vacuum oscillations. We now examine the results ob-
tained from the simulations when collective oscillations occur. We
switch off the vacuum oscillations and set & =1 so that t and
z are expressed in terms of p~! hereafter. The nonlinear and
multi-angle nature of the vv interaction makes the evolution of
collective neutrino flavor conversions complicated. As a result, we
cannot compare our simulation results to analytic solutions like
in previous sections. Instead, we consider the deviation of several
conserved quantities from their initial values to quantify the nu-
merical errors.

Following the convention used in Refs. [15,22], we rewrite the
density matrix o in the following way,

ot,z,vy) — & (V)p(t,z,vz), (18a)
and
@(’:7 z, VZ) i gljY (Vz)/a(t, Z, vZ)ﬂ (18b)

where gy (vz) = 1 ; szdEf,,<,-,) is the normalized neutrino

4720y
(anti-neutrino) angular distribution function, i.e., ﬂ] Svi)(V)dv,
= 1. In this notation the angular distribution of electron lepton
number (ELN) of the neutrinos takes the form G(v;) = g,(v;) —
o gy(vz), where o =ny, /ny,. When the neutrino and antineutrino
number densities are homogeneous in z, the length of the polar-
ization vector |P| =1 is conserved for any given z and v, (P is
defined by the decomposition p = (PoZ + P - 6)/2). Furthermore,
by virtue of the nature of the interaction, we can also show that
the quantity

Mo(t):/dzfdvznve(z, t)G(v,)P(t, z,vy), (19)

whose third component corresponds to the net neutrino lepton
number, is also conserved when periodic boundary condition is
considered [16].

We have chosen the same angular distribution functions

2o (V2) ocexpl—(vz — 1)*/207 ;1. (20)

as in Refs. [15,22]. The corresponding neutrino ELN distributions
for different values of o can be found in Ref. [22]. For following
discussion we consider & = 0.9 as our fiducial value for the asym-
metry parameter. We also use the values o, = 0.6 and oy = 0.5
such that the v velocity distribution is more forward-peaked than
that of v. Note that in the absence of the vacuum oscillation term,
this configuration does not spontaneously produce any flavor tran-
sitions. Thus, one needs to provide initial perturbations to the
off-diagonal components of the density matrix. In our tests, the
perturbations are supplied in the following manner,

pee(z.v2) = (14V1=€@)) /2= Prez. v2), (21a)
puc(z.v2) = (1= V1=€@)) /2= puc(z. v2). (21b)
Pex(2,Vz) = €(2)/2 = Pex(z, V2), (21c)

where €(z) = 107%exp[—z%/50]. We then impose the periodic
boundary condition in z and evolve the system with COSEv.

In Fig. 6, we show the time evolution of the components of
the polarization vector with v, = 0.99 for the above mentioned
fiducial case. For this simulation we have chosen the parameters
N, = 2000, Ny, =100 and Ccp, = 0.2. We can see that collec-
tive neutrino oscillations, signified by the change of P; from their
initial values, occur close to the center of the simulation domain
where the initial perturbation is maximal. Flavor waves are pro-
duced and propagate primarily toward the positive z direction, but
never cross the light cone represented by the dotted lines.

Both FV and FD with Kriess-Oliger dissipation produces nearly
identical results. In order to emphasize the importance of the KO
dissipation scheme in FD, we additionally show in Fig. 7 a compar-
ison of P3 with v, = 0.99 obtained with and without Kriess-Oliger
dissipation scheme. As can be seen from the left panel, the FD sim-
ulation without dissipation leads to numerical instabilities start-
ing at t >~ 800, indicated by the back-propagating pattern which
violates the causality and produces unphysically large values of
P3 > 1.

We now examine the numerical error accumulation in sim-
ulations for collective oscillations. We first check the maximum
(8Pmax) and the average ((5P)) of the deviation of the norm of
the polarization vector from unity (§P). These quantities are de-
fined as follows,

8 Pmax =max(|6 Py|max, [6PpImax), (22)
N dz [ dv,|6P
5 >=f Zf V| v|gv(Vz), (23)
[dz [dv.gu(vy)
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where |8Py|max and |§P;|max are the maximum values of [§P|
among all velocity modes for v and v respectively. We then carry
out the following two studies to understand the error accumula-
tions from the spatial derivative and time integration separately.
In the first one we vary the value of Ccp. for each value of N,
and in the second case we keep At constant while varying N.
The panels (a) and (b) of Fig. 8 show the results for the first
case, where we plotted the errors obtained at the end of the
tests. The panel (c) shows the deviation of the third component
of Mg from its initial value. We have used dotted and solid lines
to indicate the results from FD and FV respectively while differ-
ent colors are used to indicate results obtained using different
values of Ccp. From panels (a) and (b), we can see that dou-
bling the resolution leads to considerable improvements in the
errors for both FD and FV. However, Changing the value of Ccp
alone while keeping N, unchanged (equivalent to changing only
At) does not affect the errors in the case of FD whereas the same

improves the numerical accuracy of FV. This implies that in the
case of FD, the major contribution to the error arises from the
treatment of the spatial derivative while in the case of FV the er-
ror from the spatial part is similar to or slightly less than that
from the time integration. To further illustrate this we consider
the second case in which we keep At constant and choose a set
of N; and Ccpp as explained in the Appendix C. At here is cho-
sen such that N, = 32768 has Ccp. = 1.0. Fig. 9(a) shows the
values of §Pmax at the end of 1000 iterations from this test. For
FD, the error decreases monotonically as we increase the value of
N,. For FV, however, the error decreases until a saturation value
N$(= 8962 here), after which it stays constant. The reason for
this is that when N, reaches N;“, the error from time integra-
tion becomes similar in magnitude as that from the spatial part.
For N, larger than the saturation value, the predominant contribu-
tion to the error [see Eq. (C.2)] comes from the time integration,
which is a constant since At is a constant here. This is more
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evident from Fig. 9(b) where we show the quantity «, defined
as

= log [5Pmax(Nz,i)/SPmax(Nz,i-&-l)]
N log(2)

where N,; refers to the ith N, value adopted in this set of cal-
culations with N ;1 =2N,;. Since we kept At constant, k cor-
responds to the order of numerical convergence when the error
from time integration is negligible compared to the numerical er-
ror from the spatial derivative. If the situation is the other way
around, k approaches zero. Thus, the approximate constant value
of k¥ for FD indicates the domination of the error from spatial
derivative in the total error. Note here that ¥ assumes similar value
that we obtained for the order of accuracy in the Sec. 4.1. On the
other hand, « for FV initially increases with the increase in N, and
then quickly approaches zero as a result of the aforementioned
reasons.

From our simulations, we also observe that the § P, is asso-
ciated with the collective mode which propagates with maximum
speed. This is because damping occurs most severely at the spatial
regions where the smoothness is the lowest (see also the previous
advection tests in Sec. 4.1). This is illustrated in Fig. 10 where the
error distribution as a function of z and v, is plotted. The top pan-
els show P3(z, v,) at two different times and serve as a reference
to locate the collective wave fronts. The middle and the bottom
panels show the deviation §P(z, v;) obtained from FD and FV, re-
spectively. This plot clearly shows that the errors are larger at the
edge of the wave fronts with largest values occurring at v, >~ 1 as
discussed above.

: (24)

Finally, in Fig. 11 we show the time evolution of the Fourier
spectra for v; =0.99 obtained from our fiducial simulation (N, =
2000 and Ccp. = 0.2) with FD (dotted lines) and FV (solid lines).
Both FD and FV produce similar Fourier spectra in the range of
—1 <k < 1. For larger values of |k|, we see that the FV scheme
results in faster rise in spectrum when compared to the case with
FD. Nevertheless, we confirm that this difference does not lead to
any discernible impact on other quantities examined here or in
Ref. [22]. We note that the reason for causing this difference likely
differs from that discussed in Sec. 4.1 for advection tests, but we
do not pursue the exact reason in this paper and leave it for future
work.

6. Performance comparison

In the previous sections we have discussed the implementation
details and the numerical behavior of COSEv. We now briefly com-
ment on the parallelization strategy as well as the computational
performance of the code. COSEv exploits multi-core and GPU ac-
celerations with the help of the directive based parallelization
provided by OpenMP [57] and OpenACC [58], respectively, with a
single source code. For OpenMP, we extensively used parallel
for collapse (n) clause for every n-level tightly nested loop
without data dependency, which is most of our case. The re-
duction clause is appended to the parallel directives whenever
necessary (mostly while computing integrals and doing the analy-
sis). Similarly in OpenACC, we extensively used parallel loop
collapse (n) clause for tightly nested loops and reduction
clause in analysis routines. In the computation of the right-hand
side if the Eq. (1), we further exploit the levels of parallelism such
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values of Ny,.

as gang, worker and vector provided by OpenACC. For data
management on GPU, we currently rely on the feature of unified
memory allowing a compiler handle the data allocation on the GPU
and its movement between the CPU when necessary. Using the
minimal set of the compiler directives mentioned above already
attain acceptable time-to-solution for the scale of problems in this
work and serve as the baseline for future extension. We note that
the performance can be optimized by more sophisticated controls
on data movement and asynchronous execution, which will be ex-
plored in future iterations of COSEv.

Fig. 12 compares the computational time per iteration per grid
number (N; x Ny,) for both FD and FV using different values of N,
and Ny,. The left and right panels show the results obtained with
fixed Ny, and N, while the top and the bottom panels are with a
20 core Intel®Xeon®E5-2620 processor and NVIDIA P100 GPU, re-
spectively. Solid and dotted lines are used to distinguish the results
from FV and FD. Note that here we have switched off all the parts
which analyze and output the simulation results in the code, but
only considered the computational part, which consumes the ma-
jor part of the total computing time. First, for nearly all cases the
FD version performs slightly better than the FV version on both
the GPU and CPU (note that the FV version provides better accu-
racy as described in previous sections). Second, it is clear that the
performance with a single GPU card used here provides much bet-
ter (= 20 times faster) than that with a single CPU node. Third, the
cases with constant N, show nearly perfect scaling when varying
N; in CPU. The scaling is slightly less than ideal in GPU mainly
due to tests performed in the under-saturated region of N,. On
the other hand, the computing time per grid per iteration increases
nearly linearly as Ny, becomes large, as shown in the right panels
of Fig. 12. The linear dependency is consistent with the estimated
computing costs of the integration over Ny, in the right-hand side
of Eq. (1), which grows linearly over Ny, and is the most time-
consuming part of the program.

7. Conclusion and future plans

We have provided details of the numerical implementation in
the simulation code, the Collective Simulation Engine for Neutri-
nos (COSEvV), which numerically solves a set of partial differential
equations that dictates the dynamics of the collective neutrino fla-
vor conversions in 1+1+1 dimensions. In-depth details for both
the finite difference method supported by the third order Kriess-
Oliger dissipation scheme as well as the finite volume method with
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seventh order weighted essentially non-oscillatory scheme were
discussed. We have also tested the code against advection and vac-
uum oscillations and shown that COSEV is capable of reproducing
the analytical results to a very good precision.

For collective neutrino oscillations, we discussed a fiducial case
and demonstrated that adopting the dissipation scheme in the fi-
nite difference version of the implementation is essential to pre-
vent the growth of numerical instabilities. The analysis of the con-
served quantities showed that COSEv can simulate collective os-
cillations with very small numerical errors when appropriate spa-
tial and temporal resolutions are chosen. We have also evaluated
and provided the performance of COSEv on both CPUs and GPU.
The public version of the COSEV package is available at https://
github.com/COSEnu/COSEnu.

Beyond what was described in this work, we plan to extend
COSEv to include other spatial and phase-space dimensions, as
well as the collisions between neutrinos and matter. We will also
explore other numerical schemes to further suppress the associ-
ated errors, and pursue better speed-up with cross nodes and/or
multiple GPU cards. All these improvements will be released in fu-
ture version of COSEv.
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Appendix A. Seventh order WENO-explicit form

In order to reconstruct the flux at i +1/2, we consider a stencil
S={i—-3,i—2,i—1,i,i+1,i+2,i+ 3} and divide it into four
sub-stencils of consists of four grid points each (see the Fig. A.13
for a pictorial representation of the stencil S and the sub-stencils
used for the WENO reconstruction) [53].

So={i,i+1,i+2,i+3}, forr=0,
S1={i—1,i,i+1,i+2}, forr=1,
So={i—2,i—1,i,i+1}, forr=2
S3={i—3,i—2,i—1,i}, forr=3.
Then we have
D= 140>f, 3+( D2+ (o )f, 1+
319 107 (A1)
)f1+( )f1+l+( )f1+2+( )f1+3,
and
F&h i =( )f,+< )f,+1+( )f,+z+< ) fius. (A2a)
F2 i =( )f, 1455 )f,+< D+ )f,+z, (A.2b)
= >f1 2+ (45 >fl 1+< )f1+< ) fir (A20)
FEs i =( )f, 3+( )f, 2+ (55 )f, 1+< )f
(A.2d)
From Eqs (12), (A1), (A.2), we get do_;s, d1_35, d2_35

and d3 = 35 Using these values of d- we can construct the weight
factors using Eq. (14). Furthermore, for each sub-stencil, one need
to estimate the smoothness indices (SI;). In our implementation
we have used the following SI, [55,56] for r=0,1,2, 3.

Slo = fi(2107 f; — 9402 fi1 + 7042 fi 15 — 1854fi;3)
+ fi41(11003 fi11 — 17246 fi 15 + 4642 fi;3)
+ fi+2(7043 fi1z — 3882 fi13) + 547 f2 5.

(A.3a)
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Sh = fi—1(547 fi_1 — 2522 f; + 1922 fi 41
+ fi(3443 f; — 5966 fi11 + 1602 fi;2)
+ fi+1(2843 fip1 — 1642 i) + 2672,

Sy = fi—2(267 fi_y — 1642 fi_1 + 1602 f; — 494fi 1)
+ fi—1(2843 fi_1 — 5966 f; + 1922fz‘+1)
+ fi(3443 f; — 2522 fi 1) + 547 f2 .

Sl3 = fi_3(547 fi_3 — 3882 fi_» + 4642 fi_1 — 1854f))
+ fi_2(7043 fi_y — 17246 f;_1 + 7042 f;)
+ fi_1(11003 f;_1 — 9402 f;) + 2107 f2.

—494fi12)
(A.3b)

(A.3c)

(A3d)

Simple pseudo code for the above described steps for calculat-
ing the value of the flux at x; + Ax/2 is given in Algorithm 1.

Algorithm 1 Estimation of flux at i + 1/2 using 7th order accurate
WENO scheme.
1: For each spatial grid i assign:
So < {fi, fix1, fir2s fiv3)
St < {fi-1, fi, fira. fiv2}
S2 < {fi-2, fi-1, fi fiv1}
S3 <« {fi-3, fi—2, fi-1, fi}
: Compute 4th order accurate values fr 172
Eq. (A.2)
: Compute smoothness Sl for each S, using Eq. (A.3)
: Compute the weight factor w;, using dr and SI; using Eq. (14)
: Compute average weight factor w, = ,r=0,1,2,3

: Compute the 7th order accurate values at erl/2 using w, and f i+1/2 with
Eq. (13)

N

for each S,,r=0,1,2,3 using

QA AW

We can follow the similar procedure to reconstruct the value of
flux at i —1/2 as well.

Appendix B. Effect of Kreiss-Oliger dissipation

As discussed in Sec. 3, our implementation of the COSEV sim-
ulation with the FD method uses the third order KO dissipation
scheme to take care of the possible numerical instabilities. To il-
lustrate the advantage of the KO scheme, in Fig. B.14 we show the
results and the Fourier transform of the results from the FD simu-
lations with and without KO dissipation.

As shown in the bottom left panel of Fig. B.14, the Fourier
power spectrum from the simulation without KO dissipation has
the same amplitude as that of the exact solution. However, the
phases are only retained relatively well for |[k] <1 but become
random for |k| = 1. This leads to a numerical instability clearly
visible in the top left panel. When we apply the KO scheme with
&xo = 0.1, although the phases remain random for |k| 2 1, it clearly
suppresses the amplitudes of these modes and thus the corre-
sponding numerical artifact.
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Fig. B.14. Comparison of the effect of KO dissipation scheme. Top-left panel shows results from the pure advection for a box profile with (blue) and without (red) Kreiss-
Oliger dissipation. The solid black line represents the exact solution. Bottom-left panel displays the absolute value of the discrete Fourier spectra corresponding to the profiles
shown in the top left panel and the right panels show the phase values (in degrees) of the same Fourier spectra.

Appendix C. Numerical estimation of the order of accuracy

The general form of the numerical truncation error, E, can be
expressed as,

E~C,AZ% + C:AtP, (C1)

where C; and C; are some constants and « and § are the spatial
and temporal order of accuracy respectively. Now, if we have a set

S= {Azo, Az, ...|Azip = %,r > 1}, then

Az
Ei = C(—2)% + AL

: (C2)
ri

If we choose a set of Ccp. such that At; is a constant for all values
of Az; € S then the spatial order of accuracy o can be estimated
using

o = 108((Eis1 — En/(Eivo — Eiy1)

log(r) (€3)
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